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A B S T R A C T

Mathematical modeling and analysis of the convective flow of nanofluids is an emerging

field of research due to their high thermal conductivity properties and large number of

industrial applications. Nanofluids are prepared by the uniform dispersion and suspension of

nanometer sized metallic particles into the conventional heat transfer fluids such as water, oil,

or ethylene glycol. Moreover, the problems on natural/mixed convective flow of a nanofluid

over the vertical frustum of a cone under various physical conditions become slightly more

complicated, and leading to the complex interactions of the fluid flow, heat and mass transfer

mechanisms. The main aim of the thesis is to investigate the natural and mixed convective

flow of a nanofluid in the presence of Soret and viscous dissipation, double stratification, non-

Darcy porous medium, Arrhenius activation energy, thermal radiation, double dispersion,

nonlinear convection, amplitude and angle of the wavy frustum of a cone. The problems

considered deal with the vertical frustum of a cone, rotating frustum of a cone and wavy

frustum of a cone.

The thesis consists of EIGHT chapters. Chapter–1 provides an introduction to the con-

cepts in nanofluid, porous medium, convective boundary condition and a review of the

pertinent literature. Chapter–2 deals with the effects of Soret and viscous dissipation on

the convective flow of a nanofluid over the vertical frustum of a cone, whereas Chapter–3

explores the convective heat and mass transport over the frustum of a cone embedded in

a non-Darcy porous medium saturated by a doubly stratified nanofluid. Chapter–4 consid-

ers the combined effects of Arrhenius activation energy with binary chemical reaction and

thermal radiation on the convective nanofluid flow over the frustum of a cone subject to the

convective boundary condition. Chapter–5 investigates the thermal and solutal dispersion

effects on the convective flows over the vertical frustum of a cone in a nanofluid saturated

non-Darcy porous medium subject to the convective boundary condition. Chapter–6 reports

the convective flow of a nanofluid due to the vertically rotating permeable frustum of a cone

under the influence of convective boundary condition. The nonlinear convective flow of a

nanofluid over the permeable wavy frustum of a cone in the presence of convective boundary

condition, is discussed in Chapter–7.

In all the above chapters, the non-linear governing equations and their associated bound-

ary conditions are initially cast into dimensionless form by using a suitable set of non-

similarity transformations. The resulting system of equations is solved using the Bivariate

Pseudo-Spectral Local Linearization Method (BPSLLM). The influence of pertinent parame-

ters on the non-dimensional velocity, temperature, nanoparticle volume fraction, and regular
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concentration are presented graphically. Moreover, the skin friction, local heat transfer rate,

local nanoparticle and regular mass transfer rates are studied quantitatively and qualita-

tively.

The last chapter (Chapter–8) gives a summary and overall conclusions and scope for

future work.
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N O M E N C L A T U R E

A Half angle of the frustum of a cone

a Amplitude of the wavy surface

Bi Biot number

b Forchheimer constant

C Regular concentration

Cw Regular concentration at the wall

C∞ Regular concentration at the am-

bient medium

Cp Specific heat capacity

Cf Local skin-friction coefficient

DB Brownian diffusion coefficient

DT Thermophoretic diffusion coeffi-

cient

DS Solutal diffusivity

DCT Soret type diffusivity

Da Darcy number

Dy Effective solutal diffusivity

Ds Thermal dispersion parameter

Dc Solutal dispersion parameter

E Arrhenius activation energy pa-

rameter

Ec Eckert number

fw Suction/Injection parameter

f Reduced stream function

g Gravitational acceleration

Grx Local Grashof number

hf Convective heat transfer coeffi-

cient

k Thermal conductivity

Kp Permeability of the medium

k∗ Mean absorption coefficient

L Characteristic length

Le Lewis number

Nc Regular buoyancy ratio

Nr Nanoparticle buoyancy ratio

Nt Thermophoresis parameter

Nb Brownian motion parameter

Nux Local Nusselt number

NShx Local nanoparticle Sherwood num-

ber

Pr Prandtl number

qw Surface heat flux

qn Nanoparticle mass flux

qm Regular mass flux

Rex Local Reynolds number

Rd Radiation parameter

viii



r Radius of a frustum of a cone

S Dimensionless regular concentra-

tion

Shx Local regular Sherwood number

Sc Schmidt number

ST Soret number

T Temperature

Tw Temperature at the wall

Tf Convective wall temperature

T∞ Temperature at the ambient

medium

U∞ Reference velocity

x0 Leading edge distance of a frustum

of a cone

Greek Symbols

αm Thermal diffusivity

ρf∞ Density of the base fluid

ρp Density of the nanoparticles

µ Viscosity of the base fluid

φ Nanoparticle volume fraction

φ∞ Nanoparticle volume fraction at

the ambient medium

βT , βTT First and second order thermal ex-

pansion coefficients

βC , βCC First and second order solutal ex-

pansion coefficients

ψ Stream function

ξ Streamwise coordinate

η Similarity variable

ν Kinematic viscosity

θ Dimensionless temperature

γ Dimensionless nanoparticle vol-

ume fraction

ε Porosity

τw Surface shear stress

αy Effective thermal diffusivity

λ Mixed convection parameter

σ∗ Stefan-Boltzmann constant

ε1, ε2 Thermal and solutal stratification

parameters

Operators

∇2 Laplacian operator

Subscripts

w Wall condition

∞ Ambient condition

Superscript

′ Differentiation with respect to η

ix



Contents

Certificate i

Declaration ii

Dedication iii

Acknowledgements iv

Abstract vi

Nomenclature viii

1 Preliminaries and Review 1

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Nanofluids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Porous Medium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Convective Boundary Condition . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.5 Bivariate Pseudo-Spectral Local Linearization Method . . . . . . . . . . . . 8

1.6 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.7 Aim and Scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.8 Outline of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2 Non-Similarity Solution for a Nanofluid Flow over the Vertical Frustum of
a Cone with Soret and Viscous Dissipation Effects 1 27

1Case(a): Published in “Journal of Nanofluids” 6(3) (2017) 530–540, Case(b): Published in “Journal

x



2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2.1 Case(a): Natural Convection . . . . . . . . . . . . . . . . . . . . . . . 31

2.2.2 Case(b): Mixed Convection . . . . . . . . . . . . . . . . . . . . . . . 46

2.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3 Effects of Double Stratification on Convective Flow over the Frustum of a
Cone in a Nanofluid Saturated Non-Darcy Porous Medium 2 61

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.2.1 Case(a): Natural Convection . . . . . . . . . . . . . . . . . . . . . . . 64

3.2.2 Case(b): Mixed Convection . . . . . . . . . . . . . . . . . . . . . . . 72

3.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4 Effect of Arrhenius Activation Energy with Binary Chemical Reaction on
Convective Flow of a Nanofluid with Convective Boundary Condition 3 85

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.2.1 Case(a): Natural Convection . . . . . . . . . . . . . . . . . . . . . . . 88

4.2.2 Case(b): Mixed Convection . . . . . . . . . . . . . . . . . . . . . . . 100

4.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

5 Effects of Double Dispersion on Non-Darcy Flow of a Nanofluid over the
Frustum of a Cone with Convective Boundary Condition 4 110

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.2.1 Case(a): Natural Convection . . . . . . . . . . . . . . . . . . . . . . . 113

of Mechanics” 33(5) (2017) 687–702
2Case(a): Published in “International Journal of Applied and Computational Mathematics” 3

(2017) 99–113, Case(b): Published in “Journal of Nanofluids” 6 (2017) 971–981
3Case(a): Published in “International Journal of Chemical Reactor Engineering” 16(3) (2017)

DOI: 10.1515/ijcre-2016-0188, Case(b): Accepted in “Advanced Science, Engineering and Medicine”
4Case(a): Published in “Nonlinear Engineering” 6(4) (2017) 277–292, Case(b): Published in “Heat

Transfer Research” DOI: 10.1615/HeatTransRes.2018018754

xi



5.2.2 Case(b): Mixed Convection . . . . . . . . . . . . . . . . . . . . . . . 122

5.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6 Convective Flow of a Nanofluid over the Rotating Frustum of a Permeable
Cone with Convective Boundary Condition 5 136

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

6.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.2.1 Case(a): Natural Convection . . . . . . . . . . . . . . . . . . . . . . . 139

6.2.2 Case(b): Mixed Convection . . . . . . . . . . . . . . . . . . . . . . . 149

6.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

7 Nonlinear Convective Flow of a Nanofluid over the Permeable Wavy Frus-
tum of a Cone with Convective Boundary Condition 6 160

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

7.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7.2.1 Case(a): Natural Convection . . . . . . . . . . . . . . . . . . . . . . . 163

7.2.2 Case(b): Mixed Convection . . . . . . . . . . . . . . . . . . . . . . . 177

7.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

8 Summary and Conclusions 191

References 195

5Case(a): Communicated to “Sadhana–Academy Proceedings in Eng. Sci.”, Case(b): Communi-
cated to “Indian Journal of Physics”

6Case(a): Published in “Journal of Nanofluids” 7 (2018) 1258–1271, Case(b): Communicated to
“International Journal of Numerical Methods for Heat & Fluid Flow”

xii



Chapter 1

Preliminaries and Review

1.1 Introduction

The science of fluid dynamics encompasses the motion of gases and liquids, the forces those

are responsible for this motion, and the interaction of the fluid with solids. This field stands

to various branches of science and engineering, and touches almost every aspect of our daily

life. From predicting the aerodynamic behavior of moving vehicles, to the movement of

biological fluids in the human body, weather predictions, cooling of electronic components,

performance of microfluidic devices, all demand a detailed understanding of the subject of

fluid dynamics and substantial research, thereof.

Due to the complexity of the subject and breadth of its applications, fluid dynamics is

proven to be a highly exciting and challenging subject of modern sciences. The quest for more

profound understanding of the subject has not only inspired the development of the subject

itself but has also led to the progress in the supporting areas, such as applied mathematics,

numerical computing, and experimental techniques. A large number of problems in fluid

dynamics have claimed the attention of mathematicians, physicists, and engineers for many
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years. As a result, an enormous body of established results has accumulated steadily but

remains scattered in the literature.

The mechanism of heat transfer is the passage of thermal energy from a hot to a cold

body. It occurs through conduction, convection, radiation or any combination of these.

The combined process of heat transfer by conduction and convection is referred to as the

convective heat transfer. The convective mode of heat transfer is generally divided into two

basic processes: free (or natural) convection and forced convection. If the fluid motion is set

up by buoyancy effects resulting from density differences, which is caused by temperature

variations in the fluid, then the heat transfer is said to be free convection. On the other

hand, if the motion of the fluid arises from an external agent, then the process is termed as

forced convection. When both free and forced convection effects are significant, and neither

of these can be neglected, then the process is termed as mixed convection. Both free and

mixed convection processes may be divided into external flows over immersed bodies (such as

flat plates, cones, cylinders and wires, spheres or other bodies), free boundary flows (such as

plumes, jets, and wakes), and internal flow in ducts (such as pipes, channels and enclosures).

The transport of a component in a mixture, from a region of high concentration to a

region of low concentration, is called mass transfer. The involvement and applications of

mass transfer process have gained much attention, and it goes to a greater length in multiple

fields such as the industrial, biological, physical and chemical engineering processes. Mass

transfer is divided into two modes: Diffusive mass transfer and Convective mass transfer.

The convective mass transfer is analogous to the convective heat transfer, it occurs between

a moving mixture of fluid species and an exposed solid surface. Coupled heat and mass

transport constitute a significant area of research in modern fluid dynamics such as an elec-

tronic cooling, drying processes, manufacture of electric cable insulations, curing of plastics,

solar energy system, purification processes, etc.

In the recent past, the nanofluids have gained considerable interest for their potential

to enhance the heat transfer rate in several engineering systems, while reducing or possibly

eliminating, sedimentation and clogging that plagued earlier solid-liquid mixtures with larger

particles. Nanofluids can be used in a wide variety of engineering applications ranging

2



from the automotive industry to the medical arena, power plant cooling systems as well as

computers. The convection due to heated/cooled objects of various shapes in a nanofluid

saturated porous medium yields one of the most critical scenarios for heat and mass transfer

theory, and thus is of considerable theoretical and practical interest.

1.2 Nanofluids

Conventional heat transfer fluids like water, ethylene glycol, and oil have relatively low

thermal conductivities when compared to the thermal conductivity of solids. Hence, an

innovative way of improving the thermal conductivity of fluid is that, by suspending small

solid particles, such as millimeter or micrometer-sized particles into the conventional fluids.

In 1904, Maxwell added millimeter or micrometer-sized solid particles into the conventional

fluids to enhance their thermal conductivity. However, they have not been of interest for

practical applications as they include sedimentation, erosion, fouling and increased pressure

drop of the flow. These situations are highly undesirable for many practical applications in

cooling process. The recent advances in material technology has made it possible to produce

nanometer-sized particles that can overcome the above said difficulties.

A base fluid with suspended solid nanoparticles is named as a nanofluid, which is initially

introduced by Choi [21]. The thermal conductivity of nanometer-sized particles is typically in

the order of magnitude higher than those of the base fluids. The addition of nanoparticles to

the base fluid even at low volume concentrations, results in significant increase of the thermal

performance. The goal of nanofluids is to achieve the highest possible thermal properties

at the smallest possible concentrations (preferably < 1% by volume) by uniform dispersion

and stable suspension of nanoparticles (preferably < 10nm) in host fluids. During the past

decade, the study of nanofluids has attracted immense enthusiasm from researchers, because

of its exceptional applications in electronics, communication, computing technologies, high

power X-rays, medicine, lasers, optical devices, scientific measurement, material processing,

material synthesis, etc. The detailed introduction and applications of nanofluids can be seen

in the textbook by Das et al. [24].
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Currently, two different models being investigated: (i) Tiwari-Das model [118], and (ii)

Buongiorno model [13]. These models have been used frequently by several researchers to

investigate the heat transfer enhancement by very fine particles suspended in a host fluid.

Tiwari-Das model

Tiwari and Das [118] developed a model to analyze the behaviour of nanofluids by taking the

volumetric fraction of nanparticles into the consideration. In this model, the basic governing

equations for laminar, incompressible flow of a nanofluid can be written as

∇ · u = 0 (1.1)

∂u

∂t
+ u · ∇u = − 1

ρnf
∇p+

µnf
ρnf
∇2u+

φρsβs(1− φ)ρfβf
ρnf

g(T − T∞) (1.2)

∂T

∂t
+ u · ∇T = αnf ∇2T (1.3)

where u is the velocity vector, T is the fluid temperature, φ is the volume fraction of the

nanoparticle, g is the acceleration due to gravity, βf and βs are the thermal expansion

coefficients of the base fluid and nanoparticles, respectively. Further, µnf is the viscosity of

the nanofluid, αnf is the thermal diffusivity of the nanofluid and ρnf is the density of the

nanofluid, which are given by

µnf =
µf

(1− φ)2.5
, ρnf = (1− φ)ρf + φρs, αnf =

knf
ρCpnf

,

ρCpnf = (1− φ)ρCpf + φρCps,
knf
kf

=
(ks + 2kf )− 2φ(kf − ks)
(ks + 2kf ) + φ(kf − ks)

(1.4)

where ρf is the density of the base fluid, ρs is the density of the solid particle, µf is the

viscosity of the base fluid, knf is the effective thermal conductivity of the nanofluid, kf and

ks are the thermal conductivities of the base fluid and nanoparticle, respectively.
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Buongiorno model

Buongiorno [13] proposed an analytical model for convective transport in nanofluids, which

incorporates the effects of Brownian diffusion and thermophoresis. Contrary to the Tiwari-

Das model [118], that focuses on volumetric fraction of nanoparticles, Buongiorno model [13]

pays more attention to Brownian motion and thermophoresis effects. The arbitrary motion

of nanoparticles within the base fluid is called Brownian motion, and this results from con-

tinuous collisions between nanoparticles and molecules of the base fluid. Particles can diffuse

under the influence of a temperature gradient. This phenomenon is called thermophoresis,

and is the particle equivalent of the renowned Soret effect for gaseous or liquid mixtures.

This Buongiorno’s model has been used in many recent works such as those of, Nield and

Kuznetsov ([81], [82], [83]), Kuznetsov and Nield ([52], [53]) and Khan and Aziz [50], among

others.

The basic governing equations of Buongiorno’s nanofluid model are given by

∇ · u = 0 (1.5)

∂u

∂t
+ u · ∇u = − 1

ρf∞
∇p+ ν∇2u+ g (1− φ∞)βT (T − T∞)− (ρp − ρf∞) g (φ− φ∞) (1.6)

∂T

∂t
+ u · ∇T = α∇2T +

(ρc)p
(ρc)f

[
DB∇φ · ∇T +

DT

T∞
∇T · ∇T

]
(1.7)

∂φ

∂t
+ u · ∇φ = DB∇2φ+

DT

T∞
∇2T (1.8)

where βT is the thermal expansion coefficient, ν is the kinematic viscosity of the nanofluid.

Further, ρp is the density of nanoparticle, ρf∞ is the density of the base fluid, α is the

thermal diffusivity of the nanofluid, DB is the Brownian diffusion coefficient and DT is the

thermophoretic diffusion coefficient. Finally, (ρc)f and (ρc)p are the heat capacity of the

nanofluid and the effective heat capacity of the nanoparticle material, respectively.
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1.3 Porous Medium

A porous medium may be defined as a solid matrix containing holes either connected or

non-connected, dispersed within the medium in a regular or random manner provided such

holes occur frequently in the medium. If these pores are saturated with fluid, then the solid

matrix with the fluid is called a fluid-saturated porous medium. This type of analysis in

porous media plays an essential role in many fields of science and engineering, for instance,

petroleum engineering, groundwater hydrology, agricultural engineering and soil mechanics.

But, the flow of the fluid in a saturated porous material is possible only when some of the

pores are interconnected.

To study the motion of fluids through porous media, one must have sufficient under-

standing of the governing equations for the fluid flow through porous medium. Owing to

the intricate structure of the porous medium, several models have been proposed to explain

mathematical and physical aspects of porous media. Among these, the Darcy model and

a series of its modifications have attained much acceptance. Further, the boundary layer

assumptions have been successfully applied to these models and much work over the last few

decades has been done on them for a wide variety of geometries.

Darcy Model

The governing equation of fluid motion in a vertical porous column was first given by Darcy

[23] in 1856. It represents a balance of viscous force, gravitational force and pressure gradient.

In mathematical form, it is written as

−→q = −Kp

µ
(∇p− ρ g) (1.9)

where −→q is the space averaged velocity (or Darcian velocity), Kp is the (intrinsic) permeabil-

ity of the medium, µ is the coefficient of viscosity. For one-dimensional flow and low porosity

system, the above law appears to provide good agreement with experimental results. As this

model does not take inertial effects into consideration, it is valid only for seepage flows, i.e.,
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for flows with low Reynolds number [O(Re) < 1].

Darcy-Brinkman Model

It is assumed that the flow through an anisotropic porous medium with high permeability

must reduce to the viscous flow in a limit. In viewing this, Brinkman felt the need to

account for the viscous force exerted by a flowing fluid on a dense swarm of spherical particles

embedded in a porous mass and added the term µ′∇2V to balance the pressure gradient.

Here µ′ is the effective viscosity given by µ′ = µ[1−2.5(1− ε)]. The validity of the Brinkman

model is restricted to the high porosity medium (as confirmed by the experiments) and its

governing equation is given by

− [∇p− ρg] =
µ

Kp

−→q − µ′∇2−→q (1.10)

Darcy-Forchheimer Model

In 1901, Forchheimer conducted experiments and proposed that inertial effects can be ac-

counted for by the addition of the square of velocity in the momentum equation. The

modification to Darcy′s equation is[
1 +

ρ c
√
Kp

µ
|−→q |

]
−→q = −Kp

µ
[∇p− ρg] (1.11)

where c is the dimensionless form drag coefficient and it varies with the nature of the porous

medium. The coefficients of Darcy and Forchheimer terms contain both fluid properties and

the microstructure of the porous medium. Several other models are found in the literature

related to porous media, and the validity and limitations of these models are well discussed

in the textbook by Nield and Bejan [84].
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1.4 Convective Boundary Condition

It is seen from the literature that several investigators have considered convective heat trans-

fer problems with either wall temperature or heat flux in Newtonian and/or non-Newtonian

fluids. But, these conditions cannot explain the supply of heat with a finite heat capacity to

the convecting fluid through a bounding surface. To demonstrate this, a novel mechanism for

the heating process has drawn the attention of many researchers, known as the Convective

Boundary Condition (CBC) (for more details see Aziz [8]). Further, the heat transfer with

a convective boundary condition is more general and realistic, especially concerning various

engineering and industrial processes including material drying, laser pulse heating and tran-

spiration cooling. Also, it occurs when a solid substrate is in contact with the fluid at a

different temperature and involves relative motion between the fluid and the substrate. The

magnitude of heat exchange is described in terms of Newton’s law of cooling, for which the

relevant constitutive property of the system is the convective heat transfer coefficient. The

convective boundary condition for heat transfer involves equating Fourier’s law of conduction

at the solid surface with Newton’s law of cooling in the fluid as given below:

−k∂T
∂y

= hf (Tf − T ) (1.12)

where hf is the convective heat transfer coefficient, k is the thermal conductivity of the fluid,

and Tf is the temperature of the hot fluid.

1.5 Bivariate Pseudo-Spectral Local Linearization Method

The governing equations of convective heat and mass transfer in Newtonian and/or non-

Newtonian fluids are essentially coupled and non-linear partial differential equations. Gen-

erally, these non-linear partial differential equations cannot be solved analytically, so recourse

must be made to a numerical approach. Various numerical methods, including the finite ele-

ment methods, finite difference methods, finite volume methods, spectral methods, shooting

methods, boundary element methods, homotopy analysis method, cubic spline collocation
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method, etc., have been used by several researches to solve the system of nonlinear differen-

tial equations. Among these, a novel and rapid convergence approach named as the Bivariate

Pseudo-Spectral Local Linearization Method (BPSLLM) is used to solve the governing par-

tial differential equations in this work. Initially, this method has been introduced by Motsa

[63] and it is the combination of local linearization technique and bivariate pseudo-spectral

collocation method. This method has several desirable features that make it appropriate

for the approximate solutions of partial differential equations. For more details about the

pseudo-spectral collocation methods, one can follow the works of Motsa ([63], [64]). Also, an

outstanding theoretical results on the various spectral methods, for solving the coupled sys-

tem of highly non-linear differential equations defined on both regular and irregular domains,

have been discussed by Gottlieb and Orszag [32].

In this section, we present the Bivariate Pseudo-Spectral Local Linearization Method

(BPSLLM) for approximate solution of the system of non-linear partial differential equations.

This method is presented for a general system of n nonlinear partial differential equations.

For this, consider a system of n nonlinear partial differential equations of the following form:

Υk [F1, F2, F3, ......, Fn] = 0 for k = 1, 2, 3, ...., n (1.13)

where

F1 =

{
f1,

∂f1
∂η

,
∂2f1
∂η2

, · · · , ∂
pf1
∂ηp

,
∂f1
∂ξ

,
∂

∂ξ

(
∂f1
∂η

)}
,

F2 =

{
f2,

∂f2
∂η

,
∂2f2
∂η2

, · · · , ∂
pf2
∂ηp

,
∂f2
∂ξ

,
∂

∂ξ

(
∂f2
∂η

)}
,

...

Fn =

{
fn,

∂fn
∂η

,
∂2fn
∂η2

, · · · , ∂
pfn
∂ηp

,
∂fn
∂ξ

,
∂

∂ξ

(
∂fn
∂η

)}
(1.14)

in which p is the order of differentiation with respect to η, fk(η, ξ) are the approximate

solutions of Eqs. (1.13) and Υk are the non-linear operators including the derivatives of

fk(η, ξ) with respect to both η and ξ.

On applying the quasi-linearization technique (see Ref. [10]) independently in each equa-
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tion, we obtain

F1,r+1 · ∇f1Υ1 [F1,r, F2,r, · · · , Fn,r] = F1,r · ∇f1Υ1 [F1,r, F2,r, · · · , Fn,r]

−Υ1 [F1,r, F2,r, · · · , Fn,r] (1.15)

F2,r+1 · ∇f2Υ2 [F1,r+1, F2,r, · · · , Fn,r] = F2,r · ∇f2Υ2 [F1,r+1, F2,r, · · · , Fn,r]

−Υ2 [F1,r+1, F2,r, · · · , Fn,r] (1.16)

...

Fn,r+1 · ∇fnΥn [F1,r+1, F2,r+1, · · · , Fn−1,r+1, Fn,r] =

Fn,r · ∇fnΥn [F1,r+1, F2,r+1, · · · , Fn−1,r+1, Fn,r]−Υn [F1,r+1, F2,r+1, · · · , Fn−1,r+1, Fn,r](1.17)

where

∇f1 =

 ∂

∂f1
,
∂

∂f ′1
,
∂

∂f ′′1
, · · · , ∂

∂f
(p)
1

,
∂

∂
(
∂f1
∂ξ

) , ∂

∂
(
∂f ′1
∂ξ

)
 , (1.18)

∇f2 =

 ∂

∂f2
,
∂

∂f ′2
,
∂

∂f ′′2
, · · · , ∂

∂f
(p)
2

,
∂

∂
(
∂f2
∂ξ

) , ∂

∂
(
∂f ′2
∂ξ

)
 , (1.19)

...

∇fn =

 ∂

∂fn
,
∂

∂f ′n
,
∂

∂f ′′n
, · · · , ∂

∂f
(p)
n

,
∂

∂
(
∂fn
∂ξ

) , ∂

∂
(
∂f ′n
∂ξ

)
 (1.20)

where the prime denotes the differentiation with respect to η.
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Further, the Eqs. (1.15)-(1.17) can be expressed as

p∑
l=0

α
(1)
l,r (η, ξ)f

(l)
1,r+1 + β(1)

r (η, ξ)
∂f

(0)
1,r+1

∂ξ
+ γ(1)r (η, ξ)

∂f
(1)
1,r+1

∂ξ
= K1(η, ξ),

p∑
l=0

α
(2)
l,r (η, ξ)f

(l)
2,r+1 + β(2)

r (η, ξ)
∂f

(0)
2,r+1

∂ξ
+ γ(2)r (η, ξ)

∂f
(1)
2,r+1

∂ξ
= K2(η, ξ),

...
p∑
l=0

α
(n)
l,r (η, ξ)f

(l)
n,r+1 + β(n)

r (η, ξ)
∂f

(0)
n,r+1

∂ξ
+ γ(n)r (η, ξ)

∂f
(1)
n,r+1

∂ξ
= Kn(η, ξ) (1.21)

where α
(k)
l,r (η, ξ), β

(k)
r (η, ξ) and γ

(k)
r (η, ξ) are the coefficients corresponding to the kth partial

differential equation for k = 1, 2, 3, ..., n and l = 0, 1, 2, ..., p.

Since the constant p denotes the order of differential equation, we have the following

α
(k)
l,r (η, ξ) =

∂Υk

∂f
(l)
k,r

, β(k)
r (η, ξ) =

∂Υk

∂

(
∂f

(0)
k,r

∂ξ

) , γ(k)r (η, ξ) =
∂Υk

∂

(
∂f

(1)
k,r

∂ξ

) (1.22)

and

Kk(η, ξ) =

p∑
l=0

α
(k)
l,r (η, ξ)f

(l)
k,r + β(k)

r (η, ξ)
∂f

(0)
k,r

∂ξ
+ γ(k)r (η, ξ)

∂f
(1)
k,r

∂ξ
−Υk (1.23)

The modified system of Eqs.(1.21) forms a system of n decoupled linear partial differential

equations. Hence, these equations are to be solved iteratively for f1(η, ξ), f2(η, ξ), · · · , fn(η, ξ)

by using any numerical method. In this work, the bivariate pseudo-spectral collocation

method is employed to solve the system of Eqs.(1.21) and it involves the following proce-

dure.

Initially, the solutions can be approximated by a bivariate Lagrangian interpolation poly-

nomials of the following form

fk(η, ξ) ≈
Nx∑
i=0

Nt∑
j=0

fk(ηi, ξj)Li(η)Lj(ξ), for k = 1, 2, ..., n (1.24)

where Nx and Nt are the number of collocation points in the η and ξ directions, respectively,
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and the characteristic Lagrange cardinal polynomial Li(η) is given by

Li(η) =
Nx∏
i=0
i 6=k

η − ηk
ηi − ηk

such that Li(ηk) = δik =

 0 if i 6= k

1 if i = k
(1.25)

Next, the Chebyshev-Gauss-Lobatto collocation points are introduced to discretize both

the domains of ξ and η, as follows

ηi = cos

(
πi

Nx

)
, ξj = cos

(
πj

Nt

)
for i = 0, 1, . . . , Nx and j = 0, 1, . . . , Nt (1.26)

The derivatives of the unknown functions fk(η, ξ) with respect to η and ξ at the colloca-

tion points ηi and ξj are given by (see Canuto [14], Trefethen [119])

∂fk
∂η

∣∣∣∣
(ηi,ξj)

=
Nx∑
m=0

Nt∑
n=0

fk(ηm, ξn)
dLm(ηi)

dη
Ln(ξj) =

Nx∑
m=0

Di,mfk(ηm, ξj) = DFk,j, (1.27)

∂2fk
∂η2

∣∣∣∣
(ηi,ξj)

= D2Fk,j,
∂pfk
∂ηp

∣∣∣∣
(ηi,ξj)

= DpFk,j, (1.28)

∂fk
∂ξ

∣∣∣∣
(ηi,ξj)

=
Nx∑
m=0

Nt∑
n=0

fk(ηm, ξn)Lm(ηi)
dLn(ξj)

dξ
=

Nt∑
n=0

djnfk(ηi, ξn) =
Nt∑
n=0

dFn,i (1.29)

where Dim = dLm(ηi)
dη

is the (i,m)th entry of the standard first derivative Chebyshev differ-

entiation matrix of size (Nx + 1) × (Nx + 1), and djn =
dLn(ξj)

dξ
is the (j, n)th entry of the

Chebyshev differentiation matrix of size (Nt + 1)× (Nt + 1) and the vector Fk,j is defined as

Fk,j = [fk(η0, ξj), fk(η1, ξj), . . . , fk(ηNx , ξj)]
T (1.30)

On solving the system of Eqs. (1.21) at the Chebyshev-Gauss-Lobbatto collocation points
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(ηi, ξj), we get

B(1)F1,i + β(1)
r

Nt∑
j=0

dijF1,j + γ(1)
r

Nt∑
j=0

dijDF1,j = R1,i,

B(2)F2,i + β(2)
r

Nt∑
j=0

dijF2,j + γ(2)
r

Nt∑
j=0

dijDF2,j = R2,i,

...

B(n)Fn,i + β(n)
r

Nt∑
j=0

dijFn,j + γ(n)
r

Nt∑
j=0

dijDFn,j = Rn,i (1.31)

where

B(1) =

p∑
l=0

α
(1)
l,r D(l), B(2) =

p∑
l=0

α
(2)
l,r D(l), · · · , B(n) =

p∑
l=0

α
(n)
l,r D(l) (1.32)

in which α
(k)
l,r = diag[α

(k)
l,r (ηi, ξj)], β

(k)
r = diag[β

(k)
r (ηi, ξj)] and γ

(k)
r = diag[γ

(k)
r (ηi, ξj)] are

the diagonal matrices at each kth equations.

Now, the system of Eqs. (1.31) can be expressed as the matrix form with (Nt + 1)(Nx +

1)× (Nt + 1)(Nx + 1) order, as follows



B
(k)
0,0 B

(k)
0,1 B

(k)
0,2 · · · B

(k)
0,Nt

B
(k)
1,0 B

(k)
1,1 B

(k)
1,2 · · · B

(k)
1,Nt

B
(k)
2,0 B

(k)
2,1 B

(k)
2,2 · · · B

(k)
2,Nt

...
...

... · · · ...

B
(k)
Nt,0

B
(k)
Nt,1

B
(k)
Nt,2

· · · B
(k)
Nt,Nt





Fk,0

Fk,1

Fk,2

...

Fk,Nt


=



Rk,0

Rk,1

Rk,2

...

Rk,Nt


(1.33)

where

B
(k)
i,i =

p∑
l=0

α
(k)
l,r D(l) + β(k)

r diiI + γ(k)
r diiD, for k = 1, 2, 3, ..., n, when i = j

B
(k)
i,j = β(k)

r dijI + γ(k)
r dijD, for k = 1, 2, 3, ..., n, when i 6= j

After incorporating the boundary conditions, the above system of equations in matrix

form is solved iteratively by taking a suitable initial approximations.
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1.6 Literature Review

The study of free and mixed convection due to a heated or cooled vertical surface provides

one of the most basic scenarios for heat and mass transfer theory and thus is of considerable

theoretical and practical interest. Free convection of heat and mass transfer occurs simulta-

neously in the fields of design of chemical processing equipment, formation and dispersion of

fog, distributions of temperature, moisture over agricultural fields and groves of fruit trees.

It also occurs in the context of damage to crops due to freezing and pollution of the en-

vironment. The phenomenon of mixed convection occurs in many technical and industrial

problems such as electronic devices cooled by fans, nuclear reactors cooled during an emer-

gency shutdown, a heat exchanger placed in a low-velocity environment, solar collectors, and

so on.

Convective flow along a vertical surface embedded in a porous medium, is one of the fun-

damental and classical problems in the heat and mass transfer theory. It has attracted a great

deal of interest from many investigators owing to the broad applications such as geothermal

systems, energy-storage units, heat insulation, heat exchangers, drying technology, catalytic

reactors, nuclear waste repositories, etc. The literature relevant to the convective flows over

different surface geometries in Darcy and non-Darcy porous media has been reported by

Ingham and Pop [39], Nield and Bejan [84], Vafai [122] (see the citations therein).

During the past decades, the study of nanofluids has gained much interest due to its

numerous applications in science and engineering. Nanofluids are prepared by dispersing

solid nanoparticles in conventional fluids such as water, oil, or ethylene glycol. Choi et al.

[22] showed that the addition of small amount (less than 1 by volume) of nanoparticles to

conventional heat transfer fluids enhances the thermal conductivity of the fluid. The detailed

introduction and applications of nanofluids can be found in Das et al. [24]. Buongiorno [13]

developed an analytical model for convective transport in nanofluids, which takes Brownian

diffusion and thermophoresis effects into account. The literature on nanofluids has been

reviewed by Daungthongsuk and Wongwises [25], Trisaksri and Wongwises [120], Wang and

Mujumdar [126, 127, 128], Eastman et al. [27], and Kakac and Pramuanjaroenkij [45], Gi-
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anluca et al. [31] among several others. These reviews provide details of the research work

carried out by the various authors on the convective transport in nanofluids.

The study of convective heat and mass transfer over the vertical frustum of a cone has

attracted the interest of scientists and researchers, as a consequence of their important

applications in engineering and industrial processes. Initially, the natural convective flow

over the vertical frustum of a cone has been investigated by Na and Chiou [75]. Vasantha et

al. [124] discussed the natural convective flow over the vertical frustum of a cone embedded in

a non-Darcy porous medium. The laminar natural convective flow over the vertical frustum

of a cone has been studied by Singh et al. [114]. Yih [130] analyzed the heat and mass

transfer characteristics over the truncated cone embedded in a porous medium. The natural

convective boundary layer flow of a nanofluid over the vertical frustum of a cone embedded

in a porous medium has been reported by Cheng [17]. Patrulescu et al. [88] proposed a

mathematical model for combined free and forced convective flow of a nanofluid over the

vertical frustum of a cone.

On the other hand, the study of boundary layer flows with heat and mass transfer over the

rotating bodies, is essential for various engineering applications such as the design of turbo-

machines and turbines, rotating machinery, estimation of flight path in rotating wheels,

transpiration cooling, spin-stabilized missiles, and in the modeling of several geophysical

systems. Due to the centrifugal force created by rotational bodies, the fluid close to the

surface of the body is enforced in the radial direction, and then this outward fluid is restored

with the fluid in the axial direction. Therefore, the fluid velocity in the axial direction over

the rotating bodies is larger than that of stationary bodies. This development in the axial

velocity helps to increase the heat transfer rate between the contacting fluid and surface of

the body. The effect of variable temperature on the convective flow due to a rotating cone

has been studied by Hering and Grosh [36]. Wang et al. [125] suggested a new streamwise

coordinate, which also serves as a mixed convection parameter, for the steady and laminar

mixed convective flow of a quiescent fluid over the stationary/rotating cone. Pop and Na [93]

examined roles of the half angle and streamwise coordinate on the boundary layer flow over

the rotating frustum of a cone. The effects of magnetic field and heat generation/absorption
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on the laminar, steady and mixed convective flow of a power-law fluid over the rotating

permeable cone in a porous medium have been investigated by Chamkha [16]. Narayana

et al. [77] explored the effects of cross-diffusion on MHD natural convective flow over the

spinning cone under two types of temperature boundary conditions (LST and LSHF).

Further, the prediction of heat and mass transfer from the wavy surfaces (irregular or

non-uniform or rough surfaces) is of fundamental importance, and is encountered in several

heat transfer devices, such as flat-plate solar collectors and flat-plate condensers in refrig-

erators. Irregularities frequently occur in the process of manufacture. Moreover, surfaces

are sometimes intentionally roughened to enhance heat transfer because that the presence of

rough surfaces disturbs the flow and alters the heat transfer rate. Among several others, Pop

and Na ([90], [91], [92] and [94]) examined the various problems on natural convective flow

with heat transfer over the vertical wavy cone/wavy frustum of a cone in a fluid saturated

with/without Darcy porous medium. Cheng [19] considered the free convective flow over

the vertical wavy cone embedded in a Darcy porous medium, whereas Hossain et al. [38]

explored the effect of variable viscosity on the natural convective flow of a viscous fluid over

the vertical wavy cone. Siddiqa et al. [113] obtained the numerical solution for the natural

convective flow over the vertical wavy cone in the presence of nonlinear thermal radiation

and variable properties. A comprehensive review on the natural and mixed convective flows

with heat transfer over wavy surface geometries has been presented by Shenoy et al. [111].

During the motion of fluid particles, the viscosity of the fluid converts some kinetic

energy into thermal energy. This process, which is caused due to viscosity, is irreversible

and is known as dissipation or viscous dissipation. It may arise in several devices which

are treated with substantial deceleration or operate at high rotative speed (see Gebhart

[30]). The following literature provides some of the most useful and related information on

the viscous dissipation in fluid flows. Murthy and Singh [71] studied the free convective

flow along an isothermal vertical plate in a non-Darcy porous medium in the presence of

viscous dissipation. They noticed that the presence of viscous dissipation parameter reduces

the heat transfer rate about 10% in every flow regimes. The effects of viscous dissipation

and transverse magnetic field on the boundary layer flow of a nanofluid, with heat transfer
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and fluid-particle suspension, over an exponentially stretching sheet have been discussed by

Krishnamurthy et al. [51]. The entropy generation analysis of the free convective flow of a

nanofluid over the vertical cone in a non-Darcy porous medium, in the presence of Newtonian

heating and viscous dissipation, has been presented by Mahdy et al. [58]. Recently, Afify [1]

discussed the effects of viscous dissipation and multiple slips on the boundary layer flow of

a nanofluid over the stretching surface.

The occurrence of diffusive flux due to temperature gradient is known as the thermal-

diffusion or Soret effect. In most of the studies, Soret effect is neglected on the basis that it is

of a smaller order of magnitude than the effects described by Fourier’s and Fick’s laws. This

Soret effect plays an important role in many natural activities, viz., in the underlying physics

of the solar ponds, the demographics of an ocean and also convection in stars (see Ingham and

Pop [39]). Also, it has been utilized for isotope separation and in a mixture between gases

with very light weight molecular (H2, He) and of medium weight molecular (N2, air) [28].

Due to its significant applications, several authors analyzed the Soret effect on Newtonian

and non-Newtonian fluids through different geometries. Dursunkaya and Worek [26] studied

the cross-diffusion effects on natural convective flow along a vertical surface. Kafoussias and

Williams [43] discussed the mixed convective flow along a vertical plate under the influence

of Soret and Dufour effects. Awad et al. [7] analyzed the cross-diffusion effects on convective

flow from an inverted cone embedded in a porous medium. Cheng [18] examined the effects

of Soret and Dufour on the double-diffusive free convective flow over the vertical truncated

cone in a porous medium. Kameswaran et al. [46] considered the convective heat and mass

transfer in a hydromagnetic nanofluid flow over a stretching sheet subject to the Soret and

viscous dissipation effects.

Stratification of fluid occurs due to temperature variations, concentration differences, or

the presence of different fluids. The analysis of free and mixed convective flows in a doubly

stratified medium is fundamentally interesting and relevant problem, due to its broad range

of applications in engineering. These applications include heat rejection into the environment

such as lakes, rivers, and seas; thermal energy storage systems such as solar ponds; and heat

transfer from thermal sources such as the condensers of power plants. However, the effect
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of double stratification on free and mixed convection in a porous medium has received little

attention. Initially, this phenomenon has been reported theoretically by Prandtl [95] for

infinite wall problem, whereas for semi-infinite wall has been investigated by Jaluria and

Himasekhar [41]. Tewari and Singh [117] examined the natural convection in a thermally

stratified fluid saturated porous medium. The problem of natural convective heat and mass

transfer along a vertical surface in a doubly stratified porous medium has been addressed

by Narayana and Murthy [79]. The effects of thermal and solutal stratification on mixed

convection in a non- Darcy porous medium has been studied by Murthy et al. [69]. The

double-diffusive free convective flow over the vertical wavy frustum of a cone in a non-

Newtonian fluid saturated porous medium in the presence of double stratification has been

reported by Cheng [20]. He reported that the heat and mass transfer rates between the

wavy surface and the fluid decrease with the increase of thermal and solutal stratification

parameters. Narayana et al. [78] studied the problem of natural convection from a vertical

plate in a thermally stratified non-Newtonian fluid saturated porous medium.

In view of the emerging applications of a stratified nanofluid, Rosmila et al. [106] analyzed

the MHD free convective flow of an incompressible nanofluid past a semi-infinite vertical

stretching sheet in the presence of thermal stratification. The effects of thermophoresis

and Brownian motion on MHD boundary layer flow of a thermally stratified nanofluid have

been studied by Kandaswamy et al. [48]. Srinivasacharya and Surender [115] presented the

natural convective flow along a vertical plate embedded in a porous medium saturated by a

stratified nanofluid. Rashad et al. [105] performed a numerical study to investigate the effect

of thermal stratification on the convective flow of a nanofluid over the vertical cylinder. The

effect of thermal stratification on free convective flow of a nanofluid along a vertical plate

embedded in a non-Darcy porous medium has been explored by Ramreddy et al. [101].

The uniform wall temperature or flux condition may not valid in some industrial and

engineering systems. For instance, material processing, geothermal systems, and in the

design of thermal insulation, it has been observed that free convection can induce thermal

stresses that lead to critical structural damage in the piping systems of nuclear reactors.

To overcome this, a realistic and more generalized representation in the form of convective
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boundary condition is considered in the heat transfer analysis (for more details, see Aziz

[8]). Further, Makinde and Aziz [60] numerically investigated the influence of convective

boundary condition on MHD mixed convective heat and mass transfer along a vertical plate

embedded in a porous medium. Ishak [40] studied the effects of suction/injection on steady

laminar boundary layer flow over a permeable surface in the presence of convective boundary

condition. Later, the effects of magnetic field and Biot number on free convective flow of

a thermally stratified nanofluid saturated non-Darcy porous medium has been studied by

Murthy et al. [70]. Recently, Rahman [99] considered the mixed convective boundary layer

flow along a vertical plate with the convective boundary condition.

Most of the problems related to the chemically reacting systems occurring in the me-

chanics of oil and water emulsions, oil reservoir and geothermal engineering demand a finite

activation energy along with the species chemical reactions. The term activation energy,

initiated by Swante Arrheniusis in 1889, is characterized by the least amount of energy that

uses to change the reactants to products. Usually, the interactions between the mass trans-

port and chemical reactions are very complex and frequently noticed in the various rates of

production and consumption of reactant species within the fluid medium and mass transfer.

Therefore, it is necessary to discuss the theoretical studies rather than experimental studies

to investigate the effect of Arrhenius activation energy on the fluid flow and mass transfer

models. In the earlier days, Bestman [11] explored the effect of binary chemical reaction

along with Arrhenius activation energy on the natural convective flow through the porous

media. Subsequently, he presented the heat transfer analysis in the flow of a combustible

mixture through a vertical pipe with Arrhenius activation energy and thermal radiation (see

Bestman [12]). Recently, few more contributions in this area have been reported by Awad

et al. [6], Shafique et al. [108], and Mustafa et al. [73].

The effect of thermal radiation in different fluid flows, is very useful in the nuclear plants,

gas turbines, various propulsion devices for aircraft, missiles, satellites, space vehicles, etc.

At high temperature, the thermal radiation can significantly affect the heat transfer rate and

the temperature distribution within the boundary layer flow of a participating fluid. Also,

the thermal radiation may play an essential role in controlling the heat transfer in industries
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where the quality of final product depends on the heat controlling factors to some extent.

Because of these applications, Hossain and Takhar [37] considered the mixed convective

boundary layer flow along a heated vertical plate in the presence of thermal radiation. Yih

[130] presented a numerical investigation to study the radiation effect on natural convective

flow of a viscous fluid over the vertical truncated cone. The effects of thermal radiation

and convective boundary condition on free convective flow of a nanofluid over a stretching

sheet have been addressed by Rahman and Eltayeb [98]. The effects of thermal radiation,

homogeneous chemical reaction and heat source on the stagnation point flow of a nanofluid

over the stretching surface have been examined by Makinde et al. [61]. Ramzan et al. [104]

investigated the effects of thermal radiation, MHD and double stratification on a micropolar

nanofluid flow in the presence of activation energy with binary chemical reaction.

The effects of thermal and solutal dispersion in a porous medium are essential due to

the existence of inertial effects (see Nield and Bejan [84]). The heat and mass transport due

to the hydrodynamic mixing is called thermal and solutal dispersions, respectively. These

thermal and solutal dispersions cause additional heat and mass transfer rates, which brings

further complications in dealing with transport processes in a fluid medium. The interest

in the above studies is motivated by numerous engineering applications such as geothermal

engineering, thermal insulation systems, petroleum recovery, packed bed reactors, sensible

heat storage beds, ceramic processing, groundwater pollution, etc. Further, the natural

convection driven by thermal and solutal dispersions play an essential role in the overall

heat and mass transfer rates. In view of the above said applications, Telles and Trevisan

[116] presented the hydrodynamic dispersion effect on free convective heat and mass transfer

near to the vertical surface in a porous medium. The effects of thermal and solutal dispersion

in a non-Darcy porous medium have been discussed by Murthy [68]. Murthy and Singh [72]

investigated the thermal dispersion effect on the mixed convective flow over the isothermal

vertical cone embedded in a non-Darcy porous medium. The effects of double dispersion

and variable viscosity on free convective flow of a non-Newtonian fluid over the vertical cone

embedded in a non-Darcy porous medium have been explored by Kairi [44]. RamReddy

[100] discussed the thermal and solutal dispersion effects on the free convective flow over the
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vertical cone (also see the references therein).

In a wider range, most of the researchers have considered the linear relationship between

temperature-concentration and density variations in the buoyancy force term. But, the pres-

ence of various physical conditions like inertia, viscous dissipation, radiation, and different

densities in the temperature, the variations of density with temperature-concentration may

become nonlinear. This kind of nonlinear relationship is important in various industrial

and geothermal engineering applications, for instance, the design of thermal systems, cool-

ing transpiration, cooling of electric components, drying of the surfaces, solar collectors,

combustion, space technology, geophysics, etc. Mainly, these nonlinear temperature and

density variations show more effect on the velocity of the flow field and heat transfer rate

(see Vajravelu and Sastri [123]), when there is a significant change in the wall and ambient

temperatures. Partha [87] developed a mathematical model to study the nonlinear varia-

tions in the temperature-concentration dependent density in a non-Darcy porous medium.

He observed that with the increase of nonlinear temperature and concentration parameters,

the heat and mass transfer varies extensively depending on Darcy and non-Darcy porous

media. Prasad et al. [96] scrutinized the natural convective flow along a vertical flat plate

in a non-Darcy porous medium with the nonlinear density-temperature parameter. The

nonlinear convective flow over an impulsive stretching sheet has been examined by Motsa et

al. [65]. The effect of nonlinear density temperature parameter in a nanofluid flow over the

stretching sheet has been studied by Shaw et al. [109].

From the available literature, it is clear that the study of nanofluid flow over the vertical

frustum of a cone under different conditions has not received significant attention so far.

Also, it seems from the literature that the similarity solution does not exist in the case of

vertical frustum of a cone (see [75], [114], [129], [130]). Hence, one has to use suitable non-

similarity transformations to find out the approximate solutions for the governing system of

partial differential equations.

Due to the important applications of nanofluid with and/or without saturated non-Darcy

porous medium, the usefulness of convective flows over the vertical frustum of a cone has been

analyzed in this thesis. In addition, the Buongiorno’s nanofluid model which incorporates
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the effects of Brownian motion and thermophoresis, is considered in the present analysis.

The problems considered in this thesis are outlined in the next section.

1.7 Aim and Scope

The objective of the present thesis is to explore the non-similarity solution for convective

flows of a nanofluid over the vertical frustum of a cone. The study focusses on the attributes

of various effects such as Brownian motion, thermophoresis, Arrhenius activation energy

with binary chemical reaction, double stratification, double dispersion, thermal radiation,

suction/injection, nonlinear convection, amplitude and angle of the wavy frustum of a cone,

Soret and viscous dissipation. In the present study, a nanofluid based on Buongiorno’s model

is used. The problems undertaken in the thesis deal with the vertical frustum of a cone,

rotating frustum of a cone and wavy frustum of a cone for the two cases: (i) free/natural

convection and (ii) mixed convection.

1.8 Outline of the Thesis

This thesis consists of EIGHT chapters. Chapter - 1 is introductory in nature and gives

motivation to the investigations carried out in the thesis. A survey of pertinent literature

is presented to exhibit the importance of problems considered. The basic equations govern-

ing the flow, heat and mass transfers of a nanofluid and details of the numerical method

(Bivariate Pseudo-Spectral Local Linearization Method) are given.

A numerical investigation on the convective flow of a nanofluid over the vertical frustum

of a cone in the presence of Soret and viscous dissipation effects, is presented in Chapter

- 2. The non-dimensional velocity, temperature, nanoparticle volume fraction and regular

concentration profiles are displayed graphically for different values of Soret number, Eckert

number, thermophoresis and Brownian motion parameters. In addition, the non-dimensional

surface drag, local heat, nanoparticle and regular mass transfer rates versus streamwise
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coordinate are presented and discussed for various values of the pertinent parameters.

Chapter - 3 deals with the problem of steady, convective heat and mass transport over the

vertical frustum of a cone embedded in a non-Darcy porous medium saturated by a doubly

stratified nanofluid. The effects of non-Darcy parameter, thermal and solutal stratification

parameters on the non-dimensional velocity, temperature, nanoparticle volume fraction and

the regular concentration along with the skin friction, local Nusselt number, local nanopar-

ticle and regular Sherwood numbers are discussed and analyzed through graphs.

The combined effects of Arrhenius activation energy with binary chemical reaction and

thermal radiation on the convective flow over the vertical frustum of a cone in a Buongiorno’s

nanofluid subject to the convective boundary condition, are examined in Chapter-4. The

obtained numerical results are exhibited graphically to demonstrate the influence of thermal

radiation, Biot number, activation energy, chemical reaction rate and temperature relative

parameters on the dimensionless velocity, temperature, nanoparticle volume fraction and

regular concentration. Further, the effects of pertinent physical parameters on the non-

dimensional surface drag, local heat, nanoparticle and regular mass transfer rates versus

streamwise coordinate are also explored and displayed through graphs.

In Chapter - 5, an attempt has been made to investigate the thermal and solutal disper-

sion effects on the convective flow over the vertical frustum of a cone in a nanofluid saturated

non-Darcy porous medium subject to the convective boundary condition. The effects of var-

ious parameters, namely Biot number, non-Darcy, thermal dispersion and solutal dispersion

parameters on physical quantities of the flow are explored in detail and some interesting

results have been obtained.

Chapter - 6 reports a non-similarity solution for the convective flow of a nanofluid due

to the vertically rotating permeable frustum of a cone under the influence of convective type

thermal boundary condition. The obtained numerical results are exhibited graphically to

illustrate the effects of suction/injection parameter, spinning parameter and Biot number

on the dimensionless tangential velocity, swirl velocity, temperature, nanoparticle volume

fraction and regular concentration profiles. Further, the non-dimensional surface drag, local
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heat, nanoparticle and regular mass transfer rates against the streamwise coordinate are

analyzed and presented through graphs.

A non-similarity solution for the nonlinear convective flow of a nanofluid over the perme-

able wavy frustum of a cone, in the presence of convective boundary condition, is presented

in Chapter - 7. The effects of various parameters, namely wavy amplitude, half angle of

the wavy cone, Biot number, suction/injection, nonlinear density temperature (NDT) and

nonlinear density concentration (NDC) parameters on physical quantities of the nanofluid

flow are explored in detail and some interesting results have been obtained.

In all the above chapters (2 - 7), the nonlinear governing boundary layer equations and

their associated boundary conditions are initially cast into dimensionless form by introduc-

ing a suitable non-similarity variables. The resulting system of non-similarity equations is

then solved numerically by employing Bivariate Pseudo-Spectral Local Linearization Method

(BPSLLM). Initially, the governing equations are linearized by using local linearization tech-

nique and then solved by applying pseudo-spectral collocation method [14]. The convergence

and error analysis tests have conducted to examine the accuracy of the BPSLLM. In a special

case of the above chapters, the accuracy test is conducted through comparison with asymp-

totic series solutions for limiting cases of small and large values of the streamwise coordinate

(for more details, see [66]). To validate the BPSLLM, the obtained numerical results are

compared with the existing results in some special cases and the outcomes are observed to

be in a good agreement.

The main conclusions of the earlier chapters are listed and the directions in which further

investigations may be carried out are also indicated in Chapter - 8.

List of references is given at the end of the thesis. The references are arranged in an

alphabetical order.

Considerable part of the work in the thesis is published/accepted for publication in re-

puted journals. The remaining part is communicated for possible publications. The details

are presented below.
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Chapter 2

Non-Similarity Solution for a

Nanofluid Flow over the Vertical

Frustum of a Cone with Soret and

Viscous Dissipation Effects 1

2.1 Introduction

A broad area of research on convective flows over the vertical frustum of a cone in Newto-

nian and/or non-Newtonian fluids, has received continuous attention due to its significant

engineering applications such as heat exchangers, cooling of electronic devices, etc. (For

more details, see Nakamura et al. [76]). Ahmed and Mahdy [3] studied the laminar, natural

convective boundary layer flow over the isothermal frustum of a cone under the influence of

transverse magnetic field. Recently, the natural convective flow over the vertical frustum of

a cone in the presence of thermal radiation and heat generation/absorption effects, has been

discussed by Elbashbeshy et al. [29].

1Case(a): Published in “Journal of Nanofluids” 6(3) (2017) 530–540, Case(b): Published in “Journal
of Mechanics” 33(5) (2017) 687–702
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In a fluid flow system, the Soret (thermal-diffusion) effect is a thermodynamic phe-

nomenon in which the molecules in fluids are carried in a multi-component mixture impelled

by temperature gradients. It becomes more significant when the large density differences ex-

ist in a flow regime. For example, the Soret effect can be notable when a species is introduced

at the surface in a fluid domain with a density lower than the surrounding fluid (see [110],

[102]). Many investigators have been tried to explore the importance of viscous dissipation

in Newtonian and/or non-Newtonian fluids through various geometries in the recent past.

Because the viscous dissipation acts as a heat source and initiates substantial temperature

in the surrounding medium. From the literature, it seems that a limited work has been

reported on the convective flows of a nanofluid over the vertical frustum of a cone in the

presence of Soret and viscous dissipation effects. The effect of Soret on the laminar boundary

layer flow over the vertical cone embedded in a porous medium saturated by a nanofluid has

been analyzed by Hady et al. [33]. Recently, RamReddy and Pradeepa [103] explored the

effects of Soret and viscous dissipation on the mixed convective flow a non-Newtonian fluid

over the vertical frustum of a cone (for more details, see the references therein).

The problem of Soret and viscous dissipation effects on the convective flow of a nanofluid

over the isothermal frustum of a cone is considered in this chapter. According to the author’s

knowledge, the present study has not been addressed in the literature. From the literature

survey, it seems that the similarity solution does not exist for the convective flow of over the

frustum of a cone (see [75], [114], [129], [130]). Hence, a suitable set of non-similarity trans-

formations is used to transform the governing dimensional equations into non-dimensional

form. The resulting system of non-similarity equations is then solved numerically by em-

ploying Bivariate Pseudo-Spectral Local Linearization Method (BPSLLM). The convergence

and error analysis tests have conducted to validate the BPSLLM. Further, the accuracy of

the present numerical solution is undertaken in a special case through comparison with the

asymptotic series solution for limiting cases of small and large values of ξ (Ref. Motsa et

al. [66]). The effects of pertinent parameters on the non-dimensional velocity, temperature,

nanoparticle volume fraction and regular concentration profiles as well as, on the surface

drag, and local heat and mass transfer rates are analyzed and shown graphically.
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Figure 2.1: Physical model and coordinate system.

2.2 Mathematical Formulation

Consider a steady, laminar and two dimensional flow of an incompressible nanofluid over

the vertical frustum of a cone with half angle A. The coordinate geometry of the problem

is chosen such that x-axis is along the surface of full cone and y-axis is normal to the

surface of vertical frustum of a cone with the origin O at the vertex of full cone. The

physical model of the problem is shown in Fig. (2.1). The surface is maintaining at uniform

temperature Tw, solutal concentration Cw and zero nanoparticle flux DB
∂φ
∂y

+ DT
T∞

∂T
∂y

= 0

(see Kuznetsov and Nield [54]). The velocity, temperature, nanoparticle volume fraction

and regular concentration of the ambient nanofluid are taken as U∞, T∞, C∞, and φ∞,

respectively. The boundary layers are assumed to develop at the leading edge of the vertical

frustum of a cone (x = x0), which implies that the temperature and regular concentration

of the surrounding fluid and circular base are same.

By employing standard boundary layer assumptions and linear Boussinesq approxima-
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tion, the governing equations of the present investigation are given by (see [75])

∂(u r)

∂x
+
∂(v r)

∂y
= 0 (2.1)

ρf∞

(
u
∂u

∂x
+ v

∂u

∂y

)
= µ

∂2u

∂y2
+ ρf∞g (1− φ∞) [βT (T − T∞) + βC(C − C∞)] cosA (2.2)

−(ρp − ρf∞)g(φ− φ∞) cosA

u
∂T

∂x
+ v

∂T

∂y
= αm

∂2T

∂y2
+ J

[
DB

∂φ

∂y

∂T

∂y
+
DT

T∞

(
∂T

∂y

)2
]

+
µ

ρf∞Cp

(
∂u

∂y

)2

(2.3)

u
∂φ

∂x
+ v

∂φ

∂y
= DB

∂2φ

∂y2
+
DT

T∞

∂2T

∂y2
(2.4)

u
∂C

∂x
+ v

∂C

∂y
= DS

∂2C

∂y2
+DCT

∂2T

∂y2
(2.5)

where u and v are the components of velocity along x and y–axes, respectively, T is the

temperature, φ is the nanoparticle volume fraction, C is the regular concentration, g is the

acceleration due to gravity, αm = k/(ρc)f is the thermal diffusivity of the fluid, ν = µ/ρf∞ is

the coefficient of kinematic viscosity and J = (ρc)p/(ρc)f . Moreover, ρf∞ is the density of the

base fluid, and k, µ, ρ, βT and βC are the thermal conductivity, viscosity, density, volumetric

thermal and solutal expansion coefficients of the nanofluid. Further, ρp is the density of the

nanoparticles, (ρc)f and (ρc)p are the heat capacity of the fluid and nanoparticle material,

respectively. In Eqs. (2.3) - (2.5), DB is the Brownian diffusion coefficient, DT is the

thermophoretic diffusion coefficient, DS is the solutal diffusivity and DCT is the Soret-type

diffusivity. The same notations are used throughout the thesis unless otherwise specified.

The associated boundary conditions are

u = 0, v = 0, T = Tw, DB
∂φ

∂y
+
DT

T∞

∂T

∂y
= 0, C = Cw at y = 0 (2.6a)

u = U∞, T = T∞, φ = φ∞, C = C∞ as y →∞ (2.6b)

where the subscripts w and ∞ indicate the conditions at the wall and the outer edge of a
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boundary layer respectively.

We also assumed that the thickness of boundary layers are sufficiently small as comparing

with the local radius of the vertical frustum of a cone. Therefore, the local radius to a point

in the boundary layer can be approximated by the radius of vertical frustum of a cone r, i.e.,

r = x sinA (Ref. Singh et al. [114]). The Eqs. (2.1) - (2.5) along with the corresponding

boundary conditions (2.6) are valid in x0 < x <∞, where x0 is the distance of leading edge

of the vertical frustum of a cone which is measured from the origin O.

Now, we introduce a stream function ψ such that it satisfies the continuity equation (2.1)

automatically, and it is defined as

u =
1

r

∂ψ

∂y
, v = −1

r

∂ψ

∂x
(2.7)

In this chapter, two types (cases) of problems are considered: (a) free/natural convection

and (b) mixed convection.

2.2.1 Case(a): Natural Convection

The flow is assumed to be a natural convection which is caused by buoyancy forces only with-

out any external agent, and hence the velocity of the external flow becomes zero, i.e., U∞ = 0.

Initially, we introduce the following non-similarity variables

ξ =
x

x0
=
x− x0
x0

, η =
y

x
Gr

1/4
x , ψ = rνGr

1/4
x f (ξ, η) ,

θ (ξ, η) =
T − T∞
Tw − T∞

, γ (ξ, η) =
φ− φ∞
φ∞

, S (ξ, η) =
C − C∞
Cw − C∞

(2.8)

where x = x− x0 and Grx =
gβT (Tw − T∞)(1− φ∞)x3 cosA

ν2
is the local Grashof number.

Substituting Eqs. (2.7)-(2.8) into Eqs.(2.2)-(2.5), the governing equations reduces to the
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following form:

f ′′′ +

(
R +

3

4

)
f f ′′ − 1

2
(f ′)

2
+ θ +NcS −Nr γ = ξ

(
f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′
)

(2.9)

1

Pr
θ′′ +

(
R +

3

4

)
f θ′ +Nb γ′ θ′ +Nt (θ′)

2
+ Ec ξ (f ′′)

2
= ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(2.10)

1

Le
γ′′ +

(
R +

3

4

)
f γ′ +

1

Le

Nt

Nb
θ′′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(2.11)

1

Sc
S ′′ +

(
R +

3

4

)
f S ′ + ST θ

′′ = ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(2.12)

where the prime represents the partial differentiation with respect to η, Pr =
ν

αm
is

the Prandtl number, Nr =
(ρp − ρf∞)φ∞

ρf∞βT (Tw − T∞)(1− φ∞)
is the nanofluid buoyancy ratio,

Nc =
βC(Cw − C∞)

βT (Tw − T∞)
is the regular buoyancy ratio, Sc =

ν

DS

is the Schmidt number,

Nb =
(ρc)pDBφ∞

(ρc)fν
is the Brownian motion parameter, Le =

ν

DB

is the Lewis number,

Nt =
(ρc)pDT (Tw − T∞)

(ρc)fνT∞
is the thermophoresis parameter, ST =

DCT (Tw − T∞)

ν(Cw − C∞)
is the

Soret number and Ec =
u2e

Cp(Tw − T∞)
is the Eckert number.

The corresponding boundary conditions become

f(ξ, η) +
ξ(

R + 3
4

) ∂f
∂ξ

= 0, f ′(ξ, η) = 0, θ(ξ, η) = 1, Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0,

S(ξ, η) = 1, at η = 0 (2.13a)

f ′(ξ, η) = 0, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (2.13b)

where R =
ξ

(1 + ξ)
. When ξ = 0, R becomes zero, and hence the present problem reduces

to the problem of natural convective flow of a nanofluid along a vertical plate. Since ξ =
(x− x0)
x0

, ξ becomes large means x is far down-stream or the cross-section radius of the

leading edge of the frustum of a cone is very small. In this situation, the similarity solutions

are expected for the natural convective flow over a full cone (see Hering [35]).

The wall shear stress, local heat, nanoparticle mass and regular mass fluxes over the
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vertical frustum of a cone are

τw = µ

[
∂u

∂y

]
y=0

, qw = −k
[
∂T

∂y

]
y=0

, qn = −DB

[
∂φ

∂y

]
y=0

and qm = −DS

[
∂C

∂y

]
y=0

(2.14)

The non-dimensional skin friction Cf =
2τw

ρf∞ U2
∗

, the local Nusselt number Nux =

qwx

k(Tw − T∞)
, the local nanoparticle Sherwood number NShx =

qnx

DBφ∞
and the local regular

Sherwood number Shx =
qmx

DS(Cw − C∞)
, are given by

CfGr
1/4
x = 2 f ′′(ξ, 0),

Nux

Gr
1/4
x

= −θ′(ξ, 0),

NShx

Gr
1/4
x

= −γ′(ξ, 0),
Shx

Gr
1/4
x

= −S ′(ξ, 0)

 (2.15)

where U∗ is the characteristic velocity.

Numerical Solution

The governing Eqs. (2.9)-(2.12) subject to the boundary conditions (2.13) are solved nu-

merically using the Bivariate Pseudo-Spectral Local Linearization Method (BPSLLM) (for

more details, see Motsa et al. [66]). The following procedure describes the main steps of the

Bivariate Pseudo-Spectral Local Linearization Method.

Assume that the solutions fr, θr, γr and Sr of Eqs.(2.9)-(2.12) at the (r + 1)th iteration

are fr+1, θr+1, γr+1 and Sr+1, respectively. If the solutions at the previous iteration are

sufficiently close to the solutions at the present iteration, then the nonlinear components of

Eqs.(2.9)-(2.12) can be locally linearised using one–term Taylor series so that the Eqs.(2.9)-

(2.12) give the following iterative sequence of linear differential equations

f ′′′r+1 + a1,r f
′′
r+1 + a2,r f

′
r+1 + a3,r fr+1 + a4,r

∂f ′r+1

∂ξ
+ a5,r

∂fr+1

∂ξ
= K1,r (2.16)
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1

Pr
θ′′r+1 + b1,r θ

′
r+1 + b2,r

∂θr+1

∂ξ
= K2,r (2.17)

1

Le
γ′′r+1 + c1,r γ

′
r+1 + c2,r

∂γr+1

∂ξ
= K3,r (2.18)

1

Sc
S ′′r+1 + e1,r S

′
r+1 + e2,r

∂Sr+1

∂ξ
= K4,r (2.19)

where the coefficients as1,r(s1 = 1, 2, .., 5), bs2,r(s2 = 1, 2), cs3,r(s3 = 1, 2) , es4,r(s4 = 1, 2) and

Ks5,r(s5 = 1, 2, .., 4) are known functions, which are evaluated from the previous iterations,

and are given by

a1,r =

(
R +

3

4

)
fr + ξ

∂fr
∂ξ

, a2,r = −f ′r − ξ
∂f ′r
∂ξ

, a3,r =

(
R +

3

4

)
f ′′r , a4,r = −ξf ′r,

a5,r = ξf ′′r , K1,r =

(
R +

3

4

)
fr f

′′
r −

1

2
(f ′r)

2
+ ξ

(
f ′′r
∂fr
∂ξ
− f ′r

∂f ′r
∂ξ

)
− θr −NcSr +Nr γr,

b1,r =

(
R +

3

4

)
fr+1+Nb γ′r+2Nt θ′r+ξ

∂fr+1

∂ξ
, b2,r = −ξf ′r+1, K2,r = Nt (θ′r)

2−Ec (f ′′r )
2
,

c1,r =

(
R +

3

4

)
fr+1 + ξ

∂fr+1

∂ξ
, c2,r = −ξf ′r+1, K3,r = − 1

Le

Nt

Nb
θ′′r+1,

e1,r =

(
R +

3

4

)
fr+1 + ξ

∂fr+1

∂ξ
, e2,r = −ξf ′r+1, K4,r = −ST θ′′r+1

The system of Eqs. (2.16)-(2.19) constitute a linear system of coupled partial differential

equations with variable coefficients and it can be solved iteratively using any numerical

method. In this work, the bivariate pseudo-spectral collocation method is employed to solve

the system of Eqs. (2.16)-(2.19) with the boundary conditions (2.13). Starting from the

following set of initial approximations

f0(η) =
1

2
+

1

2
e−2η − e−η, θ0(η) = e−η, γ0(η) = −Nt

Nb
e−η, S0(η) = e−η (2.20)

the system of linearized Eqs. (2.16)-(2.19) is solved iteratively for fr+1(η), θr+1(η), γr+1(η)

and Sr+1(η).

For this, the physical region [0,∞)× [0,∞) is transformed into the region [−1, 1]× [−1, 1]
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using the domain truncation technique, in which the problem is solved on the region [0, η∞]×

[0, ξ∞] instead of [0,∞)× [0,∞). This leads to the following mappings

η

η∞
=
ζ + 1

2
and

ξ

ξ∞
=
τ + 1

2
for − 1 ≤ ζ, τ ≤ 1 (2.21)

where η∞ and ξ∞ are the scaling parameters, which are used to invoke the boundary condi-

tions at infinity.

To discretize the unknown functions in the truncated region, the following Gauss–Lobatto

collocation points are introduced

ζi = cos

(
πi

Nx

)
, τj = cos

(
πj

Nτ

)
for i = 0, 1, . . . , Nx and j = 0, 1, . . . , Nτ (2.22)

where Nx and Nτ are the number of collocation points in η and ξ – directions, respectively.

The unknown functions are approximated by the bivariate Lagrange’s polynomials of the

form

f(η, ξ) ≈
Nx∑
m=0

Nτ∑
j=0

f(ζm, τj)Lm(ζ)Lj(τ) (2.23)

which interpolates f(η, ξ) at the collocation points defined by Eq. (2.22). The similar

expressions are used to obtain the approximate functions for θ(η, ξ), γ(η, ξ) and S(η, ξ).

Here, the functions Lm(ζ) and Lj(τ) are known as the characteristic Lagrange cardinal

polynomials.

The derivatives of the unknown function f(η, ξ) with respect to η and ξ, at the collocation

points ζk and τi, are defined as (see Canuto et al. [14] and Trefethen [119])

∂f

∂η

∣∣∣∣
(ζk,τi)

=
2

η∞

Nx∑
m=0

Nτ∑
j=0

f(ζm, τj)
dLm(ζk)

dζ
Lj(τi) = DFi, (2.24)

∂2f

∂η2

∣∣∣∣
(ζk,τi)

= D2Fi,
∂3f

∂η3

∣∣∣∣
(ζk,τi)

= D3Fi, (2.25)

∂f

∂ξ

∣∣∣∣
(ζk,τi)

=
2

ξ∞

Nx∑
m=0

Nτ∑
j=0

f(ζm, τj)
dLj(τi)

dτ
Lm(ζk) =

2

ξ∞

Nτ∑
j=0

dijFj =
Nτ∑
j=0

dFj. (2.26)
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In the above, dij’s are entries of the standard Chebyshev differentiation matrix d =
2

ξ∞
[dij]

of size (Nτ + 1) × (Nτ + 1) and D = (2/η∞)[Drs] being an (Nx + 1) × (Nx + 1) Chebyshev

spectral differentiation matrix and the vector Fi is defined as

Fi = [fi(ζ0), fi(ζ1), . . . , fi(ζNx)]
T (2.27)

where 0 ≤ i, j ≤ Nt and 0 ≤ r, s ≤ Nx.

Similar kind of expressions are used for derivatives of the unknown functions θ, γ and

S with respect to η and ξ. On applying the pseudo-spectral collocation method to Eqs.

(2.16)-(2.19) in both η and ξ–directions gives

A(1)Fi + a4,i

Nt∑
j=0

dijDFj + a5,i

Nt∑
j=0

dijFj = K1,i (2.28)

A(2)Θi + b2,i

Nt∑
j=0

dijΘj = K2,i (2.29)

A(3)Gi + c2,i

Nt∑
j=0

dijGj = K3,i (2.30)

A(4)Si + e2,i

Nt∑
j=0

dijSj = K4,i (2.31)

where

A(1) = D3 + a1,iD
2 + a2,iD + a3,i, A(2) =

1

Pr
D2 + b1,iD,

A(3) =
1

Le
D2 + c1,iD, A(4) =

1

Sc
D2 + e1,iD.
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The system of Eqs. (2.28) can be written in matrix form as



A
(1)
0,0 A

(1)
0,1 A

(1)
0,2 · · · A

(1)
0,Nt

A
(1)
1,0 A

(1)
1,1 A

(1)
1,2 · · · A

(1)
1,Nt

A
(1)
2,0 A

(1)
2,1 A

(1)
2,2 · · · A

(1)
2,Nt

...
...

... · · · ...

A
(1)
Nt,0

A
(1)
Nt,1

A
(1)
Nt,2

· · · A
(1)
Nt,Nt





F0

F1

F2

...

FNt


=



K1,0

K1,1

K1,2

...

K1,Nt


(2.32)

for i = 0, 1, . . . , Nt and

A
(1)
i,j = A(1) + a4,idiiD + a5,idiiI, i = j, (2.33)

A
(1)
i,j = a4,idijD + a5,idijI, i 6= j. (2.34)

In the similar way, the matrix form of Eqs. (2.29)-(2.31) can be obtained. To find the

approximate solution, the system of equations in matrix form is solved iteratively by starting

with a suitable initial approximations as given in Eq. (2.20).

In this chapter, a finite computational domain of extent η∞ = 30 and ξ∞ = 15 are taken

in the η and ξ-directions, respectively. Through numerical experimentation, these values

have been found to give accurate results for all the selected physical parameters. Moreover,

the results have not been changed with the increase of η∞ and ξ∞ to significant extent. The

number of collocation points Nx and Nt used in the pseudo-spectral collocation method for

discretization are 60 and 15, respectively. The iteration calculations are carried until some

appropriate tolerance level is obtained. In this analysis, the tolerance level has fixed to be

10−4.

Validation of the BPSLLM

To validate the numerical solution obtained by using the method as described in the above

section, the series solutions about small and large values of ξ have been computed for residual
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errors. It can be noticed that the residual errors decrease with an increase in the number of

iterations for both small and large values of ξ. This trend indicates the convergence of the

series solutions and the convergence is much faster for both small and large values of ξ (For

more details, one can refer the work of Motsa et al. [66]).

Further, the residual errors for the solutions of f , θ, γ and S have been evaluated to show

the accuracy and convergence of the BPSLLM. These residuals are defined as the norm of

the difference between two successive iterations, and it is said to have converged when the

norms are less than a given tolerance level. The residual error norms are given by

Ef = max
0≤i≤Nx

‖fr+1,i − fr,i‖∞, Eθ = max
0≤i≤Nx

‖θr+1,i − θr,i‖∞,

Eγ = max
0≤i≤Nx

‖γr+1,i − γr,i‖∞, ES = max
0≤i≤Nx

‖Sr+1,i − Sr,i‖∞

 (2.35)

Figures 2.2(a)-2.2(d) depict the variations in the norm of residual errors of the four

governing equations (2.9)-(2.12) across ξ, at different iteration levels of the BPSLLM. It can

be seen from Figs. 2.2(a)-2.2(d) that the residual errors decrease with an increase in the

number of iterations. This trend is an indication for the convergence of present numerical

solutions. It can be also observed that the residual errors are uniform and very small across

ξ, as shown in Figs. 2.2(a)-2.2(d). These results reveal that the accuracy of BPSLLM does

not depend on the length of streamwise coordinate ξ. Therefore, the residual error analysis

gives a clear sign to use BPSLLM for solving the partial differential equations.

Results and Discussion

In order to assess the generated code, for the special case of Nt = 0.0, Ec = 0.0, ST = 0.0,

Nc = 0.0, Nr = 0.0, Sc = 1.0, Le = 1.0 and Nb → 0.0, the results of the present problem

have been compared with those of Na and Chiou [75], Kays and Crawford [49], Lin and

Chen [55] and Yih [130]. It is found that they are in good agreement as shown in Tab. (2.1).

To analyze the effects of Soret number ST , Brownian motion parameter Nb, thermophoresis

parameter Nt and Eckert number Ec, the computations are carried out for Pr = 1.0,
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Figure 2.2: Residual errors over number of iterations when Pr = 1.0, Sc = 0.6, Nr = 0.5,
Nc = 1.0, ST = 1.0, Le = 10.0, Nb = 0.2, Nt = 0.3 and Ec = 0.2.
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Table 2.1: Comparison of f ′′(0, 0) and −θ′(0, 0) for various values of Pr.

f ′′(0, 0) −θ′(0, 0)
Pr [130] Present [75] [49] [55] [130] Present

0.1 1.2144 1.21446092 —— 0.1640 0.1627 0.1629 0.16275771
1.0 0.9084 0.90819121 0.4010 0.4010 0.4009 0.4012 0.40103314
10.0 0.5927 0.59283234 0.8269 0.8270 0.8258 0.8266 0.82684304
100.0 0.3559 0.35587198 1.5493 1.5500 1.5490 1.5493 1.54948222
1000.0 0.2049 0.19648944 —— 2.8000 2.8035 2.8035 2.79895132

Sc = 0.6, Nr = 0.5, Nc = 1.0, and Le = 10.0. These values are fixed in this analysis unless

otherwise mentioned.

The distributions of non-dimensional velocity f ′, temperature θ, nanoparticle volume

fraction γ and regular concentration S, under the influence of Soret number (ST ) and Eckert

number (Ec), are displayed in Figs. 2.3(a)-2.3(d). From Figs. 2.3(a)-2.3(d), it is evident

that an increase in the Soret number leads to increase the velocity and regular concentration,

but decrease the temperature and nanoparticle volume fraction. The velocity, temperature

and nanoparticle volume fraction profiles increase with the increase of viscous dissipation

parameter. This is due to the fact that the viscous dissipation acts as a heat source and

affects the fluid flow. Hence, it increases the thermal buoyancy effects which causes to

increase the velocity and temperature. As the viscous dissipation parameter increases, the

regular concentration shows a reverse behavior within the boundary layer.

Figures 2.4(a)-2.4(d) explore the effects of thermophoresis parameter (Nt) and Brownian

motion parameter (Nb) on the dimensionless velocity f ′, temperature θ, nanoparticle volume

fraction γ and regular concentration S, across the corresponding boundary layers. As ex-

pected the strengthening of Brownian motion parameter (i.e., the diffusion of nanoparticles

into the fluid) leads to strengthen the velocity and temperature, as shown in Figs. 2.4(a) and

2.4(b). But, the nanoparticle volume fraction increases near to the vertical frustum of a cone

and decreases far away from the surface, with the increase of Brownian motion parameter,

as plotted in Fig. 2.4(c). Figure 2.4(d) shows that as Brownian motion parameter increases,

the regular concentration decreases for fixed value of thermophoresis parameter. On the
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other hand, an increase in the thermophoresis parameter causes to increase the velocity

and decrease the regular concentration, as given in Figs. 2.4(a) and 2.4(d). This is due to

the enhancement of thermophoresis force. Furthermore, an increase in the thermophoresis

parameter increases the temperature and nanoparticle volume fraction near to the surface.

The variations of surface drag, local heat, local nanoparticle mass and regular mass

transfer rates over the streamwise coordinate ξ for different values of Soret number (ST ) and

Eckert number (Ec), are plotted in Figs. 2.5(a)-2.5(d). From Fig. 2.5(a), it is seen that the

skin friction coefficient increases with the increase of Soret and Eckert numbers. As the Soret

number enhances, the heat transfer rate enhances for Ec = 0.01 and Ec = 0.1. But, the heat

transfer rate reduces by enhancing the values of Eckert number, as shown in Fig. 2.5(b). It

is perceived that, with the increase of Soret number, the local nanoparticle and regular mass

transfer rates decrease. But, the local nanoparticle and regular mass transfer rates increase

with the increase of Eckert number, as depicted in Figs. 2.5(c) and 2.5(d). Moreover, the

local heat and regular mass transfer rates enhance, whereas the skin friction coefficient and

local nanoparticle mass transfer rate reduce along with the streamwise coordinate ξ.

Figures 2.6(a)-2.6(d) determine the influence of Brownian motion parameter (Nb) and

thermophoresis parameter (Nt) on the surface drag, local heat transfer rate, local nanopar-

ticle and regular mass transfer rates, over ξ. From these figures, it is noticed that the surface

drag and local nanoparticle mass transfer rate decrease, with increasing values of Brownian

motion parameter. But, the local nanoparticle mass transfer rate increases with the increase

of Brownian motion parameter. As the thermophoresis parameter enhances, the surface drag

and local regular mass transfer enhance, whereas the local nanoparticle mass transfer rate

reduces, as plotted in Figs. 2.6(a) and 2.6(d). However, with the increase of thermophoresis

parameter, the local nanoparticle mass transfer rate decreases. The thermophoresis force is

proportional to the temperature gradient from hot fluid to cold fluid, whereas the Brownian

motion is proportional to the volumetric fraction of nanoparticles in the direction from high

concentration to low concentration. Hence, it is noted that the presence of Brownian motion

enhance the local heat transfer rate, whereas the presence of thermophoresis reduce the local

heat transfer rate, as shown in Fig. 2.6(b).
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Figure 2.3: Effects of Ec and ST on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for Nt = 0.5 and Nb = 0.2.
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Figure 2.4: Effects of Nt and Nb on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for Ec = 0.5 and ST = 1.0.
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Figure 2.5: Effects of Ec and ST on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Nt = 0.5 and Nb = 0.2.
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Figure 2.6: Effects of Nt and Nb on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Ec = 0.5 and ST = 1.0.
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2.2.2 Case(b): Mixed Convection

The flow is assumed to be a mixed convection, which arises from both buoyancy forces and

external flow with velocity U∞. We introduce the following non-similarity variables

ξ =
x

x0
=
x− x0
x0

, η =
y

x
Re

1/2
x , ψ = rνRe

1/2
x f(ξ, η),

θ(ξ, η) =
T − T∞
Tw − T∞

, γ(ξ, η) =
φ− φ∞
φ∞

, S(ξ, η) =
C − C∞
Cw − C∞

(2.36)

where x = x− x0 and Rex =
U∞ x

ν
is the local Reynolds number.

Substituting Eq.(2.7) and Eq.(2.36) into Eqs.(2.2)- (2.5), we obtain the following system

of differential equations:

f ′′′ +

(
R +

1

2

)
f f ′′ + λξ(θ +NcS −Nr γ) = ξ

(
f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′
)

(2.37)

1

Pr
θ′′ +

(
R +

1

2

)
f θ′ +Nb γ′ θ′ +Nt (θ′)

2
+ Ec (f ′′)

2
= ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(2.38)

1

Le
γ′′ +

(
R +

1

2

)
f γ′ +

1

Le

Nt

Nb
θ′′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(2.39)

1

Sc
S ′′ +

(
R +

1

2

)
f S ′ + ST θ

′′ = ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(2.40)

where Ec =
U2
∞

Cp(Tw − T∞)
is the Eckert number, Rex0 =

U∞ x0
ν

is the Reynolds number

based on x0 and λ =
Grx0
Re2x0

is the mixed convection parameter.

The corresponding non-dimensional boundary conditions become

f(ξ, η) +
ξ(

R + 1
2

) ∂f
∂ξ

= 0, f ′(ξ, η) = 0, θ(ξ, η) = 1,

Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0, S(ξ, η) = 1 at η = 0 (2.41a)

f ′(ξ, η) = 1, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (2.41b)
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The non-dimensional skin friction Cf =
2τw
ρU2
∞

, local Nusselt number Nux =
qwx

k(Tw − T∞)
,

local nanoparticle Sherwood number NShx =
qnx

DBφ∞
and loacl regular sherwood number

Shx =
qmx

DS(Cw − C∞)
, are given by

CfRe
1/2
x = 2 f ′′(ξ, 0),

Nux

Re
1/2
x

= −θ′(ξ, 0),

NShx

Re
1/2
x

= −γ′(ξ, 0),
Shx

Re
1/2
x

= −S ′(ξ, 0)

 (2.42)

Results and Discussion

The reduced non-linear partial differential equations (2.37)-(2.40) together with the bound-

ary conditions (2.41) are solved numerically using the Bivariate Pseudo-Spectral Local Lin-

earization Method, as explained in the case (a). In order to validate the generated code, the

present numerical results have been compared with those of Lloyd and Sparrow [56] for the

special case of Nt = 0.0, ST = 0.0, Ec = 0.0, Nc = 0.0, Nr = 0.0, Sc = 1.0, Le = 1.0,

Nb→ 0.0 and λ = 0.0. Also, the results of present problem have been compared with those

of Kafoussias [42] for the special of Sc = 0.24, Pr = 0.73, Le = 1.0, Nr = 0.0, ST = 0.0,

Ec = 0.0, Nt = 0.0 and Nb→ 0.0. It is found that the present results are in good agreement

as shown in Tabs. (2.2) and (2.3). To investigate the effects of Brownian motion parameter

(Nb), thermophoresis parameter (Nt), Soret number (ST ) and Eckret number (Ec) on the

various profiles and physical quantities in both aiding and opposing flow situations, the com-

putations have been carried out for Nr = 1.0, Nc = 1.0, Pr = 1.0, Sc = 0.6 and Le = 10.0.

These values are fixed in the present study unless particularly specified.

The distributions of non-dimensional velocity f ′, temperature θ, nanoparticle volume

fraction γ and regular concentration S, under the influence of Eckert number (Ec) and

mixed convection parameter (λ), are shown in Figs. 2.7(a)-2.7(d). It is observed that an

increase in the Eckert number leads to increase the velocity in the aiding flow, and decrease

in the opposing flow, as displayed in Fig. 2.7(a). From Fig. 2.7(b), it is noticed that

the fluid temperature increases for both opposing and aiding flows with an increase in Ec.
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Table 2.2: Comparison of −θ′(0, 0) for various values of Pr.

−θ′(0, 0)
Pr Lloyd and Sparrow [56] Present

0.72 0.2956 0.29563518
10.0 0.7281 0.72814119
100.0 1.572 1.57165763

Table 2.3: Comparison of f ′′(0, 0) and −θ′(0, 0) for various values of λ and Nc.

f ′′(0, 0) −θ′(0, 0)
λ Nc Kafoussias [42] Present Kafoussias [42] Present

0.10 0.5 0.5538 0.55394797 0.3296 0.32962694
0.10 1.0 0.6317 0.63189857 0.3404 0.34045600
0.10 2.0 0.7776 0.77789469 0.3589 0.35898224
1.00 0.5 1.4452 1.44516615 0.4129 0.41289888
1.00 1.0 1.5007 1.50072839 0.4179 0.41794525
1.00 2.0 1.6096 1.60970732 0.4274 0.42748233

Figure 2.7(c) reports that the nanoparticle volume fraction increases near to the frustum of

a cone, and decreases far away from the surface, with the increase of Eckert number in both

opposing and aiding flows. However, the regular concentration reduces in both opposing and

aiding flows with the enhancement of Eckert number, as plotted in Fig. 2.7(d). Moreover,

the velocity and nanoparticle volume fraction are more, but the temperature and regular

concentration are less in the aiding flow when compared to that of the opposing flow.

Figures 2.8(a)-2.8(d) exhibit the non-dimensional velocity f ′, temperature θ, nanoparticle

volume fraction γ and regular concentration S, for different values of the Soret number (ST )

in both aiding and opposing flow situations. Figure 2.8(a) reveals that the velocity decreases

in the opposing flow, and increases in the aiding flow with the increase of Soret number. It is

seen from Fig. 2.8(b) that as the Soret number enhances, the temperature diminishes in the

aiding flow, but it enhances in the opposing flow. Figure 2.8(c) shows that the nanoparticle

volume fraction increases for aiding flow, whereas it decreases for opposing flow with the

increase of Soret number. Since, the existence of diffusive flux due to temperature gradient

is known as the Soret effect and it shows that diffusive species along with the higher values
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of Soret number accelerates the concentration. Hence, the regular concentration enhances

with the enhancement of Soret number in both aiding and opposing flows, as depicted in

Fig. 2.8(d).

Considering the aiding and opposing flows, the influence of thermophoresis parameter

(Nt) on the dimensionless velocity f ′, temperature θ, nanoparticle volume fraction γ and

regular concentration S, are displayed in Figs. 2.9(a)-2.9(d). The diffusion of nanoparticles

under the influence of a temperature gradient is known as the thermophoresis. When the

thermophoresis parameter increases, the solid nanoparticles in a nanofluid experience a force

which is opposite to the direction of temperature gradient. Hence, increasing values of the

thermophoresis parameter leads to increase the velocity in the case of aiding flow, but it

reduces in the case of opposing flow, as shown in Fig. 2.9(a). With the increase of ther-

mophoresis parameter, the temperature of nanofluid increases in both aiding and opposing

flows, as given in Fig. 2.9(b). Figures 2.9(c) and 2.9(d) reports that the nanoparticle volume

fraction and regular concentration profiles decrease with increasing values of thermophoresis

parameter.

Figures 2.10(a)-2.10(b) explore the effect of Brownian motion parameter (Nb) on the

non-dimensional velocity f ′ and nanoparticle volume fraction γ, for both aiding and oppos-

ing flows. It is noticed that an increase in the intensity of Brownian motion parameter leads

to increase the velocity within the momentum boundary layer, in both aiding and oppos-

ing flows. Moreover, an increase in the Brownian motion parameter tends to increase the

nanoparticle volume fraction near to the frustum of a cone and the trend is reversed far away

from the cone for both aiding and opposing flow situations.

Figures 2.11(a)-2.11(d) illustrate the effects of Eckert number (Ec) and Soret number

(ST ) on the non-dimensional skin friction, local Nusselt number, local nanoparticle and

regular Sherwood numbers, for aiding flow situation (λ = 0.5). As a result of Fig. 2.11(a),

the skin friction enhances with an enhancement in the Eckert number. Since the positive

values of Eckert number (Ec > 0) indicates the fluid heating (i.e., heat supplied across

the surface into the fluid region) and hence the temperature increases, and the regular

concentration decreases with the increase of Eckert number. Consequently, the local Nusselt
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number decreases, whereas the local regular Sherwood number increases with increasing

values of Ec, as shown in Figs. 2.11(b) and 2.11(d). But, with rising values of Eckert

number, the local nanoparticle Sherwood number reduces, as shown in Fig. 2.11(c). On

the other hand, it is seen that the dimensionless surface drag and local Nusselt number

enhance, whereas the local nanoparticle and regular Sherwood numbers diminish with the

enhancement of Soret number. This is because of the fact that the regular concentration

increases with an additional mass diffusion term in the regular concentration equation.

For opposing flow situation (λ = −0.05), the streamwise variations of the above discussed

physical quantities under the influence of Soret and viscous dissipation, are plotted in 2.12(a)-

2.12(d). Figure 2.12(a) reveals that the skin friction reduces with enhancing values of both

Eckert and Soret numbers. From Fig. 2.12(b), it is seen that the temperature decreases

with the increase of Eckert number as well as Soret number. With the increase of both

Eckert and Soret numbers, the local nanoparticle Sherwood number increases as shown in

Fig. 2.12(c). Figure 2.12(d) portrays that the local regular Sherwood number enhances with

the enhancement of Eckert number, but reduces with the increase of Soret number.

The effects of thermophoresis parameter (Nt) and Brownian motion parameter (Nb) on

the dimensionless surface drag, local heat transfer rate, local nanoparticle mass and regular

mass transfer rates over the streamwise coordinate ξ, for aiding flow situation (λ = 0.5),

are depicted in Figs. 2.13(a)-2.13(d). It is seen from these figures that an increase in

thermophoresis parameter strengthens the force acting on the nanoparticles away from the

hot surface of vertical frustum of a cone and thus, the diffusion of nanoparticles rises with

the nanofluid. Therefore, with the increasing values of thermophoresis parameter, the skin

friction and local regular mass transfer rate increase, but the local heat and nanoparticle mass

transfer rates decrease. Figures 2.13(a) and 2.13(d) reveal that the surface drag and local

regular Sherwood number diminish with the enhancement of Brownian motion parameter.

It is also observed from these figures that the local heat transfer rate and local nanoparticle

mass transfer rate increase with the increase of Brownian motion parameter.

Figures 2.14(a)-2.14(d) exhibit the effects of thermophoresis parameter (Nt) and Brow-

nian motion parameter (Nb) on the above mentioned physical quantities, for opposing flow
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situation (λ = −0.05). The Brownian motion parameter is attributed as the random motion

of nanoparticles within the base fluid. Further, the diffusion of Brownian motion is always

inversely proportional to the diameter of nanoparticles. From Figs.2.14(a)-2.14(d), it is seen

that the surface drag, local heat transfer rate, local nanoparticle mass and regular mass

transfer rates increase with the increase of Brownian motion parameter. Since, the solid

nanoparticles in a nanofluid experience a force which is opposite to the direction of temper-

ature gradient and hence Nt < 0 represents a hot surface, while Nt > 0 indicates a cold

surface. For a hot surface, thermophoresis tends to blow the nanoparticle volume fraction

away from the surface and it repels the sub-micron sized particles from it, thereby forming

a relative particle-free layer near the surface. As a result, an increase of thermophoresis

parameter leads to decrease the surface drag, local heat, local nanoparticle and regular mass

transfer rates, as displayed in Figs.2.14(a)-2.14(d).
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Figure 2.7: Effects of λ and Ec on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction and (d) Regular concentration for ST = 1.0, Nt = 0.5 and Nb = 0.2.
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Figure 2.8: Effects of λ and ST on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction and (d) Regular concentration for Ec = 0.5, Nt = 0.5 and Nb = 0.2.
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Figure 2.9: Effects of λ and Nt on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction and (d) Regular concentration for Ec = 0.5, ST = 1.0 and Nb = 0.2.
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Figure 2.10: Effects of λ and Nb on (a) Velocity and (b) Nanoparticle volume fraction for
Ec = 0.5, ST = 1.0 and Nt = 0.5.
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Figure 2.11: Effects of Ec and ST on (a) Skin friction, (b) Heat transfer rate, (c) Nanopar-
ticle mass transfer rate, and (d) Regular mass transfer rate (Aiding flow case) for Nt = 0.5
and Nb = 0.2.
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Figure 2.12: Effects of Ec and ST on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparti-
cle mass transfer rate, and (d) Regular mass transfer rate (Opposing flow case) for Nt = 0.5
and Nb = 0.2.
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Figure 2.13: Effects of Nt and Nb on (a) Skin friction, (b) Heat transfer rate, (c) Nanopar-
ticle mass transfer rate, and (d) Regular mass transfer rate (Aiding flow case) for Ec = 0.5
and ST = 1.0.
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Figure 2.14: Effects of Nt and Nb on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparti-
cle mass transfer rate, and (d) Regular mass transfer rate (Opposing flow case) for Ec = 0.5
and ST = 1.0.
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2.3 Conclusions

In this chapter, the non-similarity solution for a nanofluid flow over the vertical frustum

of a cone with Soret and viscous dissipation effects, is obtained in two cases: (a) natural

convection and (b) mixed convection. From this analysis, the following conclusions can be

drawn for both the cases (a) and (b).

An increase in the Eckert number tends to increase the temperature, nanoparticle vol-

ume fraction, local nanoparticle and regular Sherwood numbers, but decrease the regular

concentration and local Nusselt number. Further, the velocity increases in case (a) and aid-

ing flow of case (b), whereas it decreases in opposing flow of case (b). With the increase

of Soret number, the velocity, regular concentration, surface drag and local Nusselt number

enhance, but the temperature, local nanoparticle and regular Sherwood numbers reduce in

case (a) and aiding flow of case (b). The velocity, temperature, surface drag, local Nusselt

and nanoparticle Sherwood numbers show a reverse trend in the opposing flow of case (b).

The velocity, temperature, local Nusselt number and local nanoparticle Sherwood number

increase, but the regular concentration, surface drag and local regular Sherwood number

decrease, with the increase of thermophoresis parameter in case (a) and aiding flow of case

(b). However, with the increase of thermophoresis parameter, the velocity, surface drag, and

local regular Sherwood number depict reverse behavior in opposing flow of case (b). An in-

crease in the Brownian motion parameter, increases the velocity, temperature, nanoparticle

volume fraction, local Nusselt number and local nanoparticle Sherwood number, but reduces

the surface drag and local regular Sherwood number in case (a) and aiding flow of case (b).

Further, the velocity and nanoparticle volume fraction are more, whereas the temperature

and regular concentration are less in the aiding flow of case (b) when compared to those of

opposing flow of case (b).
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Chapter 3

Effects of Double Stratification on

Convective Flow over the Frustum of

a Cone in a Nanofluid Saturated

Non-Darcy Porous Medium 1

3.1 Introduction

The study of convective heat and mass transfer in a porous medium arises in various ap-

plications including, pollutant dispersion in aquifers, storage of nuclear waste material, a

heat exchanger placed in a low-velocity environment, solar energy collecting devices, etc.

A detailed review of convective heat and mass transfer in a Darcy and non-Darcy porous

medium can be found in the text books by Ingham and Pop [39], Nield and Bejan [84] and

Vafai [122] (also see the citations therein).

In practical situations, where the heat and mass transfer mechanism takes place simul-

taneously, mainly in porous media applications, it is worth analyzing the effects of thermal

1Case(a): Published in “International Journal of Applied and Computational Mathematics” 3
(2017) 99–113, Case(b): Published in “Journal of Nanofluids” 6 (2017) 971–981
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and solutal stratifications on the convective heat and mass transfer. For example, the ther-

mal stratification and concentration differences of hydrogen and oxygen in lakes and ponds

is one instance that needs examination, as this may directly affect the growth rate of all

cultured species. Several authors have explored the importance of convective transport in

a doubly stratified porous medium due to its immense applications in various fields of sci-

ence and engineering. The effect of double stratification on the natural convective flow of a

nanofluid along a vertical flat plate embedded in a porous medium has been investigated by

Srinivasacharya and Surender [115]. Using Tiwari-Das nanofluid model, Peddisetty [89] dis-

cussed the natural convective flow of a thermally stratified nanofluid along a vertical plate.

Recently, Hayat et al. [34] analyzed the effect of double stratification on a MHD flow of

nanofluid by a stretching cylinder. (For more details, see the references therein).

Survey of the literature reveal that the problem of free and mixed convective flows of a

nanofluid over the vertical frustum of a cone embedded in a doubly stratified porous medium

has not been investigated so far. Hence, the present chapter aims to explore the effects of

thermal and solutal stratifications on the convective flow of a nanofluid over the frustum of

a cone in a non-Darcy porous medium. The effects of pertinent parameters on the physical

quantities are studied, and the results are displayed graphically.

3.2 Mathematical Formulation

Consider a steady, laminar and two-dimensional convective flow of an incompressible nanofluid

over the vertical frustum of a cone embedded in a non-Darcy porous medium. The x-axis is

taken along the surface of a full cone and y-axis is normal to the surface, while the origin O

of the reference system is taken at the vertex of a full cone, as displayed in Fig. (3.1). The

ambient medium is assumed to be linearly stratified with respect to temperature and regular

concentration in the form T∞(x−x0) = T∞,0+B (x−x0) and C∞(x−x0) = C∞,0+D (x−x0),

where B and D are constants, which are varied to adjust the intensity of stratification in the

medium. The values of Tw and Cw are assumed to be greater than the ambient temperature

T∞,0 and regular concentration C∞,0 at any arbitrary reference point in the medium (inside
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Figure 3.1: Physical model and coordinate system

the boundary layer). The nanoparticle volume fraction at the surface and ambient medium

are considered as in the Chapter-2. In addition, the following assumptions are taken into

account: (i) the porous medium is isotropic and homogeneous, (ii) the properties of the fluid

and porous medium are constant except for the density variation required by the Boussinesq

approximation, (iii) the fluid and the porous medium are in local thermodynamic equilib-

rium, and (iv) the fluid flow is moderate and the permeability of the medium is low, so that

the Forchheimer flow model is applicable (See Nield and Bejan [84]).

Under the above assumptions and Oberbeck-Boussinesq approximations, the governing

boundary layer equations for the conservation of mass, momentum, energy, nanoparticle

volume fraction and regular concentration are given by

∂(u r)

∂x
+
∂(v r)

∂y
= 0 (3.1)

ρf∞
ε2

(
u
∂u

∂x
+ v

∂u

∂y

)
=
µ

ε

∂2u

∂y2
+ ρf∞ g (1− φ∞) [βT (T − T∞,0) + βC (C − C∞,0)] cosA

−(ρp − ρf∞) g(φ− φ∞) cosA− µ

Kp

(u− U∞)− ρf∞ b

Kp

(u2 − U2
∞) (3.2)
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u
∂T

∂x
+ v

∂T

∂y
= αm

∂2T

∂y2
+ J

[
DB

∂φ

∂y

∂T

∂y
+

DT

T∞,0

(
∂T

∂y

)2
]

(3.3)

u
∂φ

∂x
+ v

∂φ

∂y
= DB

∂2φ

∂y2
+

DT

T∞,0

∂2T

∂y2
(3.4)

u
∂C

∂x
+ v

∂C

∂y
= DS

∂2C

∂y2
(3.5)

where u and v are the Darcy velocity components in x and y-directions, respectively. Further,

ε is the porosity, b is the empirical constant related to Forchheimer porous inertia term and

Kp is the (intrinsic) permeability of the medium.

The corresponding boundary conditions are

u = 0, v = 0, T = Tw, DB
∂φ

∂y
+

DT

T∞,0

∂T

∂y
= 0, C = Cw at y = 0 (3.6a)

u = U∞, T = T∞(x− x0), φ = φ∞, C = C∞(x− x0) as y →∞ (3.6b)

In this chapter also, two types (cases) of problems are considered: (a) free/natural con-

vection and (b) mixed convection.

3.2.1 Case(a): Natural Convection

In this case, the fluid flow is due to buoyancy forces only and hence, the velocity of the outer

flow becomes zero (i.e., U∞ = 0). Introduce the following non-similarity variables

ξ =
x− x0
x0

=
x

x0
, η =

y

x
Gr

1/4
x , ψ = r νGr

1/4
x f (ξ, η) ,

θ (ξ, η) =
T − T∞(x− x0)
Tw − T∞,0

, γ (ξ, η) =
φ− φ∞
φ∞

, S (ξ, η) =
C − C∞(x− x0)
Cw − C∞,0

(3.7)

where Grx =
gβT (Tw − T∞,0)(1− φ∞)x3 cosA

ν2
is the local Grashof number.

Using (2.7) and (3.7) in Eqs.(3.2)-(3.5), we get the following non-dimensional form of the
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governing equations

1

ε
f ′′′ +

1

ε2

(
R +

3

4

)
f f ′′ − 1

2 ε2
(f ′)2 + θ +NcS −Nr γ − ξ1/2

DaGr1/2
f ′

−Fs
Da

ξ(f ′)2 =
ξ

ε2

(
f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′
)

(3.8)

1

Pr
θ′′ +

(
R +

3

4

)
f θ′ +Nb γ′ θ′ +Nt (θ′)2 − ε1 ξ f ′ = ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(3.9)

1

Le
γ′′ +

(
R +

3

4

)
f γ′ +

1

Le

Nt

Nb
θ′′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(3.10)

1

Sc
S ′′ +

(
R +

3

4

)
f S ′ − ε2 ξ f ′ = ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(3.11)

where Da =
Kp

x20
is the Darcy parameter, ε1 =

B x0
Tw − T∞,0

is the thermal stratification param-

eter, Fs =
b

x0
is the Forchheimer number, and ε2 =

Dx0
Cw − C∞,0

is the solutal stratification

parameter.

The boundary conditions (3.6) in terms of f , θ, γ and S become

f ′(ξ, η) = 0, f(ξ, η) +
ξ(

R + 3
4

) ∂f
∂ξ

= 0, θ(ξ, η) = 1− ε1 ξ,Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0,

S(ξ, η) = 1− ε2 ξ at η = 0 (3.12a)

f ′(ξ, η) = 0, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (3.12b)

The non-dimensional skin friction Cf , local Nusselt number Nux, local nanoparticle Sher-

wood number NShx and local regular Sherwood number Shx, are given by

1

2
CfGr

1/4
x = f ′′(ξ, 0),

Nux

Gr
1/4
x

= −θ′(ξ, 0),

NShx

Gr
1/4
x

= −γ′(ξ, 0),
Shx

Gr
1/4
x

= −S ′(ξ, 0)

 (3.13)
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Results and Discussion

The coupled non-linear partial differential equations (3.8)-(3.11) along with the boundary

conditions (3.12) are solved numerically using the Bivariate Pseudo-Spectral Local Lineariza-

tion Method, as explained in the previous chapter. In order to validate the code generated,

the results of the present problem have been compared with those of Yih [130], Na and Chiou

[75], Kays and Crawford [49] and Lin and Chen [55] for the special case of Gr = 1.0, ε = 1.0,

Fs = 0.0, Da = 1.0, ε1 = 0.0 and ε2 = 0.0. It is found that they are in good agreement

as shown in Tab. (2.1). To explore the physical significance of non-Darcy parameter (Fs),

thermal stratification parameter (ε1) and solutal stratification parameter (ε2), the computa-

tions have been carried out for Pr = 1.0, Sc = 0.6, Nt = 0.5, Nb = 0.2, Nc = 1.0, Nr = 0.5,

Gr = 5.0, ε = 0.5 and Da = 0.1. These values are fixed throughout in this case (a) unless

specified separately.

For various values of Forchhiemer number (Fs) and thermal stratification parameter (ε1),

the non-dimensional velocity f ′, temperature θ, nanoparticle volume fraction γ, and regular

concentration S, are shown in Figs. 3.2(a)-3.2(d). An increase in thermal stratification

parameter reduces the effective convective potential between the heated surface and the

ambient nanofluid in the medium. This factor leads to decrease the buoyancy force and hence,

decreases the velocity for both Darcy and non-Darcy flows. It is also seen that the velocity

reduces with the enhancement of Forchheimer number, as depicted in Fig. 3.2(a). Since, the

porous medium offers more resistance to the fluid flow and therefore the fluid velocity is less

in the case of non-Darcy porous medium when compared to that of Darcy porous medium.

However, the temperature and nanoparticle volume fraction profiles decrease, whereas the

regular concentration increases with the increase of thermal stratification parameter for

both Darcy and non-Darcy flows. Further, it is noticed from Figs. 3.2(b)-3.2(d) that the

temperature, nanoparticle volume fraction and regular concentration are more in the case of

non-Darcy porous medium when compared to that of Darcy porous medium.

Figures 3.3(a)-3.3(d) exhibit the non-dimensional velocity f ′, temperature θ, nanoparticle

volume fraction γ, and regular concentration S for various values of the solutal stratification
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parameter (ε2). From Fig. 3.3(a), it is found that the velocity of the fluid flow decreases

with the increase of solutal stratification parameter. But, the temperature increases with

increasing values of the solutal stratification parameter, as plotted in Fig. 3.3(b). With the

increase of solutal stratification parameter, the nanoparticle volume fraction decreases near

to the surface of the vertical frustum of a cone and increases far away from the surface, as

shown in Fig. 3.3(c). From Fig. 3.3(d), it is observed that the regular concentration reduces

with the enhancement of solutal stratification parameter.

Considering the Darcy and non-Darcy porous medium cases, the streamwise distribution

of the surface drag, local Nusselt number, local nanoparticle and regular Sherwood numbers

for various values of the thermal stratification parameter (ε1), are depicted in Figs. 3.4(a)-

3.4(d). The Forchheimer number represents the inertial drag in a non-Darcy porous medium

and also, it is applicable only for high permeability cases. As Fs → 0, the nanofluid sat-

urated non-Darcy porous medium tends to the nanofluid saturated Darcy porous medium.

It is seen from Fig. 3.4(a) that the drag coefficient decreases with the increase of thermal

stratification parameter for both Fs = 0.0 and Fs = 1.0. Also, the local Nusselt and regular

Sherwood numbers reduces with the enhancement of both Forchheimer number and thermal

stratification parameter, as plotted in Figs. 3.4(b) and 3.4(d). As the thermal stratification

parameter enhances, the local nanoparticle Sherwood number is also enhances in both Darcy

and non-Darcy porous media, as shown in Fig. 3.4(c). Moreover, the surface drag, local Nus-

selt and regular Sherwood numbers are less and, the local nanoparticle Sherwood number is

more in the non-Darcy porous medium as compared with those of the Darcy porous medium.

Figures 3.5(a)-3.5(d) display the streamwise distribution of the surface drag, local Nus-

selt number, local nanoparticle and regular Sherwood numbers in the presence of solutal

stratification (ε2). From Fig. 3.5(a), it is observed that the drag coefficient reduces with

the enhancement of solutal stratification parameter. It is also noticed that the local Nus-

selt number decreases, whereas the local nanoparticle Sherwood number increases with the

increase of solutal stratification parameter, as displayed in Figs. 3.5(b) and 3.5(c). How-

ever, the local regular Sherwood number decreases with the increase of solutal stratification

parameter, as shown in Fig. 3.5(d).
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Figure 3.2: Effects of Fs and ε1 on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for ε2 = 0.05.
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Figure 3.3: Effect of ε2 on (a) Velocity, (b) Temperature, (c) Nanoparticle volume fraction,
and (d) Regular concentration for Fs = 0.5 and ε1 = 0.05.
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Figure 3.4: Effects of Fs and ε1 on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for ε2 = 0.05.
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Figure 3.5: Effect of ε2 on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle mass
transfer rate, and (d) Regular mass transfer rate for Fs = 0.5 and ε1 = 0.05.
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3.2.2 Case(b): Mixed Convection

Consider the flow to be a mixed convection, which arises from an external flow with the

velocity U∞ and buoyancy forces. we introduce the following dimensionless variables

ξ =
x

x0
=
x− x0
x0

, η =
y

x
Re

1/2
x , ψ = r νRe

1/2
x f (ξ, η), θ (ξ, η) =

T − T∞(x− x0)
Tw − T∞,0

,

γ (ξ, η) =
φ− φ∞
φ∞

, S (ξ, η) =
C − C∞(x− x0)
Cw − C∞,0

(3.14)

Using (2.7) and (3.14) in Eqs.(3.2)-(3.5), we get the following momentum, energy, nanopar-

ticle volume fraction and regular concentration equations

1

ε
f ′′′ +

1

ε2

(
R +

1

2

)
ff ′′ + λ ξ (θ +NcS −Nr γ) +

1

DaRe
ξ(1− f ′)

+
Fs

Da
ξ(1− f ′2) =

ξ

ε2

(
f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′
)

(3.15)

1

Pr
θ′′ +

(
R +

1

2

)
fθ′ +Nb γ′ θ′ +Nt (θ′)

2 − ε1 ξ f ′ = ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(3.16)

1

Le
γ′′ +

(
R +

1

2

)
fγ′ +

1

Le

Nt

Nb
θ′′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(3.17)

1

Sc
S ′′ +

(
R +

1

2

)
fS ′ − ε2 ξ f ′ = ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(3.18)

where Rex0 =
U∞ x0
ν

is the Reynolds number based on x0, and λ =
Grx0
Re2x0

is the mixed

convection parameter.

The boundary conditions (3.6) in terms of f , θ, γ and S become

f ′(ξ, η) = 0, f(ξ, η) +
ξ(

R + 1
2

) ∂f
∂ξ

= 0, θ(ξ, η) = 1− ε1 ξ,Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0,

S(ξ, η) = 1− ε2 ξ at η = 0 (3.19a)

f ′(ξ, η) = 1, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (3.19b)
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The non-dimensional skin friction Cf , local Nusselt number Nux, local nanoparticle Sher-

wood number NShx and local Sherwood number Shx, are given by

1

2
Cf Re

1/2
x = f ′′(ξ, 0),

Nux

Re
1/2
x

= −θ′(ξ, 0),

NShx

Re
1/2
x

= −γ′(ξ, 0),
Shx

Re
1/2
x

= −S ′(ξ, 0)

 (3.20)

Results and Discussion

The reduced system of non-linear partial differential equations (3.15)-(3.18) together with the

boundary conditions (3.19) is solved numerically using the Bivariate Pseudo-Spectral Local

Linearization Method, as discussed in the Chapter-2. In order to validate the generated code,

for the special case of Nc = 0.0, Nr = 0.0, Re = 200.0, ε = 1.0, λ = 1.0, Sc = 1.0, Le = 1.0,

Da = 1.0, Nt = 0.0, Nb → 0.0, Fs = 0.0, ε1 = 0.0 and ε2 = 0.0, the results of the present

problem have been compared with those of Lloyd and Sparrow [56] and it is found that they

are in good agreement as shown in Tab. 2.2. To explore the effects of Forchheimer number

(Fs), thermal stratification parameter (ε1) and solutal stratification parameter (ε2) on the

physical quantities of the flow, heat and mass transfer characteristics, the computations have

been carried out for both aiding and opposing flow situations by taking Pr = 1.0, Sc = 0.6,

Le = 10.0, Nc = 1.0, Nr = 0.5, Re = 200.0, ε = 0.8, Da = 0.5, Nt = 0.5 and Nb = 0.2.

Figures 3.6(a)-3.6(b) explore the influence of thermal stratification parameter (ε1) on the

dimensionless velocity f ′ and temperature θ for aiding flow, whereas these results in the

case of opposing flow are displayed in Figs. 3.7(a)-3.7(b). Figures 3.6(a) and 3.7(a) reveal

that the velocity decreases with the increase of thermal stratification parameter for aiding

flow, but it increases for opposing flow. As the thermal stratification parameter enhances,

the temperature reduces in both the aiding and opposing flows as given in Figs. 3.6(b) and

3.7(b).

The effect of solutal stratification parameter (ε2) on the non-dimensional velocity f ′

and regular concentration S in the case of aiding flow, are exhibited in Figs. 3.8(a)-3.8(b),

whereas these results in the case of opposing flow are shown in Figs. 3.9(a)-3.9(b). An
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increase in the solutal stratification parameter leads to decrease the velocity in aiding flow,

but it increases in opposing flow [see Figs. 3.8(a) and 3.9(a)]. However, the regular concen-

tration reduces with the increase of solutal stratification parameter in both the aiding and

opposing flows, as interpreted in Figs. 3.8(b) and 3.9(b).

Figures 3.10(a)-3.10(d) show the influence of Forchhiemer number (Fs) on the non-

dimensional velocity f ′, temperature θ, nanoparticle volume fraction γ, and regular con-

centration S for aiding flow, whereas these results in opposing flow are explored in Figures

3.11(a)-3.11(d). As the non-Darcy parameter increases, the porous medium offers more resis-

tance to the fluid flow and hence, the velocity is more in the non-Darcy porous medium (Fs

= 0.5) when compared to that of the Darcy porous medium (Fs = 0.0), for both aiding and

opposing flows. The temperature decreases with the increase of Forchhiemer number in both

aiding and opposing flows, as exhibited in Figs. 3.10(b) and 3.11(b). As the Forchhiemer

number rises, the nanoparticle volume fraction increases for aiding and opposing flows, as

given in Figs. 3.10(c) and 3.11(c). For aiding and opposing flows, the regular concentra-

tion decreases with the increase of Forchhiemer number, as portrayed in Figs. 3.10(d) and

3.11(d).

Figures 3.12(a)-3.12(d) illustrate the variations of non-dimensional surface drag, local

Nusselt number, local nanoparticle and regular Sherwood numbers over the streamwise co-

ordinate ξ, in the presence of thermal stratification parameter for both aiding and opposing

flow situations. Here ε1 = 0.0 represents the ambient medium with no thermal stratification

(i.e., the isothermal surface case). It can be seen from Fig. 3.12(a) that the surface drag

coefficient decreases with the increase of thermal stratification parameter in the aiding flow

whereas, it increases in the opposing flow. It is known that the presence of stable thermal

stratification decreases the temperature differences between a surface of the frustum of a

cone and surrounding nanofluid. Hence, a rapid increase in the local Nusselt number is

found with increasing values of thermal stratification parameter for opposing flow, and a

reduction is noticed for aiding flow as shown in Fig. 3.12(b). As the thermal stratification

parameter rises, the local nanoparticle Sherwood number rises and the local regular Sher-

wood number falls in the aiding flow, whereas an opposite trend is observed in the opposing
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flow, as depicted in Fig. 3.12(c)- 3.12(d). Moreover, the surface drag, local Nusselt and

regular Sherwood numbers are more in the case of aiding flow as a comparison with those of

opposing flow.

The streamwise distributions of dimensionless surface drag, local Nusselt number, local

nanoparticle and regular Sherwood numbers for various values of the solutal stratification

parameter for both aiding and opposing flow cases, are displayed in Figs. 3.13(a)-3.13(d).

Here ε2 = 0.0 represents the ambient medium with no solutal stratification (i.e., the uniform

wall concentration case). It is observed from Fig. 3.13(a) that the surface drag enhances

with enhancing values of the solutal stratification parameter for opposing flow, whereas it

diminishes in the aiding flow. Figure 3.13(b) illustrates that as the solutal stratification pa-

rameter increases, the local Nusselt number increases in case of the opposing flow, whereas

it decreases in aiding flow case. The local nanoparticle Sherwood number increases, but

the local regular Sherwood number decreases, with an increase in the solutal stratification

parameter for aiding flow. But, an opposite trend is noticed for opposing flow, as shown

in Figs. 3.13(c) and 3.13(d). The results under the influence of both thermal and solutal

stratifications are due to the less temperature and concentration at the surface of the frus-

tum of a cone compared those at the ambient medium. Consequently, an expansion in the

double stratification parameters ε1 and ε2 causes a reduction in the local Nusselt and regular

Sherwood numbers for aiding flow.

For aiding and opposing flows, the streamwise distributions of the non-dimensional sur-

face drag, local Nusselt number, local nanoparticle and regular Sherwood numbers under

the influence of non-Darcy parameter are exhibited in Figs. 3.14(a)-3.14(d). The surface

drag coefficient in the case of non-Darcy porous medium (Fs 6= 0) is higher than the case

of Darcy porous medium (Fs = 0) for both opposing and aiding flows. Also, it increases

with the increase of non-Darcy parameter, as plotted in Fig. 3.14(a). As the non-Darcy

parameter enhances, the local Nusselt number enhances in both the aiding and opposing

flows, but the local Nusselt number in aiding flow is higher than that of the opposing flow,

as shown in Fig. 3.14(b). It is noted from Fig. 3.14(c) that the local nanoparticle Sherwood

number diminishes with the enhancement of non-Darcy parameter. Further, Fig. 3.14(d)
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reveals that the local regular Sherwood number increases with the increase of non-Darcy

parameter. Moreover, the local nanoparticle Sherwood number is more in the opposing flow,

whereas the local regular Sherwood number is more in the aiding flow.
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Figure 3.6: Effect of ε1 on (a) Velocity and (b) Temperature (Aiding flow case) for Fs = 0.5
and ε2 = 0.1.
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Figure 3.7: Effect of ε1 on (a) Velocity and (b) Temperature (Opposing flow case) for Fs =
0.5 and ε2 = 0.1.
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Figure 3.8: Effect of ε2 on (a) Velocity and (b) Regular Concentration (Aiding flow case) for
Fs = 0.5 and ε1 = 0.1.
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Figure 3.9: Effect of ε2 on (a) Velocity and (b) Regular Concentration (Opposing flow case)
for Fs = 0.5 and ε1 = 0.1.
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Figure 3.10: Variation of Fs on (a)Velocity, (b) Temperature, (c) Nanoparticle volume
fraction and (d) Regular concentration (Aiding flow case) for ε1 = 0.1 and ε2 = 0.1.
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Figure 3.11: Variation of Fs on (a)Velocity, (b) Temperature, (c) Nanoparticle volume
fraction and (d) Regular concentration (Opposing flow case) for ε1 = 0.1 and ε2 = 0.1.
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Figure 3.12: Effects of ε1 and λ on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Fs = 0.5 and ε2 = 0.1.
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Figure 3.13: Effects of ε2 and λ on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Fs = 0.5 and ε1 = 0.1.
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Figure 3.14: Effect of Fs and λ on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for ε1 = 0.1 and ε2 = 0.1.
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3.3 Conclusions

The natural and mixed convective transport over the vertical frustum of a cone embed-

ded in a porous medium saturated by a nanofluid is, analyzed in this chapter. From this

computational analysis, the following conclusions are drawn for both case (a) and case (b):

An increase in the thermal stratification parameter reduces the velocity, temperature,

local Nusselt and regular Sherwood numbers, but increases the regular concentration and

local nanoparticle Sherwood number in case (a) and aiding flow of case (b). However, the

velocity, local Nusselt number, and local Sherwood numbers show an opposite trend in the

opposing flow case (b). The higher values of the solutal stratification parameter results in

a lower velocity, regular concentration, local Nusselt number and local regular Sherwood

number, and higher local nanoparticle Sherwood number in case (a) and aiding flow of case

(b). An increase in Fs leads to decreases the velocity, surface drag, local Nusselt number

and local regular Sherwood number, but increases the temperature, regular concentration

and local nanoparticle Sherwood number in case (a). These profiles and physical quantities

show a reverse trend in case (b). Moreover, the surface drag, local Nusselt number, and

local regular Sherwood number are high in the aiding flow when compared to those of the

opposing flow.
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Chapter 4

Effect of Arrhenius Activation Energy

with Binary Chemical Reaction on

Convective Flow of a Nanofluid with

Convective Boundary Condition 1

4.1 Introduction

The analysis of mass transfer with Arrhenius activation energy and binary chemical reaction

has been gained a lot of attention due to its immense applications in chemical engineering,

cooling of nuclear reacting, oil reservoir, geothermal engineering, etc. But, very few studies

have been reported in the literature to examine the boundary layer flows in the presence of

Arrhenius activation energy with binary chemical reaction (see Awad et al. [6], Shafique et

al. [108], Mustafa et al. [73]).

The effect of thermal radiation on the fluid flow and heat transfer has significant ap-

plications in the design of many advanced energy conversion systems operating at high

1Case(a): Published in “International Journal of Chemical Reactor Engineering” 16(3) (2017)
DOI: 10.1515/ijcre-2016-0188, Case(b): Accepted in “Advanced Science, Engineering and Medicine”
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temperature. The thermal radiation occurs because of the emission by the hot walls and

working fluid. Hence, several investigations have been carried out on the natural and mixed

convective flows of different fluids under the influence of thermal radiation. Merely, it is

essential to study the effect of thermal radiation due to its relevance to various applications

involving high temperatures such as nuclear power plant, gas turbines missiles, satellites,

space vehicles, and aircrafts, etc.

Convective boundary condition plays a vital role in the analysis of heat transfer, due

to diverse engineering and industrial applications such as the transpiration cooling process,

textile drying, laser pulse heating, etc. In this mechanism, heat is supplied to the convecting

fluid through a bounding surface with a finite heat capacity. Noghrehabadi et al. [86] inves-

tigated the role of slip velocity and convective surface boundary condition on the convective

flow of a nanofluid along a stretching surface. Recently, the combined effects of convective

and diffusive boundary conditions on the natural convective flow of a dilatant nanofluid over

the vertical full cone/vertical flat plate in a Darcy porous medium has been analyzed by

Uddin et al. [121] (For more details, see the references therein).

In this chapter, the effects of thermal radiation and Arrhenius activation energy with

binary chemical reaction on the convective flow of a nanofluid over the vertical frustum of a

cone under the convective boundary condition, are studied. The Rosseland approximation

is considered to investigate the effect of thermal radiation. The governing coupled and non-

linear partial differential equations are solved by using a Bivariate Pseudo-Spectral Local

Linearization Method. The influence of various physical parameters on the nanofluid flow

with heat and mass transfer characteristics, are examined and displayed graphically.

4.2 Mathematical Formulation

Consider a laminar, steady and two dimensional flow of an incompressible nanofluid over the

vertical frustum of a cone. The origin O of the coordinate system is placed at the vertex

of a full cone, where x-axis is taken along the surface of the cone measured from the origin
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Figure 4.1: Physical model and coordinate system

and y-axis is normal to the surface [see Fig. (4.1)]. The temperature difference between the

surface and the medium is assumed to be large, so that the convection region is thick. The

fluid is considered to be a gray, absorbing and emitting radiation, but non-scattering medium

and the Rosseland approximation is used to describe the radiative heat flux in the energy

equation. Assume that the velocity of the outer flow is U∞. The temperature, nanoparticle

volume fraction, and regular concentration of the ambient medium are assumed to be T∞,

φ∞ and C∞, respectively. The surface of the vertical frustum of a cone is either cooled or

heated by convection from a fluid of temperature Tf with Tf < T∞ (cooled surface) and

Tf > T∞ (heated surface), respectively. The surface of the vertical frustum of a cone is held

at uniform regular concentration Cw.

By employing Oberbeck-Boussinesq approximation and making use of the standard bound-

ary layer assumptions, the governing equations for the nanofluid flow over the vertical frus-

tum of a cone are given by
∂(u r)

∂x
+
∂(v r)

∂y
= 0 (4.1)
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ρf∞

(
u
∂u

∂x
+ v

∂u

∂y

)
= µ

∂2u

∂y2
+ ρf∞ g (1− φ∞) [βT (T − T∞) + βC (C − C∞)] cosA

−g(ρp − ρf∞)(φ− φ∞) cosA (4.2)

u
∂T

∂x
+ v

∂T

∂y
= αm

∂2T

∂y2
+ J

[
DB

∂φ

∂y

∂T

∂y
+
DT

T∞

(
∂T

∂y

)2
]

+
4αmσ

∗

3kk∗
∂2

∂y2
(4T 3

∞T − 3T 4
∞) (4.3)

u
∂φ

∂x
+ v

∂φ

∂y
= DB

∂2φ

∂y2
+
DT

T∞

∂2T

∂y2
(4.4)

u
∂C

∂x
+ v

∂C

∂y
= DS

∂2C

∂y2
−K2

r

(
T

T∞

)n
e
−Ea
kT (C − C∞) (4.5)

where k∗ is the Rosseland mean absorption coefficient, σ∗ is the Stefan Boltzmann constant,

K2
r is the rate of chemical reaction,

(
T
T∞

)n
e
−Ea
kT is the modified Arrhenius function in which

k is the Boltzmann constant and n is the rate of exponent fitted constant (−1 < n < 1).

The associated boundary conditions are

u = 0, v = 0, −k ∂T
∂y

= hf (Tf − T ) , DB
∂φ

∂y
+
DT

T∞

∂T

∂y
= 0, C = Cw at y = 0 (4.6a)

u = U∞, T = T∞, φ = φ∞, C = C∞ as y →∞ (4.6b)

where hf is the coefficient of convective heat transfer.

In this chapter also, two types (cases) of problems are considered: (a) free/natural con-

vection and (b) mixed convection.

4.2.1 Case(a): Natural Convection

The flow is assumed to be a natural convection which is caused by buoyancy forces only with-

out any external agent, and hence the velocity of the external flow becomes zero i.e., U∞ = 0.

Now, we introduce the following non-similarity variables

ξ =
x− x0
x0

=
x

x0
, η =

y

x
Gr

1/4
x , ψ = r νGr

1/4
x f (ξ, η) ,
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θ (ξ, η) =
T − T∞
Tf − T∞

, γ (ξ, η) =
φ− φ∞
φ∞

, S (ξ, η) =
C − C∞
Cw − C∞

(4.7)

Using (2.7) and (4.7) in Eqs.(4.2)-(4.5), we get the following dimensionless equations

f ′′′ +

(
R +

3

4

)
f f ′′ − 1

2
(f ′)2 + θ +NcS −Nr γ = ξ

(
f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′
)

(4.8)

1

Pr

(
1 +

4

3
Rd

)
θ′′ +

(
R +

3

4

)
f θ′ +Nb γ′ θ′ +Nt (θ′)2 = ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(4.9)

1

Le
γ′′ +

(
R +

3

4

)
f γ′ +

1

Le

Nt

Nb
θ′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(4.10)

1

Sc
S ′′ +

(
R +

3

4

)
f S ′ −

(
ξ

Gr

)1/2

Λ2 (1 + nδθ) e−
E

1+δθ S = ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(4.11)

where Rd =
4σ∗ T 3

∞
k k∗

is the thermal radiation parameter, Λ =
Kr x0
ν1/2

is the rate of chemical

reaction, δ =
Tf − T∞
T∞

is the temperature relative parameter and E =
Ea

kT∞
is the Arrhenius

activation energy parameter.

The boundary conditions (4.6) in terms of f , θ, γ and S become

f ′(ξ, η) = 0, f(ξ, η) +
ξ(

R + 3
4

) ∂f
∂ξ

= 0, θ′(ξ, η) = −Bi ξ1/4 [1− θ(ξ, η)],

Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0, S(ξ, η) = 1 at η = 0 (4.12a)

f ′(ξ, η) = 0, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (4.12b)

The shear stress, local heat flux, local nanoparticle and regular mass fluxes are defined

as

τw = µ

[
∂u

∂y

]
y=0

, qw = −k
[(

∂T

∂y

)
+

4αm σ
∗

3 k k∗
∂

∂y
(4T 3

∞ T − 3T 4
∞)

]
y=0

,

qn = −DB

[
∂φ

∂y

]
y=0

and qm = −DS

[
∂C

∂y

]
y=0

(4.13)

The quantities of physical interest are the non-dimensional skin friction Cf =
2 τw
ρf∞U2

∗
, the
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Nusselt number Nux =
qw x

k(Tf − T∞)
, the nanoparticle Sherwood number NShx =

qn x

DB φ∞

and the regular Sherwood number Shx =
qm x

DS (Cw − C∞)
, are given by

Cf Gr
1/4
x = 2 f ′′(ξ, 0),

Nux

Gr
1/4
x

= −
[
1 +

4

3
Rd

]
θ′(ξ, 0),

NShx

Gr
1/4
x

= −γ′(ξ, 0),
Shx

Gr
1/4
x

= −S ′(ξ, 0),

 (4.14)

where Grx =
x3 g βT (Tf − T∞) (1− φ∞) cosA

ν2
is the local Grashof number.

Results and Discussion

The reduced governing Eqs. (4.8)-(4.11) along with the boundary conditions (4.12) are solved

numerically using the Bivariate Pseudo-Spectral Local Linearization Method, as explained in

the case (a) of Chapter-2. In order to assess the accuracy of the generated code, for Rd = 0.0,

Ec = 0.0, Λ = 0.0 and Bi → ∞, the results of the present problem have been compared

with those of Na and Chiou [75], Kays and Crawford [49], Lin and Chen [55] and Yih [130]

and found to be a good agreement, as shown in Tab. (2.1). The investigation is carried out

to analyze the effects of Arrhenius activation energy (E), thermal radiation parameter (Rd),

Biot number (Bi), chemical reaction rate constant (Λ), temperature relative parameter (δ)

and exponent fitted rate constant (n), for fixed values of Nc = 1.0, Nr = 0.5, Sc = 0.6, P r =

1.0, Le = 10.0, Gr = 5.0, Nt = 0.5 and Nb = 0.2.

The set of Figs. 4.2(a)-4.2(d) is prepared to explore the effects of Arrhenius activation

energy (E) and Biot number (Bi) on the dimensionless velocity f ′, temperature θ, nanopar-

ticle volume fraction γ, and regular concentration S. The Arrhenius activation energy is the

minimum energy that required to start a chemical reaction. It can also be defined as the

height of potential barrier (energy barrier) dividing two minima of potential energy of the

products and reactants in a reaction. For a reasonable rate of chemical reaction, there must

be some molecules with energy greater than or equal to the activation energy. It is evident
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from Fig. 4.2(a) and Fig. 4.2(b) that the increasing value of activation energy leads to

increase the momentum boundary layer thickness and decrease the thermal boundary layer

thickness. The nanoparticle volume fraction enhances with the enhancement of activation

energy, as shown in Fig. 4.2(c). But, the improving value of activation energy (E) leads to

decrease λ2 e−
E

1+δθ as well as, enhances the regular concentration profile within the boundary

layer. Further, the ratio of the internal thermal resistance of a solid to the boundary layer

thermal resistance is defined as the Biot number (Bi). For Bi = 0, the vertical frustum of a

cone surface is insulated, and therefore the surface is maintained at high thermal resistance,

and no heat transfer to the cold fluid take places on the upper part of the surface. For

Bi→∞, the convective boundary condition reduces into an isothermal boundary condition

(i.e., wall condition). It is seen from Figs. 4.2(a)-4.2(c) that the non-dimensional veloc-

ity, temperature, and the regular concentration profiles enhance but, the non-dimensional

nanoparticle volume fraction reduces near to the surface of the frustum of a cone with an

increase of the Biot number.

Figures 4.3(a)-4.3(d) show the non-dimensional velocity f ′, temperature θ, nanoparticle

volume fraction γ, and regular concentration S under the influence of thermal radiation

parameter (Rd) and rate of chemical reaction (Λ). With the increase of radiation parame-

ter, the velocity and temperature distributions increase within the corresponding boundary

layers, and the maximum velocity is noticed near to the surface of frustum of a cone. The

boundary layer thickness of nanoparticle volume fraction enhances near to the surface and

diminishes far away from the surface with an enhancing values of the radiation parameter.

However, the regular concentration boundary layer thickness decreases with an increase of

radiation parameter. Further, increasing the rate of chemical reaction reduces the momen-

tum and nanoparticle boundary layer thickness, as shown in Figs. 4.3(a) and 4.3(c). It is

also seen from Figs. 4.3(b) and 4.3(d) that the regular concentration distribution decreases,

whereas the temperature distribution increase with an increase in chemical reaction rate.

The influence of temperature relative parameter (δ) and exponent fitted rate constant

(n) on the distribution of velocity f ′ and regular concentration S, are given in Figs. 4.4(a)-

4.4(b). The distribution of velocity and regular concentration profiles decrease with the
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increase of exponent fitted rate constant and temperature relative parameter. The effects of

Arrhenius activation energy (E) and Biot number (Bi) on the non-dimensional surface drag,

local Nusselt, local nanoparticle Sherwood number and local regular Sherwood number are,

presented in Figs. 4.5(a)-4.5(d). Figure 4.5(a) reveals that the drag coefficient increases with

an increase of activation energy parameter, and a huge increment is noticed for Bi = 1.0.

The regular Sherwood number diminishes with an increase of activation energy parameter,

whereas it enhances with an increase of Biot number, as plotted in Fig. 4.5(d). As activation

energy parameter increases, the local Nusselt number increases, but the local nanoparticle

Sherwood number decreases. This variation is negligible for the case of Bi = 0.1 (i.e., non-

isothermal surface), as shown in Figs. 4.5(b) and 4.5(c). It is interesting to note that, the

drag coefficient, local Nusselt number, and local regular Sherwood number along the vertical

plate (i.e., ξ = 0) are lower when compared to those of the full cone (i.e., ξ →∞). Whereas,

the local nanoparticle Sherwood number along the vertical plate is higher than the case of

full cone.

The influence of thermal radiation (Rd) and chemical reaction rate constant (Λ) on the

dimensionless surface drag, local Nusselt number, local nanoparticle and regular Sherwood

numbers over the vertical frustum of a cone, are displayed in Figs. 4.6(a)-4.6(d). With the

rise of thermal radiation parameter, a considerable increment is noticed in the all above

mentioned physical quantities along ξ, as shown in Figs. 4.6(a)-4.6(d). The reason for

above change is that the large values of thermal radiation parameter will produce a large

amount of heat to the fluid medium. Then, the fluid medium enhances the fluid motion

along the frustum of a cone surface. So that the thermal radiation can be used as a heat

source and consequently, the velocity, temperature, nanoparticle volume fraction and regular

concentration profiles increase. Further, the presence of chemical reaction rate reduces the

drag coefficient and local Nusselt number while the reverse trend is noticed for both local

nanoparticle and regular Sherwood numbers. Furthermore, the surface drag, local Nusselt

number and local regular Sherwood number across the full cone problem (i.e., ξ → ∞)

are higher than those of the vertical plate problem (i.e., ξ = 0), whereas the nanoparticle

Sherwood number shows an opposite behavior.
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The effects of temperature relative parameter (δ) and exponent fitted rate constant (n)

on the surface drag and local regular Sherwood number, are given in Figs. 4.7(a)-4.7(b).

The drag coefficient diminishes with enhanced values of exponent fitted rate constant and

temperature relative parameter, whereas the local Sherwood number shows a reverse trend.
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Figure 4.2: Effects of Bi and E on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for Rd = 1.0, Λ = 1.0, δ = 1.0 and n = 0.5.
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Figure 4.3: Effects of Λ and Rd on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for E = 1.0, Bi = 1.0, δ = 1.0 and n = 0.5.
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Figure 4.4: Effects of δ and n on (a) Velocity and (b) Regular concentration for E = 1.0,
Bi = 1.0, Λ = 1.0 and Rd = 1.0.
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Figure 4.5: Effects of Bi and E on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Rd = 1.0, Λ = 1.0, δ = 1.0 and
n = 0.5.
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Figure 4.6: Effects of Λ and Rd on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for E = 1.0, Bi = 1.0, δ = 1.0 and
n = 0.5.
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Figure 4.7: EffectS of δ and n on (a) Skin friction and (b) Regular mass transfer rate for
E = 1.0, Bi = 1.0, Λ = 1.0 and Rd = 1.0.
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4.2.2 Case(b): Mixed Convection

Consider the flow to be a mixed convection, which arises from an external flow with velocity

U∞ and buoyancy forces. We introduce the following non-similarity variables

ξ =
x

x0
=
x− x0
x0

, η =
y

x
Re

1/2
x , ψ = r νRe

1/2
x f (ξ, η) , θ (ξ, η) =

T − T∞
Tf − T∞

,

γ (ξ, η) =
φ− φ∞
φ∞

, S (ξ, η) =
C − C∞
Cw − C∞

(4.15)

Using (2.7) and (4.15) in Eqs.(4.2)-(4.5), we get

f ′′′ +

(
R +

1

2

)
f f ′′ + λ ξ (θ +NcS −Nr γ) = ξ

(
f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′
)

(4.16)

1

Pr

(
1 +

4

3
Rd

)
θ′′ +

(
R +

1

2

)
f θ′ +Nb γ′ θ′ +Nt (θ′)

2
= ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(4.17)

1

Le
γ′′ +

(
R +

1

2

)
f γ′ +

1

Le

Nt

Nb
θ′′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(4.18)

1

Sc
S ′′ +

(
R +

1

2

)
f S ′ −

(
ξ

Rex0

)
Λ2(1 + n δ θ) e−

E
1+δ θ S = ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(4.19)

The associated boundary conditions (4.6) become

f ′(ξ, η) = 0, f(ξ, η) +
ξ(

R + 1
2

) ∂f
∂ξ

= 0, θ′(ξ, η) = −Bi ξ1/2 [1− θ(ξ, η)],

Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0, S(ξ, η) = 1 at η = 0 (4.20a)

f ′(ξ, η) = 1, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (4.20b)

The physical quantities of interest in real life applications are the local skin friction Cf ,

local Nusselt number Nux, local nanoparticle Sherwood number NShx and local Sherwood
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number Shx, are given by

Cf Re
1/2
x = 2 f ′′(ξ, 0),

Nux

Re
1/2
x

= −
[
1 +

4

3
Rd

]
θ′(ξ, 0),

NShx

Re
1/2
x

= −γ′(ξ, 0),
Shx

Re
1/2
x

= −S ′(ξ, 0)

 (4.21)

Results and Discussion

As in the previous case, here also the non-linear partial differential equations (4.16) - (4.19)

along with the boundary conditions (4.20) are solved numerically using the Bivariate Pseudo-

Spectral Local Linearization Method. In the special case of Rd = 0.0, Λ = 0.0, Re = 2.0,

λ = 1.0, E = 1.0, δ = 1.0, n = 0.5 and Bi→∞, the results of the present problem have been

compared with those of Lloyd and Sparrow [56] and found that they are in good agreement

[see Tab. 2.2]. To examine the effects of thermal radiation (Rd), Arrhenius activation

energy (E), Biot number (Bi) and chemical reaction rate constant (Λ), computations have

been carried out for Nc = 1.0, Nr = 0.5, Sc = 0.6, P r = 1.0, Le = 10.0, Re = 2.0, Nt =

0.5, Nb = 0.2, δ = 1.0 and n = 0.5.

The effects of Biot number (Bi) and thermal radiation (Rd) on the non-dimensional

velocity f ′, temperature θ, nanoparticle volume fraction γ, and regular concentration S, are

depicted in Figs. 4.8(a)-4.8(d) for aiding flow (λ = 0.5) and opposing flow (λ = −0.05)

at ξ = 1.5. The Biot number is characterized as the ratio between the internal thermal

resistance of a solid and the thermal resistance of a boundary layer. When Bi = 0, the

surface of a frustum is completely insulated, and there is no heat transfer from the cold fluid

to the surface. From Fig. 4.8(a), it is noticed that the thickness of momentum boundary layer

increases, as Rd increases for both aiding and opposing flow cases. But, the enhancement

of Biot number accelerates the flow velocity for aiding flow and decelerates for opposing

flow. It is seen that the thermal boundary layer thickness increases with increasing values

of thermal radiation and Biot number for both opposing and aiding flows, as plotted in Fig.

4.8(b). Figure 4.8(c) demonstrates that the nanoparticle volume fraction increases with the

increase of Rd, whereas decreases with an increase of Bi, for both aiding and opposing flows.
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For opposing and aiding flow cases, rising values of thermal radiation parameter and Biot

number leads to reduce the regular concentration, as given in Fig. 4.8(d).

Figures 4.9(a)-4.9(b) represent the dimensionless velocity f ′ and regular concentration

S under the combined effects of chemical reaction constant (Λ) and Arrhenius activation

energy (E) for both aiding flow (λ = 0.5) and opposing flow (λ = −0.05) at ξ = 1.5. As the

Arrhenius activation energy parameter increases, the thickness of momentum boundary layer

increases for aiding flow and decreases for opposing flow. An increasing value of activation

energy parameter causes to decrease Λ2e
−E
1+δθ and therefore the regular concentration profile

increases for both the aiding and opposing flows. However, an opposite behavior is observed

for chemical reaction rate parameter, as plotted in Fig. 4.9(b).

For aiding flow case (λ = 0.5), the effects of thermal radiation and Biot number on the

streamwise distribution of surface drag, local Nusselt number, local nanoparticle and regular

Sherwood numbers, are depicted in Figs. 4.10(a)-4.10(d). With the increase of thermal

radiation parameter, the surface drag, local Nusselt number, local nanoparticle and regular

Sherwood numbers increase. For large values of Rd, thermal radiation produces a high

temperature. Therefore it can be used as a source of heat, and subsequently it enhances

the quantity of heat added to the fluid medium and the fluid motion along the surface of

the frustum of a cone. As Biot number enhances, the non-dimensional surface drag, local

Nusselt and regular Sherwood numbers enhance, whereas the local nanoparticle Sherwood

number diminishes, as shown in Figs. 4.10(a)-4.10(d). By this study, it is noted that the

surface drag, local Nusselt and regular Sherwood numbers over the full cone (i.e., ξ → ∞)

are higher than those of a vertical plate (i.e., ξ = 0).

For opposing flow case, (λ = −0.05), the streamwise distribution of surface drag, lo-

cal Nusselt number, local nanoparticle and regular Sherwood numbers under the combined

effects of Biot number and thermal radiation, are exhibited in Figs. 4.11(a)-4.11(d). It

indicates that the local Nusselt number, local nanoparticle and regular Sherwood numbers

increase, but the surface drag decreases with the increase of thermal radiation parameter.

As Biot number rises, the surface drag and local nanoparticle Sherwood number diminish,

whereas the local Nusselt and regular Sherwood numbers enhance. Moreover, the local Nus-
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selt and Sherwood numbers over the full cone (i.e., ξ → ∞) are higher than those of a

vertical plate (i.e., ξ = 0), as shown in Figs. 4.11(a)-4.11(d). From the above discussion, it is

remarked that the presence of convective boundary condition and thermal radiation highly

influences the local Nusselt and Sherwood numbers for opposing and aiding flows.

Figures 4.12(a)-4.12(b) and 4.13(a)-4.13(b) explore the impact of Arrhenius activation

energy and rate of chemical reaction parameters on the dimensionless surface drag and local

regular Sherwood number for aiding and opposing flow cases, respectively. The surface

drag coefficient increases for aiding flow and decreases for opposing flow with an increase of

Arrhenius activation energy parameter. As the chemical reaction rate parameter rises, the

surface drag enhances for opposing flow and reduces for aiding flow. But, the local regular

Sherwood number decreases with E and increases with Λ for both aiding and opposing flows,

respectively.
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Figure 4.8: Effects of Bi and Rd on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for Λ = 1.0, δ = 1.0, n = 0.5 and E = 1.0.
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Figure 4.9: Effect of Λ and E on (a) Velocity and (b) Regular concentration for Rd = 1.0,
δ = 1.0, n = 0.5 and Bi = 1.0.
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Figure 4.10: Effects of Bi and Rd on (a) Skin friction, (b) Heat transfer rate, (c) Nanopar-
ticle mass transfer rate, and (d) Regular mass transfer rate (Aiding flow case) for Λ = 1.0,
δ = 1.0, n = 0.5 and E = 1.0.
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Figure 4.11: Effects of Bi and Rd on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparti-
cle mass transfer rate, and (d) Regular mass transfer rate (Opposing flow case) for Λ = 1.0,
δ = 1.0, n = 0.5 and E = 1.0.
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Figure 4.12: Effects of Λ and E on (a) Skin friction and (b) Regular mass transfer rate
(Aiding flow case) for Rd = 1.0, δ = 1.0, n = 0.5 and Bi = 1.0.
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Figure 4.13: Effects of Λ and E on (a) Skin friction and (b) Regular mass transfer rate
(Opposing flow case) for Rd = 1.0, δ = 1.0, n = 0.5 and Bi = 1.0.
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4.3 Conclusions

In this chapter, the influence of thermal radiation and Arrhenius activation energy with

binary chemical reaction on the convective flow of a nanofluid over the vertical frustum of a

cone in the presence of convective boundary condition, is studied. The resulting equations are

solved numerically by employing the Bivariate Pseudo-Spectral Local Linearization Method.

The main findings are summarized as follows:

As activation energy parameter E increases, the velocity and regular concentration in-

crease but the temperature and regular Sherwood number decrease in both case (a) and case

(b). However, the drag coefficient increases in case (a) and aiding flow of case (b), whereas it

decreases in opposing flow of case (b). The higher values of thermal radiation parameter Rd

results in a higher velocity, temperature, local Nusselt and Sherwood numbers, but a lower

regular concentration for both case (a) and case (b). Further, the temperature, local Nus-

selt and regular Sherwood number enhance, whereas the distribution of nanoparticle volume

fraction, local nanoparticle Sherwood number diminish with an enhancement of Rd. The

temperature, local heat and regular mass transfer rates enhance, whereas the nanoparticle

volume fraction and local nanoparticle mass transfer rate reduce with the enhancement of

Biot number in both the cases (a) and (b). But, the velocity and surface drag increase, and

regular concentration decreases in free convective flow and aiding flow of case (b), whereas

they show reverse trend in opposing flow of case (b). However, the velocity and drag coeffi-

cient improve in case (a) and aiding flow of case (b), but reduce in opposing flow of case (b).

It is observed that with an increase of chemical reaction rate Λ, the regular concentration

decreases and regular Sherwood number increases. But, the velocity and drag coefficient

decrease in case (a) and aiding flow of case (b).
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Chapter 5

Effects of Double Dispersion on

Non-Darcy Flow of a Nanofluid over

the Frustum of a Cone with

Convective Boundary Condition 1

5.1 Introduction

Convective heat and mass transfer in a porous medium is the subject of great interest in

the recent years owing to its wide range of engineering and industrial applications. In many

practical situations, the porous medium is bounded by an impermeable surface which has

high flow rates and hence, the Darcy law is inapplicable. To model this kind of physical

situation, it is therefore, necessary to include the non-Darcian terms in the analysis of con-

vective transport in a porous medium. Various models have been proposed in the literature

to study the convective transport phenomena in a non-Darcy porous medium. Among these,

the Darcy-Forchheimer model is one, which is an extension of classical Darcy formulation,

1Case(a): Published in “Nonlinear Engineering” 6(4) (2017) 277–292, Case(b): Published in “Heat
Transfer Research” DOI: 10.1615/HeatTransRes.2018018754

110



obtained by adding a squared term of velocity in the momentum equation to account for the

inertial effects. Considerable work has been discussed on the nanofluid flow, heat, and mass

transfer characteristics in a Darcy and non- Darcy porous medium (see Nield and Kuznetsov

[81], [83], Cheng [17], Noghrehabadi et al. [85]).

The energy and concentration transport due to the hydrodynamic mixing is called thermal

and solutal dispersions, respectively. The effects of thermal and solutal dispersions (double

dispersion) in a non-Darcy porous medium are necessary due to the presence of inertial

effects (see Nield and Bejan [84]). Because of various engineering applications, Narayana and

Sibanda [80] analyzed the double dispersion effects on MHD mixed convective flow along a

vertical flat plate embedded in a non-Darcy porous medium. The combined convective heat

and mass transfer along a vertical surface in a non-Darcy porous medium in the presence of

double dispersion effects has been discussed by Afify and Elgazery [2] (For more details, see

the references therein).

Survey on earlier studies reveal that the natural and mixed convective flows of a nanofluid

over the vertical frustum of a cone in a non-Dary porous medium with double dispersion

effects, are not studied so far. Hence, the present chapter aims to analyze the influence

of double dispersion effects on the convective flow over the vertical frustum of a cone in a

non-Darcy porous medium saturated with a nanofluid. The effects of pertinent parameters

on the physical quantities are studied, and the results are displayed graphically.

5.2 Mathematical Formulation

Consider a steady, laminar and two dimensional convective flow of a nanofluid over the

vertical frustum of a cone embedded in a non-Darcy porous medium. Choose the coordinate

system such that x-axis is along the surface and y-axis is normal to the surface of vertical

frustum of a cone, as shown in Fig. (5.1). Let x0 is the distance of the leading edge of vertical

frustum of a cone measured from the origin O. Assume that the velocity of the outer flow

is U∞, whereas the temperature, nanoparticle volume fraction and regular concentration at
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Figure 5.1: Physical model and coordinate system

ambient medium are T∞, φ∞ and C∞, respectively. The regular concentration at surface

of the vertical frustum of a cone is Cw. In addition, the following assumptions are taken

into account in the present analysis: (i) the porous medium is isotropic and homogeneous,

(ii) the properties of the fluid and porous medium are constant except for the Oberbeck-

Boussinesq approximation, and (iii) the fluid and porous medium are in local thermodynamic

equilibrium, and (iv) the fluid flow is moderate and the permeability of the medium is low,

so that the Forchheimer flow model is applicable (See Nield and Bejan [84]).

Implementing the above said assumptions and Oberbeck-Boussinesq approximations, the

governing equations can be written as:

∂(u r)

∂x
+
∂(v r)

∂y
= 0 (5.1)

ρf∞
ε2

(
u
∂u

∂x
+ v

∂u

∂y

)
=
µ

ε

∂2u

∂y2
+ ρf∞ g (1− φ∞) [βT (T − T∞) + βC(C − C∞)] cosA

−(ρp − ρf∞) g (φ− φ∞) cosA− µ

Kp

(u− U∞)− ρf∞b

Kp

(u2 − U2
∞) (5.2)
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u
∂T

∂x
+ v

∂T

∂y
=

∂

∂y

(
αy

∂T

∂y

)
+ J

[
DB

∂φ

∂y

∂T

∂y
+
DT

T∞

(
∂T

∂y

)2
]

(5.3)

u
∂φ

∂x
+ v

∂φ

∂y
= DB

∂2φ

∂y2
+
DT

T∞

∂2T

∂y2
(5.4)

u
∂C

∂x
+ v

∂C

∂y
=

∂

∂y

(
Dy

∂C

∂y

)
(5.5)

where u and v are the Darcy velocity components in x and y-directions, respectively. Further,

Kp is the permeability, b is the empirical constant associated with the Forchheimer porous

inertia term, ε is the porosity, αy = αm+σ d u and Dy = Dm+ζ d u are the effective thermal

and solutal diffusivities in which d is the pore diameter, σ and ζ are the coefficients of the

thermal and solutal dispersions, respectively.

The associated boundary conditions are

u = 0, v = 0, −k ∂T
∂y

= hf (Tf − T ) , DB
∂φ

∂y
+
DT

T∞

∂T

∂y
= 0, C = Cw at y = 0 (5.6a)

u = U∞, T = T∞, φ = φ∞, C = C∞ as y →∞ (5.6b)

In this chapter also, two types (cases) of problems are considered: (a) free/natural con-

vection and (b) mixed convection.

5.2.1 Case(a): Natural Convection

The flow is assumed to be a natural convection, which is caused by buoyancy forces only with-

out any external agent, and hence the velocity of the external flow becomes zero i.e., U∞ = 0.

We introduce the following non-similarity variables

ξ =
x

x0
=
x− x0
x0

, η =
y

x
Gr

1/4
x , ψ = rνGr

1/4
x f (ξ, η) ,

θ (ξ, η) =
T − T∞
Tf − T∞

, γ (ξ, η) =
φ− φ∞
φ∞

, S (ξ, η) =
C − C∞
Cw − C∞

(5.7)

Substituting (2.7) and (5.7) into Eqs. (5.2)-(5.5), the momentum, energy, nanoparticle
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volume fraction and regular concentration equations can be written as

1

ε
f ′′′ +

1

ε2

(
R +

3

4

)
f f ′′ − 1

2 ε2
(f ′)2 + θ +NcS −Nr γ − ξ1/2

DaGr1/2
f ′

−Fs
Da

ξ (f ′)2 =
ξ

ε2

(
f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′
)

(5.8)

1

Pr
θ′′ +

(
R +

3

4

)
f θ′ +Nb γ′ θ′ +Nt (θ′)2 +Ds ξ1/2 (f ′θ′)

′
= ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(5.9)

1

Le
γ′′ +

(
R +

3

4

)
f γ′ +

1

Le

Nt

Nb
θ′′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(5.10)

1

Sc
S ′′ +

(
R +

3

4

)
f S ′ +Dc ξ1/2 (f ′S ′)

′
= ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(5.11)

where Ds =
σ dGr1/2

x0
is the thermal dispersion parameter, Dc =

ζ dGr1/2

x0
is the solutal

dispersion parameter, Da =
Kp

x20
is the Darcy parameter, and Fs =

b

x0
is the Forchheimer

number.

The associated boundary conditions (5.6) in terms of f , θ, γ and S are

f ′(ξ, η) = 0, f(ξ, η) +
ξ(

R + 3
4

) ∂f
∂ξ

= 0, θ′(ξ, η) = −Bi ξ1/4 [1− θ(ξ, η)],

Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0, S(ξ, η) = 1 at η = 0 (5.12a)

f ′(ξ, η) = 0, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (5.12b)

The shear stress, local heat, nanoparticle mass and regular mass fluxes are given by

τw = µ

[
∂u

∂y

]
y=0

, qw = −ke
[
∂T

∂y

]
y=0

, qn = −DB

[
∂φ

∂y

]
y=0

and qm = −De

[
∂C

∂y

]
y=0

(5.13)

where ke = (k+kd) and De = (Dm+Dd) are the effective thermal and solutal conductivities of

the porous medium, in which kd and Dd are the dispersion thermal and solutal conductivities.

The non-dimensional skin friction Cf =
2 τw

ρf∞ U2
∗

, local Nusselt numberNux =
qw x

k (Tf − T∞)
,

the nanoparticle Sherwood number NShx =
qn x

DB φ∞
and the regular Sherwood number
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Shx =
qm x

Dm (Cw − C∞)
, are given by

Cf Gr
1/4
x = 2 f ′′(ξ, 0),

Nux

Gr
1/4
x

= −
[
1 + ξ1/2DsPr f ′(ξ, 0)

]
θ′(ξ, 0),

NShx

Gr
1/4
x

= −γ′(ξ, 0),
Shx

Gr
1/4
x

= −
[
1 + ξ1/2DcSc f ′(ξ, 0)

]
S ′(ξ, 0)

 (5.14)

Results and Discussion

The resultant partial differential equations (5.8) - (5.11) along with the boundary conditions

(5.12) have been solved numerically using the Bivariate Pseudo-Spectral Local Linearization

Method. In order to assess the accuracy of the generated code, for a special case of Ds = 0.0,

Dc = 0.0, Gr = 1.0, ε = 1.0, Da = 1.0 and Bi→∞, the present results have been compared

with those of Na and Chiou [75], Kays and Crawford [49], Lin and Chen [55] and Yih [130]

and found that they are in good agreement [see Tab. 2.1]. To study the effects of non-Darcy

parameter (Fs), Biot number (Bi), thermal dispersion (Ds) and solutal dispersion (Dc), the

computations have been carried out for Pr = 1.0, Sc = 0.6, Le = 10.0, Nc = 1.0, Nr = 0.5,

Gr = 5.0, ε = 0.8, Da = 0.5, Nt = 0.5 and Nb = 0.2.

Figures 5.2(a)-5.2(d) are prepared to show the non-dimensional velocity f ′, temperature

θ, nanoparticle volume fraction γ, and regular concentration S, for various values of the

non-Darcy parameter (Fs) and Biot number (Bi). It is observed that an increase in the

Biot number leads to increase the velocity and decrease the regular concentration in both

Darcy and non-Darcy porous media cases. The temperature is maximum at the surface of

the frustum and decreases exponentially to zero far away from the surface, and further, it

is seen that the temperature increases with an increase in the Biot number, as depicted in

Fig. 5.2(b). The nanoparticle volume fraction decreases near to the surface of the vertical

frustum of a cone and then increases far away from the surface in both the cases of Darcy

and non-Darcy porous media. Moreover, it is seen that the velocity decreases with an

increase in the non-Darcy parameter, as plotted in Fig. 5.2(a). The reason for above said

trend is that the non-Darcy parameter represents the Forchheimer effect, which is the second
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order non-linear porous medium inertial resistance. It means increasing the inertial effects,

the Forchheimer drag will be dominant, and then causes a strong deceleration in the fluid

flow. From Figs. 5.2(b)-5.2(d), it is clear that the temperature and regular concentration

enhance, but the nanoparticle volume fraction reduces with an enhancement in the non-

Darcy parameter. From these results, it is concluded that the fluid temperature and regular

concentration are more, whereas the velocity and nanoparticle volume fraction are less, in

the case of non-Darcy porous medium (Fs 6= 0) when compared to the case of Darcy porous

medium (Fs = 0).

The effects of thermal dispersion (Ds) and solutal dispersion (Dc) on the non-dimensional

velocity f ′, temperature θ, nanoparticle volume fraction γ, and regular concentration S, are

displayed in Figs. 5.3(a)-5.3(d). Figure 5.3(a) depicts that the velocity increases with the

increase of both thermal and solutal dispersion parameters. The presence of thermal dis-

persion in the energy equation leads to dominate the conduction over the convection. That

is, supplementing dispersion effects to the energy equation gives more thermal conduction.

Hence, as the thermal dispersion parameter enhances, the temperature reduces near to the

surface and then enhances far away from the surface, whereas the nanoparticle volume frac-

tion profiles show the reverse trend. It is perceived from Figs. 5.3(b) and 5.3(c) that the

temperature and nanoparticle volume fraction reduce with an increase in the solutal disper-

sion parameter. However, the regular concentration increases with the increase of solutal

dispersion parameter and it decreases with the increase of thermal dispersion parameter, as

shown in Fig. 5.3(d).

Figures 5.4(a)-5.4(d) depict the streamwise variations of non-dimensional skin friction,

local Nusselt number, local nanoparticle and regular Sherwood numbers under the influence

of Biot number for Fs = 0.0 and Fs = 1.0. An increase in the Biot number tends to

increase the magnitude of skin friction coefficient, whereas it decreases with the increase of

non-Darcy parameter, as given in Fig. 5.4(a). As Bi→∞, the thermal boundary condition

at the surface reaches the isothermal surface condition (i,e., uniform wall condition). In this

case, the internal thermal resistance of the vertical frustum of a cone is more compared to

the thermal resistance of boundary layer. Hence, the local Nusselt and regular Sherwood
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numbers enhance as the Biot number enhances, but an opposite behavior is observed in the

case of the non-Darcy parameter, as plotted in Figs. 5.4(b) and 5.4(d). It is noted from

Fig. 5.4(c) that the local nanoparticle Sherwood number increases with the increase of Biot

number and it shows a reverse trend with the increase of non-Darcy parameter. Moreover,

the local Nusselt and regular Sherwood numbers are more in the Darcy porous medium when

compared with those of the non-Darcy porous medium.

The significance of both thermal dispersion (Ds) and solutal dispersion (Dc) effects

on the dimensionless skin friction, local Nusselt number, local nanoparticle and regular

Sherwood numbers, are exhibited in Figs. 5.5(a)-5.5(d). By strengthening the values of

thermal dispersion parameter, the skin friction coefficient and local nanoparticle Sherwood

number reduce, but the local Nusselt and regular Sherwood numbers enhance. Further, it

is perceived that the skin friction, local Nusselt number and local regular Sherwood number

increase, whereas the local nanoparticle Sherwood number decreases with an increase in

the solutal dispersion parameter, as shown in Figs. 5.5(a)-5.5(d). Moreover, the influence

of both thermal and solutal dispersion is more prominent on the local Nusselt and regular

Sherwood numbers.
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Figure 5.2: Effects of Fs and Bi on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for Ds = 0.2 and Dc = 0.3.
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Figure 5.3: Effects of Dc and Ds on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for Fs = 0.5 and Bi = 1.0.
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Figure 5.4: Effects of Fs and Bi on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Ds = 0.2 and Dc = 0.3.
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Figure 5.5: Effects of Dc and Ds on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Fs = 0.5 and Bi = 1.0.
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5.2.2 Case(b): Mixed Convection

Consider the flow to be a mixed convection, which arises from an external flow with velocity

U∞ and buoyancy forces. We introduce the non-similarity variables as follows

ξ =
x

x0
, η =

y

x
Re

1/2
x , ψ = r ν Re

1/2
x f (ξ, η) ,

θ (ξ, η) =
T − T∞
Tf − T∞

, γ (ξ, η) =
φ− φ∞
φ∞

, S (ξ, η) =
C − C∞
Cw − C∞

(5.15)

Using (2.7) and (5.15) in Eqs.(5.2)-(5.5), we get the following non-similarity equations

1

ε
f ′′′ +

1

ε2

(
R +

1

2

)
f f ′′ + λ ξ (θ +NcS −Nr γ) +

1

DaRe
ξ (1− f ′)

+
Fs

Da
ξ
(
1− f ′2

)
=

ξ

ε2

(
f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′
)

(5.16)

1

Pr
θ′′ +

(
R +

1

2

)
f θ′ +Nb γ′ θ′ +Nt (θ′)

2
+Ds (f ′θ′)

′
= ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(5.17)

1

Le
γ′′ +

(
R +

1

2

)
f γ′ +

1

Le

Nt

Nb
θ′′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(5.18)

1

Sc
S ′′ +

(
R +

1

2

)
f S ′ +Dc (f ′S ′)

′
= ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(5.19)

along with the reduced boundary conditions

f ′(ξ, η) = 0, f(ξ, η) +
ξ(

R + 1
2

) ∂f
∂ξ

= 0, θ′(ξ, η) = −Bi ξ1/2 [1− θ(ξ, η)],

Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0, S(ξ, η) = 1 at η = 0 (5.20a)

f ′(ξ, η) = 1, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (5.20b)

The quantities of physical interest are the non-dimensional skin friction Cf =
2 τw

ρf∞ U2
∞

,

local Nusselt number Nux =
qw x

k(Tf − T∞)
, local nanoparticle Sherwood number NShx =
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qn x

DB φ∞
and local regular Sherwood number Shx =

qm x

Dm(Cw − C∞)
, are given by

Cf Re
1/2
x = 2 f ′′(ξ, 0),

Nux

Re
1/2
x

= −[1 +DsPr f ′(ξ, 0)] θ′(ξ, 0),

NShx

Re
1/2
x

= −γ′(ξ, 0),
Shx

Re
1/2
x

= −[1 +DcSc f ′(ξ, 0)]S ′(ξ, 0)

 (5.21)

Results and Discussion

The reduced non-linear system of partial differential Eqs. (5.16) - (5.19) together with

the boundary conditions (5.20) are solved numerically using the Bivariate Pseudo-Spectral

Local Linearization Method. In order to validate the code generated, for the special case

of Dc = 0.0, Ds = 0.0, Re = 200.0, ε = Da = 1.0, Fs = 0.0 and Bi → ∞, the results of

present problem have been compared with those of Lloyd and Sparrow [56], and found that

they are in good agreement, as shown in Tab. (2.2). To investigate the effects of non-Darcy

parameter (Fs), Biot number (Bi), thermal and solutal dispersion parameters (Ds) and

(Dc), the computations have been carried out for Pr = 1.0, Sc = 0.6, Le = 10.0, Nc = 1.0,

Nr = 0.5, Re = 200.0, ε = 0.8, Da = 0.5, Nt = 0.5 and Nb = 0.2.

The influence of non-Darcy parameter (Fs) on the dimensionless velocity f ′, temperature

θ, nanoparticle volume fraction γ, and regular concentration S for aiding and opposing

flows, is depicted in Figs. 5.6(a)-5.6(d). From Fig. 5.6(a), it is observed that the velocity

enhances with the enhancement of non-Darcy parameter in both aiding and opposing flows.

With an increase of Fs, the temperature decreases for both aiding and opposing flows, as

plotted in Fig. 5.6(b). But, the nanoparticle volume fraction enhances near to the surface

of the frustum of a cone, whereas it shows a reverse trend far away from the surface, as

displayed in Fig. 5.6(c). It is seen from Fig. 5.6(d) that the regular concentration decreases

with the increase of non-Darcy parameter in both the cases of aiding and opposing flows.

Moreover, the temperature and regular concentration are more in the opposing flow situation

in comparison with those of aiding flow situation.

The set of Figs. 5.7(a)-5.7(d) explores the effect of Biot number (Bi) on the non-
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dimensional velocity f ′, temperature θ, nanoparticle volume fraction γ, and regular con-

centration S, for aiding and opposing flows. It is seen from Fig. 5.7(a) that an increase in

the Biot number leads to increase the velocity when the flow is aiding, but it reveals the

opposite trend when the flow is opposing. An enhancement in the Biot number enhances

the convective heating and hence, Bi→∞ provides the isothermal surface, which is noticed

from Fig. 5.7(b). From this figure, it is clear that the temperature increases with the in-

crease of Biot number in both opposing and aiding flows. As the Biot number enhances, the

nanoparticle volume fraction reduces near to the surface and then it enhances far away from

the surface for aiding and opposing flows, as depicted in Fig. 5.7(c). However, the regular

concentration rises with rising values of Bi in both aiding and opposing flows, as shown Fig.

5.7(d).

For both aiding and opposing flows, the effect of thermal dispersion parameter (Ds) on

the dimensionless velocity f ′, temperature θ, nanoparticle volume fraction γ, and regular

concentration S, is shown in Figs. 5.8(a)-5.8(d). It is clear from Fig. 5.8(a) that the velocity

increases in the aiding flow case, whereas it decreases in the opposing flow case with the

increase of thermal dispersion parameter. The temperature reduces near to the surface and

gradually enhances far away from the surface with the enhancement of thermal dispersion

parameter in both aiding and opposing flows, as plotted in Fig. 5.8(b). For both aiding

and opposing flows, as the thermal dispersion parameter increases, the nanoparticle volume

fraction increases near to the surface and then decreases far away from the surface, as given in

Fig. 5.8(c). Further, the regular concentration diminishes with the enhancement of thermal

dispersion parameter for both aiding and opposing flows, as shown in Fig. 5.8(d).

Figures 5.9(a)-5.9(b) exhibit the effect of solutal dispersion parameter (Dc) on the non-

dimensional velocity f ′ and regular concentration S for both aiding and opposing flows.

Figure 5.9(a) illustrates that the velocity enhances in the aiding flow, whereas it decreases

in the opposing flow with the increase of solutal dispersion parameter. It can be seen that

the regular concentration increases with an increase in the solutal dispersion parameter for

both aiding and opposing flows, as portrayed in Fig. 5.9(b).

The effect of non-Darcy parameter (Fs) on the streamwise distribution of non-dimensional
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skin friction, local Nusselt number, local nanoparticle and regular Sherwood numbers for

both aiding and opposing flows, is depicted in Figs. 5.10(a)-5.10(d). Figure 5.10(a) shows

that an increase in the non-Darcy parameter leads to increase the skin friction in aiding

and opposing flow situations. This is because of more velocity created by a large pressure

drop due to the drag forces. It is observed from Figs. 5.10(b) and 5.10(d) that the local

Nusselt and regular Sherwood numbers increase with the increase of non-Darcy parameter

for opposing and aiding flows. However, an increase in the non-Darcy parameter corresponds

to reduce the local nanoparticle Sherwood number, as plotted in Fig. 5.10(c).

Figures 5.11(a)-5.11(d) show the variations of dimensionless skin friction, local Nusselt

number, local nanoparticle and regular Sherwood numbers versus streamwise coordinate ξ,

in the presence of Biot number (Bi) for both aiding and opposing flows. With the increase of

Biot number, the skin friction and local regular Sherwood number increase in the aiding flow,

but these show opposite trend in the opposing flow, as given in Figs. 5.11(a) and 5.11(d).

It is noted from Fig. 5.11(b) that the local Nusselt number reduces with an increase in the

Biot number for both aiding and opposing flows. For both aiding and opposing flows, an

increase in the Biot number causes to decrease the local nanoparticle Sherwood number, as

plotted in Fig. 5.11(c). Moreover, the skin friction, local Nusselt number, and local regular

Sherwood number are more in the aiding flow in comparison with those of the opposing flow.

For both aiding and opposing flow situations, the impact of thermal dispersion parameter

(Ds) on the non-dimensional skin friction, local Nusselt number, local nanoparticle and

regular Sherwood numbers over the streamwise coordinate ξ, is shown in Figs. 5.12(a)-

5.12(d). It is seen from Fig. 5.12(a) that the skin friction increases in the opposing flow and

it decreases in the aiding flow with an increase of thermal dispersion parameter. When the

thermal dispersion parameter enhances, the temperature gradient increases considerably in a

small region near to the surface. Therefore, the local Nusselt number substantially enhances

with increasing values of the thermal dispersion parameter, as plotted in Fig. 5.12(b). But,

the local nanoparticle Sherwood number decreases with the increase of thermal dispersion

parameter for both aiding and opposing flows, as portrayed in Fig. 5.12(c). However, the

thermal dispersion effect is negligible for the local regular Sherwood number in both opposing
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and aiding flow situations.

Figures 5.13(a)-5.13(d) exhibit the effect of solutal dispersion parameter (Dc) on the

dimensionless skin friction, local Nusselt number, local nanoparticle and regular Sherwood

numbers across ξ for aiding and opposing flows. It is observed from Figs. 5.13(a) and 5.13(b)

that the skin friction and local Nusselt number decrease for opposing flow, whereas these

show revere trend for aiding flow, with the increase of solutal dispersion parameter. As

the solutal dispersion parameter enhances, the local nanoparticle Sherwood number reduces

for aiding flow, but there is no considerable effect in the opposing flow, as shown in Fig.

5.13(c). Further, it can be noticed that the local regular Sherwood number increases with

the increase of solutal dispersion parameter for both aiding and opposing flows, as depicted

in Fig. 5.13(d). Moreover, the effects of thermal and solutal dispersions are more prominent

in the local Nusselt number and local regular Sherwood number, respectively.
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Figure 5.6: Effects of λ and Fs on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction and (d) Regular concentration for Bi = 1.0, Ds = 0.2 and Dc = 0.3.
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Figure 5.7: Effects of λ and Bi on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction and (d) Regular concentration for Fs = 0.5, Ds = 0.2 and Dc = 0.3.
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Figure 5.8: Effects of λ and Ds on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction and (d) Regular concentration for Fs = 0.5, Bi = 1.0 and Dc = 0.3.
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Figure 5.9: Effects of λ and Dc on (a) Velocity and (B) Regular concentration for Fs = 0.5,
Bi = 1.0 and Ds = 0.2.
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Figure 5.10: Effects of λ and Fs on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Bi = 1.0, Ds = 0.2 and Dc = 0.3.
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(d)

Figure 5.11: Effects of λ and Bi on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Fs = 0.5, Ds = 0.2 and Dc = 0.3.
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(d)

Figure 5.12: Effects of λ and Ds on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Fs = 0.5, Bi = 1.0 and Dc = 0.3.
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Figure 5.13: Effects of λ and Dc on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Fs = 0.5, Bi = 1.0 and Ds = 0.2.
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5.3 Conclusions

The present chapter investigates the double dispersion effects on the convective flow of a

nanofluid over the frustum of a cone embedded in a non-Darcy porous medium in the presence

of convective boundary condition. From this study, the conclusions can be drawn in both

cases (a) and (b) as follows:

The behavior of non-Darcy parameter (i.e., Forchheimer number) on the various profiles,

and local Nusselt and Sherwood numbers in both case (a) and case (b) are similar to the

results of chapter-3. Also, the effect of Biot number on the different profiles and physical

quantities show the similar behavior as reported in the previous chapter. Further, it is

found that the velocity, nanoparticle volume fraction and local Nusselt number increase,

whereas the regular concentration, surface drag and local nanoparticle Sherwood number

decrease with the increase of thermal dispersion parameter, in case (a) and aiding flow of

case (b). As the solutal dispersion parameter enhances, the regular concentration and local

regular Sherwood number enhance. But, the velocity, surface drag and local Nusselt number

increase, whereas the local nanoparticle Sherwood number decreases with Dc in case (a) and

aiding flow of case (b).
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Chapter 6

Convective Flow of a Nanofluid over

the Rotating Frustum of a Permeable

Cone with Convective Boundary

Condition 1

6.1 Introduction

In Chapters 2-5, the convective transport over the stationary vertical frustum of a cone in a

nanofluid has been analyzed. But, the detailed analysis of heat and mass transfer over the

rotating bodies is essential for various engineering applications such as the design of turbo-

machines and turbines, rotating machinery, estimation of flight path in rotating wheels,

transpiration cooling, spin-stabilized missiles, modeling of several geophysical systems, etc.

Anilkumar and Roy [5] presented a self-similar solution for the unsteady mixed convective

flow of a rotating fluid due to the rotating cone in the presence of thermal and mass diffusion

effects. Recently, the effects of cross-diffusion, viscous dissipation, and thermal radiation on

1Case(a): Communicated to “Sadhana–Academy Proceedings in Eng. Sci.”, Case(b): Communi-
cated to “Indian Journal of Physics”
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the natural convective flow of a Casson fluid over the spinning cone in a non-Darcy porous

medium have been reported by Makanda and Sibanda [59]. Beg et al. [9] discussed the

problem of MHD natural convective flow over the vertically rotating cone in an orthotropic

Darcian porous medium. (For more details, see the references therein).

From the literature survey, it is observed that the study of free and mixed convective

flows of a nanofluid over the rotating frustum of a permeable cone has not been investigated

so far. Therefore, the problem of convective flow of a nanofluid due to the rotating frustum

of a permeable cone under the influence of convective boundary condition, is considered in

this chapter. Further, the reduced system of non-dimensional partial differential equations

is solved numerically by employing Bivariate Pseudo-Spectral Local Linearization Method.

The effects of various physical parameters on the non-dimensional tangential and swirl veloc-

ities, temperature, nanoparticle volume fraction, and regular concentration along with the

surface drag, local Nusselt and Sherwood numbers are, examined numerically and displayed

graphically.

6.2 Mathematical Formulation

A steady, laminar and two-dimensional flow of an incompressible nanofluid caused by the

rotating frustum of a permeable cone is considered. The velocity of the outer flow is assumed

to be U∞. The co-ordinate system and configuration of the rotating frustum of a cone are

shown in Fig. (6.1). Choose (x, y, z) as the rectangular coordinate system in which x-

axis is taken along the surface, y-axis is normal to the surface, and z-axis is taken along a

circular section. The angle of rotating frustum of a cone is assumed to be large so that the

effect of transverse curvature is negligible (Ref. Hering and Grosh [36]). The temperature,

nanoparticle volume fraction and regular concentration of the ambient medium are assumed

to be T∞, φ∞ and C∞, respectively. The surface of a permeable frustum of a cone is

either cooled or heated by convection from a nanofluid of temperature Tf with Tf < T∞

(cooled surface) and Tf > T∞ (heated surface), respectively. The rotating surface is held

at uniform regular concentration Cw. The thickness of boundary layer is assumed to be
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Figure 6.1: Physical geometry of the problem

small in comparison with the radius of a cone and hence the local radius to a point can be

approximated by r = x sinA (Ref. Singh et al. [114]).

Following the above assumptions and Oberbeck-Boussinesq approximations, the govern-

ing boundary layer equations can be written as

∂(r u)

∂x
+
∂(r v)

∂y
= 0 (6.1)

ρf∞

(
u
∂u

∂x
+ v

∂u

∂y
− w2

x

)
= µ

∂2u

∂y2
+ ρf∞ g (1− φ∞) [βT (T − T∞) + βC(C − C∞)] cosA

−(ρp − ρf∞) g(φ− φ∞) cosA(6.2)

u
∂w

∂x
+ v

∂w

∂y
+
uw

x
= ν

∂2w

∂y2
(6.3)

u
∂T

∂x
+ v

∂T

∂y
= αm

∂2T

∂y2
+ J

[
DB

∂φ

∂y

∂T

∂y
+
DT

T∞

(
∂T

∂y

)2
]

(6.4)

u
∂φ

∂x
+ v

∂φ

∂y
= DB

∂2φ

∂y2
+
DT

T∞

∂2T

∂y2
(6.5)

u
∂C

∂x
+ v

∂C

∂y
= DS

∂2C

∂y2
(6.6)

where u, v and w are the components of velocity along the tangential (x), normal (y) and
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azimuthal (z)-directions, respectively.

The associated boundary conditions are

u = 0, v = vw, w = rΩ, −k ∂T
∂y

= hf (Tf − T ), DB
∂φ

∂y
+
DT

T∞

∂T

∂y
= 0, C = Cw at y = 0

(6.7a)

u = U∞, w = 0, T = T∞, φ = φ∞, C = C∞ as y →∞ (6.7b)

In this chapter also, two types (cases) of problems are considered: (a) free/natural con-

vection and (b) mixed convection.

6.2.1 Case(a): Natural Convection

The flow is assumed to be a natural convection, which is caused by buoyancy forces only

without any external agent, hence the velocity of the external flow become zero (i.e., U∞ = 0).

Next, introduce the following non-similarity transformations

ξ =
x− x0
x0

=
x

x0
, η =

y

x
Gr

1/4
x , W (ξ, η) =

w

r ω
, ψ = r ν Gr

1/4
x f (ξ, η) ,

θ (ξ, η) =
T − T∞
Tf − T∞

, γ (ξ, η) =
φ− φ∞
φ∞

, S (ξ, η) =
C − C∞
Cw − C∞

(6.8)

where x = x− x0 and Grx =
g βT (Tf − T∞)(1− φ∞)x3 cosA

ν2
is the local Grashof number.

Substituting (2.7) and (6.8) into Eqs.(6.2)-(6.6), the governing equations reduces to the

following form

f ′′′ +

(
R +

3

4

)
f f ′′ − 1

2
(f ′)2 + χRW 2 + θ +NcS −Nr γ = ξ

(
f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′
)

(6.9)

W ′′ +

(
R +

3

4

)
f W ′ − 2Rf ′W = ξ

(
f ′
∂W

∂ξ
− ∂f

∂ξ
W ′
)

(6.10)
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1

Pr
θ′′ +

(
R +

3

4

)
f θ′ +Nb γ′ θ′ +Nt (θ′)2 = ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(6.11)

1

Le
γ′′ +

(
R +

3

4

)
f γ′ +

1

Le

Nt

Nb
θ′′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(6.12)

1

Sc
S ′′ +

(
R +

3

4

)
f S ′ = ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(6.13)

The reduced boundary conditions in terms of f , W , θ, γ and S are

f ′(ξ, η) = 0, ξ
∂f

∂ξ
+

(
R +

3

4

)
f(ξ, η) = ξ1/4 fw, W (ξ, η) = 1, θ′(ξ, η) = −Bi ξ1/4 [1− θ(ξ, η)] ,

Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0, S(ξ, η) = 1 at η = 0 (6.14a)

f ′(ξ, η) = 0, W (ξ, η) = 0, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (6.14b)

where the prime represents the partial differentiation with respect to η and R =
ξ

1 + ξ
. Next,

χ =
Ω2 x40 sin2A

ν Grx
is the spinning parameter, Bi =

hf x0

k Gr
1/4
x

is the Biot number, fw = − vw x0

ν Gr
1/4
x

is the suction/injection parameter with fw < 0 for injection, fw > 0 for suction and fw = 0

for impermeable surface.

The wall shear stress, local heat, nanoparticle mass and regular mass fluxes over the

rotating frustum of a cone are

τw = µ

[
∂u

∂y

]
y=0

, qw = −k
[
∂T

∂y

]
y=0

, qn = −DB

[
∂φ

∂y

]
y=0

and qm = −DS

[
∂C

∂y

]
y=0

(6.15)

The non-dimensional skin friction Cf =
2 τw

ρf∞ U2
∗

, local Nusselt numberNux =
qw x

k (Tf − T∞)
,

local nanoparticle Sherwood number NShx =
qn x

DB φ∞
and local regular Sherwood number

Shx =
qm x

DS (Cw − C∞)
, are given by

1

2
Cf Gr

1/4
x = f ′′(ξ, 0),

Nux

Gr
1/4
x

= −θ′(ξ, 0),

NShx

Gr
1/4
x

= −γ′(ξ, 0),
Shx

Gr
1/4
x

= −S ′(ξ, 0)

 (6.16)
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Results and Discussion

The system of Eqs. (6.9)-(6.13) along with the boundary conditions (6.14) have been solved

numerically using the Bivariate Pseudo-Spectral Local Linearization Method. In order to

assess the accuracy of the generated code, for Nr = Nc = Nt = 0, Sc = Le = 1, Nb →

0, fw = 0, Bi→∞, χ = 0 and ξ = 0, the results of the present problem have been compared

with those of Na and Chiou [75], Na [74], Yih [130] and Cebeci and Bradshaw [15], as shown

in Tab. (6.1). Also, for Nr = Nc = Nt = 0, Sc = Le = 1, Nb → 0, fw = 0, Bi → ∞, χ = 0

and ξ →∞, the present results have been compared with the results given by Na and Chiou

[75], Yih [130], Roy [107] and Alamgir [4], as given in Tab. (6.2). From Tabs. (6.1) and

(6.2), it is found that the present numerical results are in a good agreement. To study the

effects of Biot number (Bi), spinning parameter (χ), and suction/injection parameter (fw),

the computations have been carried out for Nc = 1.0, Nt = 0.2, Nb = 0.2, Nr = 0.5, P r =

1.0, Sc = 0.6 and Le = 10.0. Also, the present analysis is carried out with all possible cases

of suction/injection parameter (fw).

The set of Figs. 6.2(a)-6.2(d) are prepared to analyze the effect of spinning parameter

(χ) on the non-dimensional tangential velocity f ′, swirl velocity W , temperature θ and

nanoparticle volume fraction γ. With the increase of χ (i.e., the higher rotation of the

frustum of a cone), the tangential velocity enhances near to the surface and then gradually

decreases up to its free stream velocity, as given in Fig. 6.2(a). The above effect is due to

the more induced axial flow caused by the more rotation of the frustum of a cone. However,

the swirl velocity is not much affected by the spinning parameter, as plotted in Fig. 6.2(b).

It is also seen from Figs. 6.2(c) that the temperature enhances with the enhancement of

spinning parameter. The above observations are found to be same in both the suction and

injection cases. But, the nanoparticle volume fraction profile enlarges for the injection and

impermeability cases, whereas it shows an opposite behavior for the suction case. Further,

the tangential velocity, swirl velocity and temperature are high in the case of injection, when

compared to those of the impermeability and suction cases. But, the nanoparticle volume

fraction shows a reverse behavior, as displayed in Fig. 6.2(d).
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Table 6.1: Comparison of f ′′(0, 0) and −θ′(0, 0) for various values of Pr.

f ′′(0, 0) −θ′(0, 0)
Pr [130] [15] Present [74] [75] [130] [15] Present

0.1 1.2144 1.2104 1.21165028 —— —— 0.1629 0.1637 0.16340582
1 0.9084 0.9081 0.90819101 0.4010 0.4011 0.4012 0.4009 0.40103279
10 0.5927 0.5930 0.59282356 0.8269 0.8269 0.8266 0.8266 0.82682956
100 0.3558 0.3564 0.35588168 1.5493 1.5493 1.5493 1.5495 1.54930393
1000 0.2049 —— 0.20574836 —— —— 2.8035 —— 2.80311089

Figures 6.3(a)-6.3(d) explore the tangential velocity f ′, swirl velocity W , temperature θ

and nanoparticle volume fraction γ, under the influence of Biot number (Bi). Biot number

is characterized by the ratio of the thermal resistance of the boundary layer and the solid

surface. With an increase in the Biot number, the tangential velocity increases, whereas the

swirl velocity decreases in the injection, impermeable and suction cases. But, the maximum

tangential and swirl velocities are found in the case of injection, as shown in Figs. 6.3(a)

and 6.3(b). Also, the convective heating increases with the Biot number and the case of

Bi→∞ gives the isothermal surface which is clearly shown in Fig. 6.3(c). The higher values

of the Biot number (strong convection) leads to a higher temperature, and consequently

enhances the temperature, for all cases of fw. For a fixed fw, the nanoparticle volume fraction

diminishes with an increase in the Biot number. But, the minimum values of nanoparticle

volume fraction, and the maximum values of temperature are found in the injection case.

The variations of regular concentration for different values of χ and Bi, are exhibited in

Figs. 6.4(a) and 6.4(b), respectively. With the increase of both χ and Bi, the regular concen-

tration diminishes for all cases of fw. However, the regular concentration of the nanofluid is

more with the injection, but less with suction in comparison to that of impermeable surface.

The streamwise distribution of non-dimensional skin friction [f ′′(ξ, 0)], local Nusselt num-

ber [−θ′(ξ, 0)], local nanoparticle Sherwood number [−γ′(ξ, 0)] and local regular Sherwood

number [−S ′(ξ, 0)] in the presence of spinning parameter (χ), are shown in Figs. 6.5(a)-

6.5(d). It is evident from Fig. 6.5(a) that the drag coefficient substantially increases with

an increase in the spinning parameter for different cases of fw. But, more surface drag is
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Table 6.2: Comparison of f ′′(∞, 0) and −θ′(∞, 0) for various values of Pr.

f ′′(∞, 0) −θ′(∞, 0)
Pr [107] [130] Present [107] [4] [75] [130] Present

0.1 —— 1.0960 1.09464314 —— 0.2141 —— 0.2116 0.21130560
1 0.8600 0.7699 0.76944922 0.5275 0.5280 0.5104 0.5109 0.51039548
10 0.4899 0.4877 0.48769819 1.0354 1.0159 1.0340 1.0339 1.03398025
100 0.2897 0.2896 0.28960777 1.9229 1.8237 1.9220 1.9226 1.92271470
1000 0.1661 0.1661 0.16168925 3.4700 3.2463 —— 3.4696 3.46515335

found in the injection case. For a fixed fw, the local Nusselt and regular Sherwood numbers

increase with an increase of the spinning parameter, as depicted in Figs. 6.5(b) and 6.5(d).

Also, a substantial increase in the local Nusselt and regular Sherwood numbers are noticed

in the case of suction. The above effect is due to a decrease in the thickness of the ther-

mal and regular concentration boundary layers. As spinning parameter enhances, the local

nanoparticle Sherwood number diminishes at a fixed value of fw. It is also found that the

local nanoparticle Sherwood number is high in the case of injection.

The effect of Biot number (Bi) on the dimensionless surface drag [f ′′(ξ, 0)], local Nusselt

number [−θ′(ξ, 0)], local nanoparticle Sherwood number [−γ′(ξ, 0)] and local regular Sher-

wood number [−S ′(ξ, 0)], are exhibited in Figs. 6.6(a)-6.6(d). For all cases of fw, the surface

drag increases with an increase in the Biot number, as plotted in Fig. 6.6(a) whereas the

local nanoparticle Sherwood number decreases, as shown in Fig. 6.6(c). However, the maxi-

mum values of the surface drag and local nanoparticle Sherwood number are noticed in the

case of injection. When the Biot number increases, the local Nusselt and regular Sherwood

numbers increase in all cases of fw. But, more local Nusselt and regular Sherwood numbers

are found in the case of suction, as depicted in Figs. 6.6(b) and 6.6(d).
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Figure 6.2: Effects of fw and χ on (a) Tangential velocity, (b) Swirl velocity, (c) Temperature,
and (d) Nanoparticle volume fraction for Bi = 1.0.
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Figure 6.3: Effects of fw and Bi on (a) Tangential velocity, (b) Swirl velocity, (c) Tempera-
ture, and (d) Nanoparticle volume fraction for χ = 2.0.
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Figure 6.4: Variations in Regular concentration under the effects of (a) fw and χ, and (b)
fw and Bi.
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Figure 6.5: Effects of fw and χ on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for Bi = 1.0.
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Figure 6.6: Effects of fw and Bi on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for χ = 2.0.
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6.2.2 Case(b): Mixed Convection

Consider the flow to be mixed convection arises from buoyancy forces and an external flow

with velocity U∞. Next, introduce the following non-similarity transformations

ξ =
x− x0
x0

=
x

x0
, η =

y

x
Re

1/2
x , ψ = r ν Re

1/2
x f (ξ, η) , W (ξ, η) =

w

rΩ
,

θ (ξ, η) =
T − T∞
Tf − T∞

, γ (ξ, η) =
φ− φ∞
φ∞

, S (ξ, η) =
C − C∞
Cw − C∞

(6.17)

where x = x− x0 and Rex = U∞ x
ν

is the local Reynolds number.

Substitution of (2.7) and (6.17) into Eqs.(6.2)- (6.6) gives the following system of differ-

ential equations:

f ′′′ +

(
R +

1

2

)
f f ′′ + χ ξ (ξ + 1)W 2 + λ ξ (θ +NcS −Nr γ) = ξ

(
f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′
)

(6.18)

W ′′ +

(
R +

1

2

)
f W ′ −Rf ′W = ξ

(
f ′
∂W

∂ξ
− ∂f

∂ξ
W ′
)

(6.19)

1

Pr
θ′′ +

(
R +

1

2

)
f θ′ +Nb γ′ θ′ +Nt (θ′)2 = ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(6.20)

1

Le
γ′′ +

(
R +

1

2

)
f γ′ +

1

Le

Nt

Nb
θ′′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(6.21)

1

Sc
S ′′ +

(
R +

1

2

)
f S ′ = ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(6.22)

and the reduced boundary conditions are

f ′(ξ, η) = 0, ξ
∂f

∂ξ
+

(
R +

1

2

)
f(ξ, η) = ξ1/2 fw, W (ξ, η) = 1, θ′(ξ, η) = −Bi ξ1/2 [1− θ(ξ, η)] ,

Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0, S(ξ, η) = 1 at η = 0 (6.23a)

f ′(ξ, η) = 1, W (ξ, η) = 0, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (6.23b)

where λ =
Grx0
Re2x0

is the mixed convection parameter, χ =
Ω2 x20 sin2A

U2
∞

is the spinning
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parameter, Bi =
hf x0

k Re
1/2
x0

is the Biot number and fw =
vw
U∞

Re1/2x0
is the suction/injection

parameter.

The non-dimensional skin friction Cf =
2µ

ρf∞ U2
∞

[
∂u

∂y

]
y=0

, local Nusselt number Nux =

− x

(Tf − T∞)

[
∂T

∂y

]
y=0

, local nanoparticle Sherwood number NShx = − x

φ∞

[
∂φ

∂y

]
y=0

and

local regular Sherwood number Shx = − x

(Cw − C∞)

[
∂C

∂y

]
y=0

, are given by

1

2
Cf Re

1/2
x = f ′′(ξ, 0),

Nux

Re
1/2
x

= −θ′(ξ, 0),

NShx

Re
1/2
x

= −γ′(ξ, 0),
Shx

Re
1/2
x

= −S ′(ξ, 0)

 (6.24)

Results and Discussion

The reduced non-dimensional partial differential equations (6.18)-(6.22) along with the bound-

ary conditions (6.23) are solved numerically using the Bivariate Pseudo-Spectral Local Lin-

earization Method, as explained in the previous chapters. In order to assess the generated

code, for special case of χ = 0.0, fw = 0.0, Bi→∞ and ξ = 0, the present results have been

compared with those of Lloyd and Sparrow [56] and the results are in a good agreement [see

Tab. 2.2]. To explore the effects of suction/injection parameter (fw), spinning parameter

(χ), Biot number (Bi) and mixed convection parameter (λ), the computations have been

carried out for Pr = 1.0, Nr = 0.5, Nc = 1.0, Nt = 0.2, Nb = 0.2, Sc = 0.6 and Le = 10.0.

The first set of Figs. 6.7(a)-6.7(d) depict the effect of spinning parameter (χ) on the non-

dimensional tangential velocity f ′, swirl velocity W , temperature θ and nanoparticle volume

fraction γ, for both aiding and opposing flows. An increase in the spinning parameter, i.e.,

the higher rotation of the frustum of a cone, significantly increases the tangential velocity,

for both opposing and aiding flow cases. This is due to more induced axial flow caused

by more rotation of the frustum of a cone. In both opposing and aiding flows, the swirl

velocity and temperature decrease with an increase in the spinning parameter. But, the

nanoparticle volume fraction increases for both opposing and aiding flows. It is also noted
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that the tangential velocity and nanoparticle volume fraction are higher in the case of aiding

flow, when compared to the case of opposing flow. Whereas, an opposite behavior is observed

in the swirl velocity and temperature.

The second set of Figs. 6.8(a)-6.8(d) are prepared to examine the effect of suction/injection

parameter (fw) on the tangential velocity f ′, swirl velocity W , temperature θ and nanopar-

ticle volume fraction γ, for both the cases of aiding flow (λ = 0.5) and opposing flow

(λ = −0.5). The higher tangential velocity is observed in the suction case when compared

to the impermeability and injection cases, for both aiding and opposing flows, as shown in

Fig. 6.8(a). It is seen from Figs. 6.8(b) and 6.8(c) that the swirl velocity and temperature

reduces with the enhancement of fw. It is also noted that the nanoparticle volume fraction

shows a reverse trend, as plotted in Fig. 6.8(d). Moreover, it is clear that the higher values

of the tangential velocity and nanoparticle volume fraction are observed in the case of aiding

flow, whereas the higher values of the swirl velocity and temperature are noticed in the case

of opposing flow.

For both the cases of aiding flow (λ = 0.5) and opposing flow (λ = −0.5), the influence

of Biot number (Bi) on the tangential velocity f ′, swirl velocity W , temperature θ and

nanoparticle volume fraction γ, are depicted in the third set of Figs. 6.9(a)-6.9(d). With

an increase in the Biot number, the tangential velocity increases for aiding flow case, and

decreases for opposing flow case, as plotted in Fig. 6.9(a). But, opposite results are noticed

for the swirl velocity with an increase in the Biot number. The higher values of the Biot

number (strong convection) leads to a higher temperature and consequently enhance the

temperature for both aiding and opposing flows. When Bi � 1, the temperature reaches

its maximum value as a result of uniform wall temperature condition. It is also noticed

that the nanoparticle volume fraction decreases near to the solid surface and increases far

away from the surface with an increase of Bi. Further, the values of tangential velocity and

nanoparticle volume fraction are more in the aiding flow in comparison with those of the

opposing flow, whereas the swirl velocity and temperature show a reverse behavior.

The influence of mixed convection parameter (λ) on the regular concentration for various

values of χ, fw and Bi, is shown in Figs. 6.10(a)-6.10(c). With the increase of χ and fw,

151



the regular concentration decreases in both the cases of aiding and opposing flows. However,

the regular concentration increases for opposing flow, but it decreases for aiding flow, with

an increase of Bi. Further, the regular concentration is more in the opposing flow case when

compared to that of the aiding flow case.

The next set of Figs. 6.11(a)-6.11(d) are prepared to explore the influence of spinning

parameter (χ) on the surface drag [f ′′(ξ, 0)], local Nusselt number [−θ′(ξ, 0)], local nanopar-

ticle Sherwood number [−γ′(ξ, 0)] and local regular Sherwood number [−S ′(ξ, 0)], for both

aiding and opposing flow situations. Here, χ = 0 represents the stationary surface, whereas

χ 6= 0 represents the rotational surface. It is evident from Fig. 6.11(a) that the drag coeffi-

cient substantially increases with an increase in the spinning parameter, for both the cases

of aiding and opposing flows. But, more surface drag is found in the case of aiding flow. For

both the aiding and opposing flows, the local Nusselt and regular Sherwood numbers increase

with higher values of the spinning parameter, as depicted in Figs. 6.11(b) and 6.11(d). Also,

a rapid increase in the local Nusselt and regular Sherwood numbers are observed in the case

of aiding flow. Furthermore, the local nanoparticle Sherwood number diminishes in both the

cases of aiding and opposing flows with an increase of the spinning parameter.

The effects of mixed convection parameter (λ) and suction/injection parameter (fw) on

the dimensionless surface drag [f ′′(ξ, 0)], local Nusselt number [−θ′(ξ, 0)], local nanoparti-

cle Sherwood number [−γ′(ξ, 0)] and local regular Sherwood number [−S ′(ξ, 0)] over the

streamwise coordinate, are shown in Figs. 6.12(a)-6.12(d). It is observed that the surface

drag increases in the case of opposing flow, but it decreases in the case of aiding flow with

an increase in the suction/injection parameter, as plotted in Fig. 6.12(a). Figure 6.12(b)

reveals that the local Nusselt number enhances with the enhancement of suction/injection

parameter, and also more heat transfer rate is observed in the case of suction. But, the lo-

cal nanoparticle Sherwood number diminishes and local regular Sherwood number enhances

with enhancing values of the suction/injection parameter. Further, the surface drag, local

Nusselt and regular Sherwood numbers are found to be large in the aiding flow case when

compared to those of the opposing flow case.
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Figure 6.7: Effects of λ and χ on (a) Tangential velocity, (b) Swirl velocity, (c) Temperature,
(d) Nanoparticle volume fraction, and (e) Regular concentration for fw = 0.0 and Bi = 1.0.
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Figure 6.8: Effects of λ and fw on (a) Tangential velocity, (b) Swirl velocity, (c) Temperature,
(d) Nanoparticle volume fraction, and (e) Regular concentration for χ = 2.0 and Bi = 1.0.
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Figure 6.9: Effects of λ and Bi on (a) Tangential velocity, (b) Swirl velocity, (c) Temperature,
(d) Nanoparticle volume fraction, and (e) Regular concentration for χ = 2.0 and fw = 0.0.
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Figure 6.10: Variations in Regular concentration under the effects of (a) λ and χ, (b) λ and
fw, and (c) λ and Bi.
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Figure 6.11: Effects of λ and χ on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for fw = 0.0 and Bi = 1.0.
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Figure 6.12: Effects of λ and fw on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for χ = 2.0 and Bi = 1.0.
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6.3 Conclusions

In this chapter, the non-similarity solution is obtained to analyze the effects of suction/injection

and convective boundary condition on the convective flow of a nanofluid over the vertically

rotating frustum of a cone. From this analysis, the main findings are drawn in both cases

(a) and (b) as follows:

An increase in spinning parameter leads to increases the nanoparticle volume fraction,

skin friction, local Nusselt and regular Sherwood numbers, but decreases the swirl velocity,

temperature, regular concentration and local nanoparticle Sherwood number. Further, the

tangential velocity increases in case (a) and case (b), but it shows opposite trend in case

(a) far away from the frustum of a cone. With the increase of Biot number, the tangential

velocity, temperature, local Nusselt and regular Sherwood numbers enhance, but the swirl

velocity, nanoparticle volume fraction, regular concentration, local nanoparticle Sherwood

number reduce in case (a). An opposite behavior is noticed in the opposing flow of case

(b). As the suction/injection parameter increases, the swirl velocity, temperature, regular

concentration and local nanoparticle Sherwood number reduce, but the nanoparticle volume

fraction, local Nusselt and regular Sherwood numbers enhance. In addition, the tangential

velocity and surface drag decrease in the case (a), while these show a reverse trend in the

case (b). Moreover, the higher Nusselt and regular Sherwood numbers are found for the

suction case when compared to those of the injection and impermeable cases. Finally, it is

noticed that the tangential velocity, nanoparticle volume fraction, surface drag, Nusselt and

regular Sherwood numbers are more in the aiding flow when compared to the opposing flow

of case (b).
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Chapter 7

Nonlinear Convective Flow of a

Nanofluid over the Permeable Wavy

Frustum of a Cone with Convective

Boundary Condition 1

7.1 Introduction

Most of the theoretical and numerical studies on the convective heat and mass transfer deal

with the flat surface and/or uniform surface. Further, the study of convective transport on

the irregular wavy surfaces has received significant attention due to its emerging heat and

mass transfer applications. In view of the engineering and industrial applications, the effects

of temperature dependent viscosity and uniform surface heat flux on natural convective flow

over the vertical wavy cone, have been investigated by Rahman et al. [97]. Siddiqa et al.

[112] obtained the numerical solution for the natural convective flow of a two-phase dusty

nanofluid over the vertical wavy frustum of a cone.

1Case(a): Published in “Journal of Nanofluids” 7 (2018) 1258–1271, Case(b): Communicated to
“International Journal of Numerical Methods for Heat & Fluid Flow”
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The analysis of nonlinear convection (i.e., may be treated as the nonlinear relationship

between the density, temperature and concentration) is of great interest owing to their

numerous applications such as cooling of electronic components, pore water convection near

salt domes, etc. Very few researchers have aimed at this point and tried to explore various

aspects on the fluid flows in this direction. Kameswaran et al. [47] analyzed the effects

of nonlinear Boussinesq approximation and convective boundary condition on the mixed

convective flow of a thermally stratified nanofluid over the vertical wavy surface in a non-

Darcy porous medium. The combined effects of radiation and nonlinear convection on a

three dimensional thermal boundary layer flow of a nanfluid over the stretching sheet have

been addressed by Mahanthesh et al. [57] (For more details, see the citations therein).

The objective of this chapter is to examine the influence of nonlinear Boussinesq approx-

imation on convective flow of a nanofluid over the permeable wavy frustum of a cone in

the presence of convective boundary condition. As in the previous chapter, here also, the

Bivariate Pseudo-Spectral Local Linearization Method is employed to solve the system of

reduced non-linear partial differential equations. The effects of various physical parameters

on the dimensionless velocity, temperature, nanoparticle volume fraction, regular concentra-

tion along with the skin friction, heat and mass transfer rates are displayed through graphs

and the salient features are discussed.

7.2 Mathematical Formulation

A steady, laminar and two-dimensional convective flow of an incompressible nanofluid over

the wavy frustum of a cone with transverse sinusoidal waves of characteristic length 2L and

amplitude a, is considered in this chapter. Choose the coordinate system such that the x-axis

is taken along the surface of the wavy frustum of a cone and y-axis is measured normal to

it, with the origin O at the vertex of a full cone, as shown in Fig. (7.1). The wavy surface

profile of the frustum of a cone is characterized by

yw = σ(x) = a

(
π (x− x0)

L

)
(7.1)
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Figure 7.1: Physical model of the problem

where x0 is the height of frustum of a cone. Assume that the regular concentration near to

wavy surface is Cw. The temperature, nanoparticle volume fraction and regular concentration

at ambient medium are assumed to be T∞, φ∞ and C∞, respectively. Due to the convective

boundary condition, the wavy surface is to be heated for Tf > T∞ or cooled for Tf < T∞ in

which Tf is the nanofluid temperature.

Following the above assumptions and nonlinear Oberbeck-Boussinesq approximations,

the basic governing equations are given by

∂(r u)

∂x
+
∂(r v)

∂y
= 0 (7.2)

ρf∞

(
u
∂u

∂x
+ v

∂u

∂y

)
= −∂p

∂x
+ µ∇2u+ ρf∞ g (1− φ∞)

[
βT (T − T∞) + βTT (T − T∞)2

+ βC (C − C∞) + βCC (C − C∞)2
]

cosA− (ρp − ρf∞) g (φ− φ∞) cosA

(7.3)
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ρf∞

(
u
∂v

∂x
+ v

∂v

∂y

)
= −∂p

∂y
+ µ∇2v − ρf∞ g (1− φ∞)

[
βT (T − T∞) + βTT (T − T∞)2

+ βC (C − C∞) + βCC (C − C∞)2
]

sinA (7.4)

u
∂T

∂x
+ v

∂T

∂y
= αm∇2T + J

[
DB∇φ · ∇T +

DT

T∞
∇T · ∇T

]
(7.5)

u
∂φ

∂x
+ v

∂φ

∂y
= DB∇2φ+

DT

T∞
∇2T (7.6)

u
∂C

∂x
+ v

∂C

∂y
= DS∇2C (7.7)

where ∇2 is the Laplacian operator, p is the pressure, βT and βTT are the first and second

order thermal expansion coefficients, and βC and βCC are the first and second order solutal

expansion coefficients, respectively.

The associated boundary conditions are

u = 0, v = vw, −k
∂T

∂y
= hf (Tf − T ), DB

∂φ

∂y
+
DT

T∞

∂T

∂y
= 0, C = Cw at y = 0 (7.8a)

u = uw(x), T = T∞, φ = φ∞, C = C∞ as y →∞ (7.8b)

In this chapter also, two types (cases) of problems are considered: (a) free/natural con-

vection and (b) mixed convection.

7.2.1 Case(a): Natural Convection

The flow is assumed to be a natural convection which is caused by buoyancy forces only

without any external agent and hence, the velocity of the external flow becomes zero. We

introduce the following non-similarity transformations

x̃ =
x− x0
L

=
x

L
, ỹ =

y − σ(x)

L
Gr1/4, ψ̃ =

ψ

ue L2
Gr1/4, T̃ =

T − T∞
Tf − T∞

, φ̃ =
φ− φ∞
φ∞

,

C̃ =
C − C∞
Cw − C∞

, p̃ =
p− p∞
ρ u2e

, r̃ =
r

L
, ã =

a

L
, x̃0 =

x0
L

(7.9)
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where u2e = g LβT (Tf − T∞) (1− φ∞) cosA and Gr1/2 =
ue L

ν
.

Here, we assumed that the width of the boundary layers is very small as a contrast with

the local radius of the flat frustum of a cone. Hence, the local radius to a point in the

boundary layer is approximated to the radius of a flat cone. Also, it is assumed that the

Grashof number (Gr) is very large and hence the natural convection happens only inside the

boundary layer whose width is significantly smaller than the amplitude of the wavy frustum

of a cone.

Substituting Eq. (2.7) and Eq. (7.9) into Eqs.(7.3)-(7.7) and letting Gr → ∞ (i.e.,

boundary layer approximation), the flow governing equations reduce to the following form

1

r̃2

∂ψ̃
∂ỹ

∂2ψ̃

∂x̃∂ỹ
− r̃x̃

r̃

(
∂ψ̃

∂ỹ

)2

− ∂ψ̃

∂x̃

∂2ψ̃

∂ỹ2

 = −∂p̃
∂x̃

+Gr1/4 σx̃
∂p̃

∂ỹ
+

1

r̃
(1 + σ2

x̃)
∂3ψ̃

∂ỹ3

+
[
(1 + λ1 T̃ )T̃ +Nc (1 + λ2 C̃)C̃

]
−Nr φ̃ (7.10)

1

r̃2

σx̃ (∂ψ̃
∂x̃

∂2ψ̃

∂ỹ2
− ∂ψ̃

∂ỹ

∂2ψ̃

∂x̃∂ỹ

)
− σx̃x̃

(
∂ψ̃

∂ỹ

)2
+

r̃x̃
r̃3
σx̃

(
∂ψ̃

∂ỹ

)2

= Gr1/4
∂p̃

∂ỹ

−σx̃
r̃

(1 + σ2
x̃)
∂3ψ̃

∂ỹ3
+
[
(1 + λ1 T̃ )T̃ +Nc (1 + λ2 C̃)C̃

]
tanA (7.11)

1

r̃

[
∂ψ̃

∂ỹ

∂T̃

∂x̃
− ∂ψ̃

∂x̃

∂T̃

∂ỹ

]
= (1 + σ2

x̃)

 1

Pr

∂2T̃

∂ỹ2
+Nb

∂T̃

∂ỹ

∂φ̃

∂ỹ
+Nt

(
∂T̃

∂ỹ

)2
 (7.12)

1

r̃

[
∂ψ̃

∂ỹ

∂φ̃

∂x̃
− ∂ψ̃

∂x̃

∂φ̃

∂ỹ

]
= (1 + σ2

x̃)

[
1

Le

∂2φ̃

∂ỹ2
+

1

Le

Nt

Nb

∂2T̃

∂ỹ2

]
(7.13)

1

r̃

[
∂ψ̃

∂ỹ

∂C̃

∂x̃
− ∂ψ̃

∂x̃

∂C̃

∂ỹ

]
= (1 + σ2

x̃)

[
1

Sc

∂2 C̃

∂ỹ2

]
(7.14)
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along with the boundary conditions

∂ψ̃

∂ỹ
= 0,

1

r̃

∂ψ̃

∂x̃
= fw,

∂T̃

∂ỹ
= −Bi (1− T̃ ), Nb

∂φ̃

∂ỹ
+Nt

∂T̃

∂ỹ
= 0, C̃ = 1 at ỹ = 0 (7.15a)

∂ψ̃

∂ỹ
= 0, T̃ = 0, φ̃ = 0, C̃ = 0, p̃ = 0 as ỹ →∞ (7.15b)

where λ1 =
βTT (Tf − T∞)

βT
and λ2 =

βCC(Cw − C∞)

βC
are the nonlinear density temperature

parameter (NDT) and nonlinear density concentration parameter (NDC), respectively. Fur-

ther, fw = −vw
ue
Gr1/4 is the suction/injection parameter with fw < 0 for injection, fw > 0

for suction, and fw = 0 for impermeable surface.

From the Eq. (7.11), it is seen that the order of the term ∂p̃
∂ỹ

is O(Gr−1/4). Therefore, the

least order of ∂p̃
∂x̃

can be evaluated from the solution of inviscid flow case. But, this pressure

gradient is zero for the problem under consideration. On eliminating the term ∂p̃
∂ỹ

from Eqs.

(7.10) and (7.11), we get

1

r̃2

(∂ψ̃
∂ỹ

∂2ψ̃

∂x̃∂ỹ
− ∂ψ̃

∂x̃

∂2ψ̃

∂ỹ2

)
− r̃x̃

r̃

(
∂ψ̃

∂ỹ

)2

+
σx̃σx̃x̃
1 + σ2

x̃

(
∂ψ̃

∂ỹ

)2
 =

1

r̃
(1 + σ2

x̃)
∂3ψ̃

∂ỹ3

+
1− σx̃ tanA

1 + σ2
x̃

[
(1 + λ1T̃ )T̃ +Nc (1 + λ2C̃)C̃

]
− Nr

1 + σ2
x̃

φ̃ (7.16)

For the numerical purpose, again we introduce the following new variables

ξ = x̃, η =
ỹ

ξ1/4
, ψ̃ = ξ3/4 r̃ f(ξ, η), θ = T̃ (ξ, η), γ = φ̃(ξ, η), S = C̃(ξ, η) (7.17)

where r̃ = (ξ + ξ0) sinA.

Substituting Eq. (7.17) into Eq. (7.16) and Eqs. (7.12) - (7.14), we obtain

(1 + σ2
ξ ) f

′′′ +

(
R +

3

4

)
f f ′′ − 1

2
(f ′)2 +

1− σξ tanA

1 + σ2
ξ

[(1 + λ1 θ)θ +Nc (1 + λ2 S)S]

− Nr

1 + σ2
ξ

γ = ξ

(
σξ σξξ
1 + σ2

ξ

f ′2 + f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′

)
(7.18)
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1 + σ2
ξ

Pr
θ′′ +

(
R +

3

4

)
f θ′ + (1 + σ2

ξ )Nb θ
′ γ′ +Nt (1 + σ2

ξ ) (θ′)2 = ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(7.19)

1 + σ2
ξ

Le
γ′′ +

(
R +

3

4

)
f γ′ +

1 + σ2
ξ

Le

Nt

Nb
θ′′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(7.20)

1 + σ2
ξ

Sc
S ′′ +

(
R +

3

4

)
f S ′ = ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(7.21)

and the associated boundary conditions (7.15) reduce to

f ′(ξ, η) = 0, ξ
∂f

∂ξ
+

(
R +

3

4

)
f(ξ, η) = ξ1/4 fw, θ

′(ξ, η) = −Bi ξ1/4 [1− θ(ξ, η)] ,

Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0, S(ξ, η) = 1 at η = 0 (7.22a)

f ′(ξ, η) = 0, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (7.22b)

where R =
ξ

ξ + ξ0
.

The non-dimensional skin friction Cf =
2 τw

ρf∞ U2
∗

, local Nusselt numberNux =
qw x

k(Tf − T∞)
,

local nanoparticle Sherwood number NShx =
qn x

DB φ∞
and local regular Sherwood number

Shx =
qm x

DS (Cw − C∞)
, in which

τw = µ [n · ∇u]y=σ(x), qw = −k [n · ∇T ]y=σ(x), qn = −DB [n · ∇φ]y=σ(x), qm = −DS [n · ∇C]y=σ(x)

where

n =

− σξ√
1 + σ2

ξ

,
1√

1 + σ2
ξ


is the unit normal vector to the surface of the wavy frustum of a cone, are given by

1

2
Cf Gr

1/4
x = ξ−3/4

√
1 + σ2

ξ f
′′(ξ, 0),

Nux

Gr
1/4
x

= −ξ3/4
√

1 + σ2
ξ θ
′(ξ, 0),

NShx

Gr
1/4
x

= −ξ3/4
√

1 + σ2
ξ γ
′(ξ, 0),

Shx

Gr
1/4
x

= −ξ3/4
√

1 + σ2
ξ S
′(ξ, 0)

 (7.23)
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Results and Discussion

As explained in the previous chapters, here also, the Bivariate Pseudo-Spectral Local Lin-

earization Method is employed to solve the non-homogeneous and non-linear coupled partial

differential equations (7.18)-(7.21) along with the boundary conditions (7.22). To validate

the generated code, the numerical values of the surface drag 1
2
Cf (Gr)

1/4 and heat transfer

rate Nux(Gr)
−1/4 at ξ = 0 (i.e., flat vertical plate case) are compared with the existing

results (Na and Chiou [75], Na [74], Yih [130] and Cebeci and Bradshaw [15]), as given

in Tab. (7.1). Also, the numerical values of the surface drag and heat transfer rate for

ξ → ∞ (i.e., flat full cone case) are compared with the results presented by Na and Chiou

[75], Roy [107], Alamgir [4] and Yih [130], as given in Tab. (7.2). It is observed that the

results are in a good agreement, as exhibited in Tabs. (7.1) and (7.2). To investigate the

effects of amplitude (a) and half angle (A) of the wavy frustum of a cone, suction/injection

parameter (fw), Biot number (Bi), nonlinear density temperature parameter (λ1) and non-

linear density concentration parameter (λ2), the computations have been carried out for

Nc = 1, Nr = 0.5, Sc = 0.6, P r = 1, Le = 10, Nt = 0.2, Nb = 0.2 and ξ0 = 1. These values

are fixed in this analysis unless otherwise specified.

The influence of nonlinear density temperature parameter (λ1) and suction/injection

parameter (fw) on the velocity f ′, temperature θ, nanoparticle volume fraction γ, and regular

concentration S, is explored in Figs. 7.2(a)-7.2(d). Figure 7.2(a) reveals that the velocity

increases with an increase of the nonlinear density temperature parameter (NDT) for all the

cases of injection, impermeability and suction. It is well known that the NDT parameter

shows the nonlinear relationship between the fluid density and temperature. Physically,

λ1 > 0 refers to the heat supplies from the surface of a wavy cone to the fluid region. For

fw = −0.5, fw = 0.0 and fw = 0.5, the profiles of the temperature and regular concentration

diminish with an enhancement in the NDT parameter, as plotted in Figs. 7.2(b) and 7.2(d).

But, the reverse responses are noticed for the nanoparticle volume fraction, as shown in Fig.

7.2(c). Further, the velocity, temperature and regular concentration are found to be high in

the case of injection in comparison with those of the suction and impermeable cases.
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Table 7.1: Comparison of 1
2
Cf (Gr)

1/4 and Nux(Gr)
−1/4 for various values of Pr, when

Nr = Nc = Nt = 0, Sc = Le = 1, Nb→ 0, a = σξ = 0, A = 0, λ1 = λ2 = 0, fw = 0, Bi→∞
and ξ = 0.

f ′′(0, 0) −θ′(0, 0)
Pr [130] [15] Present [74] [75] [130] [15] Present

0.1 1.2144 1.2104 1.21165028 —— —— 0.1629 0.1637 0.16340583
1 0.9084 0.9081 0.90819093 0.4010 0.4011 0.4012 0.4009 0.40103296
10 0.5927 0.5930 0.59282326 0.8269 0.8269 0.8266 0.8266 0.82683087
100 0.3558 0.3564 0.35588101 1.5493 1.5493 1.5493 1.5495 1.54931193
1000 0.2049 —— 0.20574685 —— —— 2.8035 —— 2.80316218

Figures 7.3(a)-7.3(d) explore the effects of wavy surface parameter (a) and NDC param-

eter (λ2) on the velocity f ′, temperature θ, volume fraction γ, and regular concentration S.

Here, a = 0 and λ2 = 0 are used to indicate the flat surface and linear density concentra-

tion, respectively. From Figs. 7.3(a), 7.3(b) and 7.3(d), it is seen that the enhancement in

the amplitude of wavy surface leads to enhance the thickness of the momentum and solutal

boundary layers but reduces the thermal boundary layer thickness. Further, the nanoparticle

volume fraction increases in the neighborhood of the surface and gradually decreases towards

the outer edge of the boundary layer, as shown in Fig. 7.3(c). The NDC parameter causes

to escalate the velocity and nanoparticle volume fraction near to the wavy surface, but an

opposite behavior is noticed towards the outer edge of the corresponding boundary layers, as

plotted in Figs. 7.3(a) and 7.3(c). The magnitude of temperature and regular concentration

diminishes with rising values of the NDC parameter, as given in Figs. 7.3(b) and 7.3(d).

Further, it is observed that the influence of NDC parameter λ2 is more on the temperature

and regular concentration profiles as a contrast with that of the NDT parameter λ1.

The variations of velocity f ′, temperature θ, nanoparticle volume fraction γ, and regular

concentration S for diverse values of Biot number (Bi) and half angle of the wavy cone (A),

are shown in Figs. 7.4(a)-7.4(d) . When the wavy surface is non-isothermal (i.e., small values

of Bi), the thickness of momentum and regular concentration boundary layers increase, but

the thermal boundary layer thickness decreases with an increase in the half angle of wavy

cone. With the enhancement of the half angle parameter (A), the nanoparticle volume
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Table 7.2: Comparison of 1
2
Cf (Gr)

1/4 and Nux(Gr)
−1/4 for various values of Pr, when

Nr = Nc = Nt = 0, Sc = Le = 1, Nb→ 0, a = σξ = 0, A = 0, λ1 = λ2 = 0, fw = 0, Bi→∞
and ξ →∞.

f ′′(∞, 0) −θ′(∞, 0)
Pr [107] [130] Present [107] [4] [75] [130] Present

0.1 —— 1.0960 1.09464314 —— 0.2141 —— 0.2116 0.21130560
1 0.8600 0.7699 0.76944922 0.5275 0.5280 0.5104 0.5109 0.51039548
10 0.4899 0.4877 0.48769819 1.0354 1.0159 1.0340 1.0339 1.03398025
100 0.2897 0.2896 0.28960777 1.9229 1.8237 1.9220 1.9226 1.92271470
1000 0.1661 0.1661 0.16168925 3.4700 3.2463 —— 3.4696 3.46515335

fraction enhances near to the wavy surface and shown an opposite trend towards the outer

edge of the boundary layer, as displayed in Fig. 7.4(c). Additionally, the ratio of the thermal

resistance of the boundary layer and the solid surface is characterized by the Biot number

(Bi). With an increase in the Biot number, the non-dimensional velocity and temperature

enhance rapidly, whereas the nanoparticle volume fraction and regular concentration reduce,

as plotted in Figs. 7.4(a)-7.4(d).

The streamwise variations on the surface drag 1
2
Cf (Gr)

1/4, local heat transfer rateNux(Gr)
−1/4,

local nanoparticle mass transfer rate NShx(Gr)
−1/4, and local regular mass transfer rate

Shx(Gr)
−1/4 under the influence of suction/injection parameter (fw) and nonlinear density

temperature parameter (λ1), are shown in Figs. 7.5(a)-7.5(d). Figure 7.5(a) reveals that

the surface drag enhances with an enhancement in the NDT parameter for the injection,

impermeable and suction cases. Figures 7.5(b) and 7.5(d) shown that the local heat and

regular mass transfer rates rise with rising values of NDT for all cases of fw. But, an oppo-

site behavior is noticed on the local nanoparticle mass transfer rate, as given in Fig. 7.5(c).

Moreover, the local heat and regular mass transfer rates are found to be high for the suction

case in comparison with those of the impermeable and injection cases. But, the surface drag

and local nanoparticle mass transfer rate are more in the case of injection when these are

compared to other cases.

The influence of wavy surface parameter (a) and NDC parameter (λ2) on the non-

dimensional surface drag 1
2
Cf (Gr)

1/4, local heat transfer rate Nux(Gr)
−1/4, local nanopar-
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ticle mass transfer rate NShx(Gr)
−1/4, and local regular mass transfer rate Shx(Gr)

−1/4

over ξ, are presented in Figs. 7.6(a)-7.6(d). The range of ξ is taken from 0 to 4, which is

proportional to two full cycles of the wavy surface, as displayed in Fig. 7.1. At fixed λ2,

the surface drag and local regular mass transfer rate are observed to be higher for a smooth

surface (a = 0) compared to the wavy surface (a 6= 0). The reason for this behaviour is that

the buoyancy force along the wavy frustum of a cone is reduced by the component
1−σξ tanA

1+σ2
ξ

from its value of the smooth frustum of a cone. Further, we consider one full cycle for ξ

from 2 to 4. When a increases, the local heat transfer rate decreases in the first quarter

of the cycle (ξ ≈ 2.0 to ξ ≈ 2.5) and then increases in the second quarter of the cycle

(ξ ≈ 2.5 to ξ ≈ 3.0). Again, a decrease in the heat transfer rate is observed for the third

quarter of the cycle (ξ ≈ 3.0 to ξ ≈ 3.5) and a large increase is noticed in the last quarter of

the cycle (ξ ≈ 3.5 to ξ ≈ 4.0). But, the nanoparticle mass transfer rate follows an opposite

trend in all the cycles from ξ = 2 to ξ = 4. The same phenomenon is repeated when the

range of ξ is promoted by another cycle. For the wavy surface (a 6= 0), the surface drag,

local heat and regular mass transfer rates enhance but the local nanoparticle mass transfer

rate diminishes with an increase of the NDC parameter.

The streamwise distributions of the surface drag 1
2
Cf (Gr)

1/4, local heat transfer rate

Nux(Gr)
−1/4, nanoparticle mass transfer rate NShx(Gr)

−1/4 and regular mass transfer rate

Shx(Gr)
−1/4 for different values of Biot number (Bi) and half angle of the wavy cone (A),

are presented in Figs. 7.7(a)-7.7(d). Here also, one full cycle for ξ from 2 to 4 is considered

to explore the influence of half angle parameter. It is seen that the surface drag, local heat

and regular mass transfer rates increase in the first half of the cycle (ξ ≈ 2.0 to ξ ≈ 3.0) and

then it shows a reverse trend in the second half of the cycle (ξ ≈ 3.0 to ξ ≈ 4.0) with an

increase in the half angle of a cone. But, the opposite results are noticed for nanoparticle

mass transfer rate with half angle of a cone. These trends are repeated when the range of

ξ is extended by one more cycle. For a fixed A, the surface drag, local heat and regular

mass transfer rates enhance, but the local nanoparticle mass transfer rate diminishes with

an increase in the Biot number, as plotted in Figs. 7.7(a)-7.7(d).
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Figure 7.2: Effects of fw and λ1 on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for a = 0.15, λ2 = 3, A = 100 and Bi = 1.
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Figure 7.3: Effects of a and λ2 on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for fw = 0, λ1 = 3, A = 100 and Bi = 1.
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Figure 7.4: Effects of A and Bi on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for fw = 0, λ1 = 3, λ2 = 3 and a = 0.15.
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Figure 7.5: Effects of fw and λ1 on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for a = 0.15, λ2 = 3, A = 100 and
Bi = 1.
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Figure 7.6: Effects of a and λ2 on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for fw = 0, λ1 = 3, A = 100 and
Bi = 1.
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Figure 7.7: Effects of A and Bi on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for fw = 0, λ1 = 3, λ2 = 3 and
a = 0.15.
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7.2.2 Case(b): Mixed Convection

Consider the mixed convective flow arises from an external flow with velocity U∞ and buoy-

ancy forces. We introduce the non-similarity transformations in the following form

x̃ =
x− x0
L

=
x

L
, ỹ =

y − σ(x)

L
Re1/2, ψ̃ =

ψ

U∞ L2
Re1/2, T̃ =

T − T∞
Tf − T∞

, φ̃ =
φ− φ∞
φ∞

,

C̃ =
C − C∞
Cw − C∞

, p̃ =
p− p∞
ρU2
∞

, r̃ =
r

L
, σ̃ =

σ

L
, ã =

a

L
, x̃0 =

x0
L
, uw =

uw
U∞

(7.24)

where Re =
U∞ L

ν
is the Reynolds number and U∞ is the reference free stream velocity.

Substituting Eq. (2.7) and Eq. (7.24) into Eqs. (7.3)-(7.7) and letting (Re → ∞) (i.e.,

boundary layer approximation), the dimensionless boundary layer equations can be written

as

1

r̃2

∂ψ̃
∂ỹ

∂2ψ̃

∂x̃∂ỹ
− r̃x̃

r̃

(
∂ψ̃

∂ỹ

)2

− ∂ψ̃

∂x̃

∂2ψ̃

∂ỹ2

 = −∂p̃
∂x̃

+ σx̃Re
1/2∂p̃

∂ỹ
+

1

r̃
(1 + σ2

x̃)
∂3ψ̃

∂ỹ3

+ λ
[
(1 + λ1 T̃ )T̃ +Nc (1 + λ2 C̃)C̃ −Nr φ̃

]
(7.25)

1

r̃2

σx̃ (∂ψ̃
∂x̃

∂2ψ̃

∂ỹ2
− ∂ψ̃

∂ỹ

∂2ψ̃

∂x̃∂ỹ

)
− σx̃x̃

(
∂ψ̃

∂ỹ

)2
+

r̃x̃
r̃3
σx̃

(
∂ψ̃

∂ỹ

)2

= Re1/2
∂p

∂ỹ
− σx̃

r̃
(1 + σ2

x̃)
∂3ψ̃

∂ỹ3

+ λ
[
(1 + λ1 T̃ )T +Nc (1 + λ2 C̃)C

]
tanA

(7.26)

1

r̃

[
∂ψ̃

∂ỹ

∂T̃

∂x̃
− ∂ψ̃

∂x̃

∂T̃

∂ỹ

]
=

(1 + σ2
x̃)

Pr

∂2T̃

∂ỹ2
+Nb (1 + σ2

x̃)
∂T̃

∂ỹ

∂φ̃

∂ỹ
+Nt (1 + σ2

x̃)

(
∂T̃

∂ỹ

)2

(7.27)

1

r̃

[
∂ψ̃

∂ỹ

∂φ̃

∂x̃
− ∂ψ̃

∂x̃

∂φ̃

∂ỹ

]
=

(1 + σ2
x̃)

Le

∂2φ̃

∂ỹ2
+

(1 + σ2
x̃)

Le

Nt

Nb

∂2T̃

∂ỹ2
(7.28)
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1

r̃

[
∂ψ̃

∂ỹ

∂C̃

∂x̃
− ∂ψ̃

∂x̃

∂C̃

∂ỹ

]
=

(1 + σ2
x̃)

Sc

∂2C̃

∂ỹ2
(7.29)

along with the boundary conditions

∂ψ̃

∂ỹ
= 0,

1

r̃

∂ψ̃

∂x̃
= fw,

∂T̃

∂ỹ
= −Bi (1− T ), Nb

∂φ̃

∂ỹ
+Nt

∂T̃

∂ỹ
= 0, C̃ = 1 at ỹ = 0 (7.30a)

∂ψ̃

∂ỹ
= r̃ uw, T̃ = 0, φ̃ = 0, C̃ = 0, p̃ = 0 as ỹ →∞ (7.30b)

where fw = − vw
U∞Re1/2

is the suction/injection parameter.

It is seen from Eq. (7.26) that the order of the term ∂p̃
∂ỹ

is O(Re−1/2). Therefore, the least

order of pressure gradient in the x̃ - direction can be evaluated from the solution of inviscid

flow case and it is given by (see [67], [62] and [111])

∂p̃

∂x̃
= −[

(
1 + σ2

x̃)uw u
′
w + σx̃ σx̃ x̃ u

2
w

]
(7.31)

Now, the elimination of the term ∂p̃
∂ỹ

from Eqs. (7.25) and (7.26) gives

1

r̃2

(∂ψ̃
∂ỹ

∂2ψ̃

∂x̃∂ỹ
− ∂ψ̃

∂x̃

∂2ψ̃

∂ỹ2

)
− r̃x̃

r̃

(
∂ψ̃

∂ỹ

)2

+
σx̃ σx̃x̃
1 + σ2

x̃

(
∂ψ̃

∂ỹ

)2
 = − 1

(1 + σ2
x̃)

∂p̃

∂x̃

+
1

r̃
(1 + σ2

x̃)
∂3ψ̃

∂ỹ3
+ λ

1− σx̃ tanA

1 + σ2
x̃

[
(1 + λ1 T̃ )T̃ +Nc (1 + λ2 C̃)C̃

]
− λ Nr

1 + σ2
x̃

φ̃ (7.32)

For the numerical purpose, we introduce the following new variables

ξ = x̃, η = u1/2w ξ−1/2 ỹ, ψ̃ = r̃ u1/2w ξ1/2 f(ξ, η), θ = T̃ (ξ, η), γ = φ̃(ξ, η), S = C̃(ξ, η) (7.33)
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Substituting Eq. (7.33) into Eq. (7.32) and Eqs. (7.27) - (7.29), we obtain

(1 + σ2
ξ ) f

′′′ +

(
R +

1

2
+

1

2
ξ
u′w
uw

)
f f ′′ − ξ

(
σξ σξξ
1 + σ2

ξ

+
u′w
uw

)
(f ′)2 − λ ξ

u2w

Nr

1 + σ2
ξ

γ

+λ
ξ

u2w

1− σξ tanA

1 + σ2
ξ

[(1 + λ1 θ) θ +Nc (1 + λ2 S)S] = ξ

(
f ′
∂f ′

∂ξ
− ∂f

∂ξ
f ′′
)

(7.34)

(1 + σ2
ξ )

Pr
θ′′+

(
R +

1

2
+

1

2
ξ
u′w
uw

)
f θ′+Nb (1+σ2

ξ ) θ
′ γ′+Nt (1+σ2

ξ ) (θ′)2 = ξ

(
f ′
∂θ

∂ξ
− ∂f

∂ξ
θ′
)

(7.35)
(1 + σ2

ξ )

Le
γ′′ +

(
R +

1

2
+

1

2
ξ
u′w
uw

)
f γ′ +

(1 + σ2
ξ )

Le

Nt

Nb
θ′′ = ξ

(
f ′
∂γ

∂ξ
− ∂f

∂ξ
γ′
)

(7.36)

(1 + σ2
ξ )

Sc
S ′′ +

(
R +

1

2
+

1

2
ξ
u′w
uw

)
f S ′ = ξ

(
f ′
∂S

∂ξ
− ∂f

∂ξ
S ′
)

(7.37)

and the associated boundary conditions reduce to

f ′(ξ, η) = 0, ξ
∂f

∂ξ
+

(
R +

1

2
+

1

2
ξ
u′w
uw

)
f(ξ, η) = u−1/2w ξ1/2 fw,

θ′(ξ, η) = −u−1/2w ξ1/2Bi [1− θ(ξ, η)] , Nb γ′(ξ, η) +Nt θ′(ξ, η) = 0, S(ξ, η) = 1 at η = 0

(7.38a)

f ′(ξ, η) = 1, θ(ξ, η) = 0, γ(ξ, η) = 0, S(ξ, η) = 0 as η →∞ (7.38b)

The terms u′w and uw appeared in the above system of equations (7.34)-(7.37) can be

obtained from the solution of an inviscid fluid flow problem. But, this solution is valid only

for small values of the amplitude-wave length ratio. Therefore, the solution uw(x̃) of the

potential flow for small values of ã(<< 1) is given by (For more details, see [67], [62] and

[111])

uw(x̃) = 1 + ã

[
1

π

∫ ∞
0

σ′(t)

x̃− t
dt

]
+O(ã2) (7.39)

The non-dimensional skin friction Cf =
2 τw

ρf∞ U2
∞

, local Nusselt numberNux =
qw x

k (Tf − T∞)
,

local nanoparticle Sherwood number NShx =
qn x

DB φ∞
and local regular Sherwood number
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Shx =
qm x

DS (Cw − C∞)
, are given by

1

2
Cf Re

1/2 = u3/2w ξ−1/2
√

1 + σ2
ξ f
′′(ξ, 0),

Nux
Re1/2

= −u1/2w ξ1/2
√

1 + σ2
ξ θ
′(ξ, 0),

NShx
Re1/2

= −u1/2w ξ1/2
√

1 + σ2
ξ γ
′(ξ, 0),

Shx
Re1/2

= −u1/2w ξ1/2
√

1 + σ2
ξ S
′(ξ, 0)

 (7.40)

Results and Discussion

The resultant system of partial differential Eqs. (7.34)-(7.37) along with the boundary con-

ditions (7.38) are solved numerically using the Bivariate Pseudo-Spectral Local Linearization

Method. In order to assess the generated code, for special case of a = 0, λ1 = 0, λ2 = 0,

fw = 0 and Bi → ∞, the present results of the local Nusselt number at ξ = 0 (Vertical

flat plate case) have been compared with those of Lloyd and Sparrow [56] and an excellent

agreement is noticed, as shown in Tab. (2.2). To study the influence of various physical

parameters, the computations have been carried out for Nc = 1, Nr = 0.5, Sc = 0.6, P r =

1, Le = 10, Nt = 0.2, Nb = 0.2, A = 100 and ξ0 = 1.

Figures 7.8(a)-7.8(d) are plotted to explore the effects of NDT parameter (λ1) and suc-

tion/injection parameter (fw) on the dimensionless velocity f ′, temperature θ, nanoparticle

volume fraction γ, and solutal concentration S at λ = 1. Physically, the nonlinear density

temperature parameter (NDT) shows a nonlinear relationship between the fluid density and

temperature. Therefore, λ1 > 0 (i.e., Tf > T∞) refers to the heat supplies from the surface

of a wavy cone to the nanofluid region. As expected, the velocity and nanoparticle volume

fraction increase with an increase in the NDT parameter, as displayed in Fig. 7.8(a) and

7.8(c). But, the temperature and regular concentration decrease with increasing values of

λ1, as shown in Figs. 7.8(b) and 7.8(d). These observations are also true for the suction,

injection and impermeability cases. Moreover, the permeable surface is characterized by

suction/injection parameter fw. The values fw = −0.5, 0 and 0.5 indicate the injection,

impermeable surface and suction cases, respectively. For a fixed λ1, the velocity increases

when suction/injection parameter increases, as given in Fig. 7.8(a). With the increasing

values of fw, the non-dimensional temperature decreases at a fixed λ1, as plotted in 7.8(b).
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From Figs. 7.8(c) and 7.8(d), it is also noted that the nanoparticle volume fraction enhances

and regular concentration diminishes with enhancing values of fw. Further, the temperature

and regular concentration of the nanofluid are more in the case of injection in comparison

with those of fluid suction and impermeable surface cases.

For various values of the NDC parameter (λ2) and Biot number (Bi), the distributions of

velocity f ′, temperature θ, nanoparticle volume fraction γ, and regular concentration S, are

demonstrated in Figs. 7.9(a)-7.9(d). Physically, the NDC describes a nonlinear relationship

between the fluid density and concentration. Therefore, λ2 > 0 (i.e., Cw > C∞) refers to

the mass supplied from the surface of a wavy cone to the nanofluid region. For small

values of Bi, the NDC parameter escalate the velocity and nanoparticle volume fraction

near to the wavy surface, but an opposite behavior is noticed towards the outer edge of the

corresponding boundary layers, as shown in Figs. 7.9(a) and 7.9(c). It is seen from Figs.

7.9(b) and 7.9(d) that the magnitude of temperature and regular concentration diminish

as the NDC parameter raises. This effect is due to the additional mass supplied from the

mass near to the surface. It is interesting to note that the influence of λ2 is more prominent

on the temperature and regular concentration profiles, as a contrast with that of λ1. With

an increase in the Biot number, the magnitude of the velocity increases as given in Fig.

7.9(a). Figure 7.9(b) explores that an increase in the Biot number (Bi) rapidly increases the

dimensionless temperature. Further, it is found that the magnitude of nanoparticle volume

fraction diminish near to the surface and show a reverse trend towards the outer edge of the

corresponding boundary layer, whereas the regular concentration fall down with the rise of

Biot number, as plotted in Figs. 7.9(c)-7.9(d).

The influence of mixed convection parameter (λ) on the velocity f ′, temperature θ,

nanoparticle volume fraction γ, and regular concentration S, is demonstrated in Figs. 7.10(a)-

7.10(d). The mixed convection parameter characterizes the fluid flow behavior such as the

opposing flow for λ < 0, forced convective flow for λ = 0 and aiding flow for λ > 0. For large

values of the mixed convection parameter (i.e., λ → ∞), the flow becomes the free convec-

tion. From Fig. 7.10(a), it is clear that the velocity in aiding flow is found to be more when

compared with the opposing, forced and free convective flows. The higher temperature is
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noticed for opposing flow when compared to the aiding, free convective and forced convective

flows, as plotted in Fig. 7.10(b). From Fig. 7.10(c), it is clear that the nanoparticle volume

fraction reaches its maximum value for free convective flow, as compared to the mixed con-

vective flows. This is due to the large buoyancy forces occurred in the presence of the mixed

convection parameter. The regular concentration for aiding flow is very less in comparison

with the opposing, forced and free convective flows, as depicted in Fig. 7.10(d).

Figures 7.11(a)-7.11(d) exhibit the effects of NDT (λ1) and NDC (λ2) parameters on

the streamwise distributions of surface drag, local heat transfer rate, local nanoparticle and

regular mass transfer rates for Bi = 1 (non-isothermal case) and Bi >> 1 (isothermal case).

For a fixed value of NDC parameter, the surface drag, local heat and regular mass transfer

rates rise with the rising values of NDT parameter, as plotted in Figs. 7.11(a), 7.11(b) and

7.11(d). The similar observation is drawn with the rising values of NDC parameter for a

fixed value of NDT parameter. Also, a huge increment is noticed in the drag coefficient, and

local heat and regular mass transfer rates in the presence of both NDT and NDC parameters.

But, the opposite results are noticed for the local nanoparticle mass transfer rate, as shown

in Fig. 7.11(c). From the obtained results, it is clear that the influence of NDC parameter is

more significant on both heat and regular mass transfer rates when compared to that of NDT

parameter. Further, the presence of convective thermal boundary condition at the surface

controls the drag coefficient and also the heat and regular mass transfer rates. That is, the

higher heat and regular mass transfer rates are noticed when Bi → ∞ (i.e., for isothermal

surface).

The influence of suction/injection parameter (fw) on the surface drag, local heat transfer

rate, local nanoparticle and regular mass transfer rates versus the streamwise coordinate (ξ),

for smooth surface (a = 0.0) and wavy surface (a = 0.2), is displayed in Figs. 7.12(a)-7.12(d).

The range of ξ is taken from 0 to 4, which is proportional to two full cycles of the wavy

surface. At a constant fw, the surface drag, local nanoparticle and regular mass transfer rates

are observed to be higher for smooth surface (a = 0) than that of the corresponding wavy

surface (a = 0.2). From Fig. 7.12(a), it is clear that the surface drag coefficient increases

with the increase of suction/injection parameter, for both a = 0.0 and a = 0.2. The same
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behavior is noticed for both local heat and regular mass transfer rates, as depicted in Figs.

7.12(b) and 7.12(d). But, the local nanoparticle mass transfer rate follows an opposite trend

with suction/injection parameter, as shown in Fig. 7.12(c). Particularly, the higher values

of heat and regular mass transfer rates are found in the suction case when compared to the

injection and impermeability cases.

Figures 7.13(a)-7.13(d) illustrate the streamwise distribution of surface drag, local heat

transfer rate, local nanoparticle and regular mass transfer rates under the influence of mixed

convection parameter (λ). The magnitude of surface drag in the opposing flow is very less

in comparison to the aiding, free and forced convective flows as portrayed in Fig. 7.13(a).

Figures 7.13(b) and 7.13(d) reveal that the heat and regular mass transfer rates for aiding

flow are noted to be substantial than those of for opposing, free and forced convective flows.

But, the mixed convection parameter is shown an opposite behaviour on the nanoparticle

mass transfer rate, as depicted in 7.13(c).
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Figure 7.8: Effects of fw and λ1 on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for Bi = 1.0, λ2 = 0.1, a = 0.1 and A = 100.
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Figure 7.9: Effect of Bi and λ2 on (a) Velocity, (b) Temperature, (c) Nanoparticle volume
fraction, and (d) Regular concentration for for fw = 0.0, λ1 = 0.1, a = 0.1 and A = 100.
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Figure 7.10: Effect of λ on (a) Velocity, (b) Temperature, (c) Nanoparticle volume fraction,
and (d) Regular concentration for fw = 0.0, λ1 = 0.1, λ2 = 0.1, a = 0.1, Bi = 1.0 and
A = 100.
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Figure 7.11: Effects of Bi, λ1 and λ2 on (a) Skin friction, (b) Heat transfer rate, (c) Nanopar-
ticle mass transfer rate, and (d) Regular mass transfer rate for fw = 0.0, a = 0.1, λ = 1.0
and A = 100.
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Figure 7.12: Effects of a and fw on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle
mass transfer rate, and (d) Regular mass transfer rate for λ = 1.0, λ1 = 0.1, λ2 = 0.1, Bi =
1.0 and A = 100.
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Figure 7.13: Effect of λ on (a) Skin friction, (b) Heat transfer rate, (c) Nanoparticle mass
transfer rate, and (d) Regular mass transfer rate for fw = 0.0, λ1 = 0.1, λ2 = 0.1, a =
0.1, Bi = 1.0 and A = 100.
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7.3 Conclusions

The nonlinear convective flow of an incompressible nanofluid over the permeable wavy frus-

tum of a cone subject to the convective boundary condition, is investigated in this chapter.

The resultant non-similarity equations are solved using the Bivariate Pseudo-Spectral Local

Linearization Method. Based on the analysis carried out, the main conclusions are drawn

for both case (a) and case (b) as given below:

With the increase of both NDT and NDC parameters, the velocity and nanoparticle

volume fraction increase, whereas the temperature and regular concentration decrease in both

case (a) and case (b). Also, the drag coefficient, local heat and regular mass transfer rates

increase in both the cases (a) and (b). For both the cases (a) and (b), the surface drag and

regular mass transfer rate reduce, but the sinusoidal oscillations are noticed with an increase

of the amplitude of wavy surface. As Biot number enhances, the velocity and temperature

profiles along with the heat and regular mass transfer rates enhance, whereas the nanoparticle

mass transfer rate diminishes for both the cases (a) and (b). The temperature, regular

concentration, and nanoparticle mass transfer rate decrease, but the nanoparticle volume

fraction, heat and regular mass transfer rates increase, with an increase of suction/injection

parameter in both the cases (a) and (b). However, the velocity and drag coefficient decrease

for case (a) but an opposite behaviour is noticed for case (b). Moreover, the heat and regular

mass transfer rates are high in the case of opposing flow when compared to the cases of aiding

flow, free and forced convective flows.
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Chapter 8

Summary and Conclusions

In this thesis, an analysis of convective heat and mass transport over the vertical frustum of a

cone in a nanofluid, subject to the uniform wall temperature/convective boundary condition,

is discussed.

The steady, two-dimensional natural/mixed convective flow of a nanofluid over the ver-

tical frustum of a cone has been investigated. The main aim of chapters is to present the

non-similarity solution for the considered problems and also to investigate the effects of Soret

and viscous dissipation, double stratification, non-Darcy porous medium, Arrhenius activa-

tion energy, thermal radiation, double dispersion, spinning parameter, nonlinear convection,

amplitude and angle of wavy frustum of a cone on the various profiles and physical quantities.

Using a suitable set of non-similarity variables, the governing equations are transformed into

a system of non-linear partial differential equations and then solved by using the Bivariate

Pseudo-Spectral Local Linearization Method. The important observations, in both (a) free

convection and (b) mixed convection, are as follows:

• An increase in the Eckert number, increases the temperature, nanoparticle volume

fraction, local nanoparticle and regular mass transfer rates, but decreases the regular

concentration and local heat transfer rate. Moreover, the velocity increases in case (a)

and aiding flow of case (b), whereas it decreases in the opposing flow of case (b).
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• The velocity, regular concentration, surface drag and local heat transfer rate enhance,

whereas the temperature, local nanoparticle and regular mass transfer rates reduce

with the increase of Soret number in case (a) and aiding flow of case (b). But, the

velocity, temperature, surface drag, local heat and nanoparticle mass transfer rates

show a reverse trend in the opposing flow of case (b).

• With the increase of both Brownian motion and thermophoresis parameters, the ve-

locity, temperature, local heat and nanoparticle mass transfer rates increase, but the

regular concentration, surface drag and local regular mass transfer rate decrease in case

(a) and aiding flow of case (b). Moreover, the velocity, surface drag, and local regular

mass transfer rate show a reverse trend in the opposing flow of case (b).

• In case (a) and aiding flow of case (b): the velocity, temperature, local heat and

regular mass transfer rates reduce, but the regular concentration and local nanoparticle

mass transfer rate enhance with the enhancement of thermal stratification parameter.

Moreover, the velocity, regular concentration, local heat and regular mass transfer rates

decrease, whereas the local nanoparticle mass transfer rate increases with the increase

of solutal stratification parameter. However, the velocity, local heat and regular mass

transfer rates show an opposite trend in the opposing flow of case (b).

• As the Forchheimer number increases (i.e., in chapters 3 and 5), the velocity, surface

drag, local heat and regular mass transfer rates decrease, but the temperature, regu-

lar concentration and local nanoparticle mass transfer rate increase in case (a). The

behavior of physical quantities of the flow in case (b) show an opposite nature.

• The higher values of activation energy parameter results in higher velocity and regular

concentration, but lower temperature and regular Sherwood number in both case (a)

and case (b). However, the drag coefficient increases in case (a) and aiding flow of case

(b), whereas it decreases in the opposing flow of case (b).

• The velocity, temperature, local heat and regular mass transfer rate increase, but the

regular concentration decreases with the increase of thermal radiation parameter in

both free and mixed convective flows.
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• In the free convective and aiding flows: the velocity, nanoparticle volume fraction and

local heat transfer rate increase, whereas the regular concentration, surface drag and

local nanoparticle mass transfer rate decrease with the increase of thermal dispersion

parameter.

• As the solutal dispersion parameter enhances, the regular concentration and local reg-

ular mass transfer rate enhance in both free and mixed convective flows. But, the

velocity, surface drag and local heat transfer rate increase, whereas the local nanopar-

ticle mass transfer rate decreases in case (a) and aiding flow of case (b).

• In both the cases (a) and (b): the nanoparticle volume fraction, skin friction, local heat

and regular mass transfer rates increase, but the swirl velocity, temperature, regular

concentration and local nanoparticle mass transfer rate decrease with the increase of

spinning parameter. Further, the tangential velocity increases in case (a) and case (b),

but it shows opposite trend in case (a) far away from the frustum of a cone.

• The higher values of both NDT and NDC parameters results in higher velocity and

nanoparticle volume fraction, but lower temperature and regular concentration in both

the cases (a) and (b). Also, the surface drag, local heat transfer rate, local nanoparticle

and regular mass transfer rates increase in both the cases (a) and (b).

• With an increase of the amplitude of wavy surface, the surface drag and local regular

mass transfer rate decrease, whereas the local heat and nanoparticle mass transfer rates

show the sinusoidal oscillations in both the cases (a) and (b).

• As the Biot number increases, the temperature, local heat and regular mass transfer

rates (i.e., in chapters 4-7) increase, whereas the nanoparticle volume fraction and

local nanoparticle mass transfer rate decrease in both free and mixed convective flows.

But, the velocity and surface drag increase, and regular concentration decreases in

free convective and aiding flows whereas they show reverse trend in the opposing flow

situation.

• The temperature, regular concentration and local nanoparticle mass transfer rate re-

duce, but the nanoparticle volume fraction, local heat and regular mass transfer rates
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(i.e., chapters 6 and 7) enhance with the enhancement of suction/injection parameter

in both the cases (a) and (b). But, the velocity and surface drag show an opposite

behavior.

• As compared to the opposing flow, the velocity, nanoparticle volume fraction, surface

drag, local heat and regular mass transfer rates are more, but the temperature, regular

concentration and local nanoparticle mass transfer rate are less in the case of aiding

flow.

The work presented in the thesis can be extended to investigate the effects of Joule

heating, MHD, Hall and Ion slip, heat source/sink, first and second order slip, etc. Further,

this work can be extended by studying the analysis for various non-Newtonian fluids like

micropolar fluids, Casson fluids, Couple stress fluids, etc. Such an exhaustive study can be

a rewarding experience though it is challenging as well as time consuming.
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