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Introduction
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In this Chapter, the entire thesis writing began. Section 1.1 provides the abstract
of the thesis. Section 1.2 gives some key words. Section 1.3 presents a list of
abbreviations used in the thesis. Section 1.4 introduces some basic concepts and

definitions concerning the thesis. Section 1.5 presents the literature review in detail.

1.1 Motivation and Abstract of the Thesis

The transportation problem (TP) is a well-known optimization problem in opera-
tional research, in which two kinds of constraints are taken into consideration, i.e.,
source constraint and destination constraint. But in the real system, we always deal
with other constraints besides the source constraint and destination constraint, such
as product type constraint or transportation mode constraint.

If more than one objective is to be considered and optimized at the same time
in a STP, then the problem is called multi-objective solid transportation problem
(MOSTP). Besides the source, destination and conveyance capacity in an STP, there
may exist some other constraints. For example, budget constraints may arise due
to limited budget, space constraints may arise due to limited space in warehouses,
stores, etc.

Due to insufficient information, lack of evidence, fluctuating financial market,
the available data of a transportation system such as transportation costs, resources,
demands and conveyance capacities are not always crisp or precise. For example the
transportation cost depends upon fuel price, tax charges, labour charges, etc., each
of which are fluctuated from time to time. It will be more realistic to express those
parameters by fuzzy numbers.

Fuzzy set theory is a generalization of the conventional set theory to represent

vagueness or imprecision in everyday life. Thus, fuzzy sets have found applications
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in various fields such as Pattern Recognition, Optimization Techniques, etc. In fuzzy
set theory, an element z in a fuzzy set A has a degree of membership p4(x). The
range of the membership function is [0,1]. A fuzzy number is a convex normalized
fuzzy set of the real line R, with a piecewise continuous membership function.

In order to deal with the uncertain optimization problems, fuzzy and stochastic
approaches are commonly used to describe the imprecise characteristics. In stochas-
tic programming the uncertain coefficients were regarded as random variables and
their probability distributions are assumed to be known. In fuzzy programming the
constraints and objective function are viewed as fuzzy sets and their membership
functions also need to be known. In these two kinds of approaches, the member-
ship functions and probability distributions play an important roles. However, it
is sometimes difficult to specify an appropriate membership function or accurate
probability distribution in an uncertain environment.

The fixed charge solid transportation problem is an extension of classical trans-
portation problem in which a fixed profit is incurred, independent of the amount
transported, along with a variable profit that is proportional to the amount shipped.
The fixed charge solid transportation has two kinds of profits: direct profit and fixed
charge profit.

The entire thesis divided into nine chapters.

Chapter one is introductory in nature. Chapters two, three and four explored
the fuzzy solid transportation, fractional solid transportation and stochastic solid
transportation models with interval budget constraints respectively. Chapters five
and six study the multi-objective solid transportation problems through goal pro-
gramming approach in the presence of a defuzzification model. Chapters seven and
eight deal with Rough interval approach. Algorithms are given by Chapter two to

eight and study of comparisons with other methods are included in Chapter five and
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eight. Chapter nine gives the key findings and scope for future study.

The brief description of each chapter is given below.

The aim of the present thesis is to present numerical solutions for solid trans-
portation models with various conditions. In the real world, the parameters in the
models are seldom known exactly and have to be estimated.

Chapter - 1 is introductory in nature and gave motivation to the investigations
carried out in the thesis. A brief survey of relevant literature, notations, abstract
and keywords were drawn to exhibit the importance of the problems considered.

Chapter - 2, deals with fuzzy solid transportation problem with interval budget
constraint. The objective is to determine the optimal total cost of the solid trans-
portation problem with the supply, the demand and the conveyance satisfying the
transportation requirement. A method is proposed for the fuzzy objective value of
the fuzzy solid transportation problem. Based on the extension principle, the fuzzy
solid transportation problem is transformed into a pair of mathematical programs
that is employed to calculate the lower and upper bounds of the fuzzy total trans-
portation cost at possibility level a. From different values of «, the membership
function of the objective value is constructed. To illustrate the results of the pro-
posed model, we have given numerical example and presented the computational
result.

Chapter - 3, deals with the solid fractional transportation problem (SFTP).
Based on the a -cut representation of fuzzy sets and the extension principle, a
fractional program is formulated to find the fuzzy objective value of fuzzy SFTP
when, the cost coefficients, supply, demand quantities and conveyance capacities are
fuzzy numbers and the additional constraints on the total budget at each destination
which is an interval type. Under Zadeh’s extension principle, a pair of two level

mathematical programs is formulated to calculate the fuzzy objective value of SF'TP



CHAPTER 1. )

with fuzzy parameters. By applying the dual formulation and variable substitution
techniques, the two-level mathematical programs are transformed into one level
linear program. Taking different values of o, the membership function of objective
value is constructed and a numerical example was given to illustrate the proposed
model.

In Chapter - 4, a fuzzy stochastic solid transportation problem (FSSTP) was
formulated with random demand and capacities of conveyances with budget con-
straints. Goal programming (GP) approach was applied to solve the said solid trans-
portation problem (STP). This chapter also presents fuzzy goal programming models
(FGP) for the stochastic aspect in STP. It was considered that the demand, con-
veyance capacities are random and expressed as fuzzy-stochastic constraints. Two
dimensional representation of a proposed FSSTP was derived and solved numeri-
cally. The optimum results of this model are compared with the solid transportation
model with different budgets.

Chapter - 5 considers the multi-objective solid transportation problem with
fuzzy coefficients for the objectives and constraints is modeled and then solved.
Fuzzy goal programming was used to the multi-objective solid transportation prob-
lem, and an optimal compromise solution obtained. Meanwhile, expected values of
the fuzzy objective functions are considered to derive crisp values. In this method,
a defuzzification model, which is an applications of fuzzy linear programming and
conditions for a solid transportation problem are imposed. Three numerical exam-
ples were presented using the above mentioned methodology and the appropriate
comparative study is also included.

In Chapter - 6, an attempt has been made to study the multi objective solid
transportation problem with L-R coefficients. As for the object with L-R coefficient

in the linear programming, the Researcher integrated the method, which could also
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be changed into to a fuzzy optimal solution to multi-object linear programming.
Meanwhile, determination of this model may cause the constraint field of linear
programming to be empty sets after subjectively the flexible indexes p1, po, p3 were
given. Using this method and the classical algorithms solution could be obtained to
the problem. At the end, A numerical example is given to illustrate the proposed
model.

In Chapter - 7, the solid transportation problem with fuzzy coefficients for the
objectives and constraints with rough interval was modeled and solved. Here, the
researcher formulated two solid transportation problems with interval coefficients
considering the lower approximation and the upper approximation of the rough in-
tervals. From these two solid transportation problems four different classical solid
transportation problems were constituted. The concept of the completely satisfac-
tory solution, rather satisfactory solutions, surely optimal range, possibly optimal
range and rough optimal range are discussed. The proposed procedure is validated
with the help of a numerical example.

In Chapter - 8, the researcher present a study on rough interval approach
to determine the preferred compromise solution for fuzzy fixed charge solid trans-
portation problem. The proposed model is formulated as fuzzy coefficients for the
direct profit, fixed charge and constraints with rough interval. Here, researcher con-
structed two solid transportation problems with interval coefficients considering the
lower and upper approximation of the rough intervals. Moreover, from these two
solid transportation problems four different classical solid transportation problems
were constituted and solved. Expected values of the fuzzy objective functions (with
direct profit and fixed charge profit) were considered to derive the crisp values. Nu-
merical example was given in order to show applicability of the proposed model.

Sensitivity analysis and comparative study was included.
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Chapter - 9 presents the main conclusions of all the Chapters of the thesis

along with some directions for future research work.

1.2 Keywords

Single-objective and Multi-objective, Fixed Charge, Solid Transportation Problem,
Rough Interval, Stochastic, L-R coefficients, Membership Function, Fuzzy Number,

Fractional Programming, Fuzzy Goal Programming.
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1.3 Abbreviations

TP

STP

TEFN
TrFN
FLP

LFP
SETP
MOSTP
FCSTP
GP

FGP
SSTP
FSSTP
RI
FSEFTP
MOFSTP
STPIC
FCSTPIC

FCSTPRIC

Transportation Problem

Solid Transportation Problem

Triangular Fuzzy Number

Trapezoidal Fuzzy Number

Fuzzy Linear Programming

Linear Fractional Programming

Solid Fractional Transportation Problem
Multi-Objective Solid Transportation Problem

Fixed Charge Solid Transportation Problem

Goal Programming

Fuzzy Goal Programming

Stochastic Solid Transportation Problem

Fuzzy Stochastic Solid Transportation Problem

Rough Interval

Fuzzy Solid Fractional Transportation Problem
Multi-Objective Fuzzy Solid Transportation Problem
Solid Transportation Problem with Interval Coefficient
Fixed Charge Solid Transportation Problem with
Interval Coefficient

Fixed Charge Solid Transportation Problem with Rough

Interval Coefficient
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1.4 Basic Definitions

The basic definitions are given as follows.

Definition 1.1. Fuzzy Set

Fuzzy sets introduced by Zadeh [108], as a mathematical tool to represent ambiguity
and vagueness are a generalization of the classical (crisp) set and it is a class of
objects with membership grades defined by a membership function.

Let U be a universal set. A fuzzy set A of U is defined by a membership function

pilz) U —[0,1], (1.1)

where p ;(z) denotes the membership grade (or degree) of x in A, and is called the
membership function.

In a classical set, an element of the universe either belongs to or does not belong
to the set while in a fuzzy set, the degree of membership of each element ranges
over the unit interval. A fuzzy set A on the given universal set U is a set of ordered
pairs:

A= {z,p;(x):z €U}, (1.2)

where the first element of which denotes the element and the second the degree of

membership.

Example: A = “Integers close to 10”. Then fuzzy set A can be written as
A= {z, puz(x): z is an integer close to 10}

=(6, 0.2), (7, 0.4), (8, 0.7), (9, 0.8), (10, 1), (11, 0.6), (12, 0.2).

Definition 1.2. a-cut of a Fuzzy Set

An a-cut of A is defined by A, = {z : p;(z) = a,a > 0}.
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Definition 1.3. Fuzzy Number

A fuzzy set A on a universal set U is a fuzzy number iff A satisfies two conditions:

1. Ais normal, i.e.,

supyepile) = 1, (13)

2. Ais convex, i.e.,

pi(Az + (1= AN)y) = min(uz(2), pi(y)),Ve,y € U,V € [0,1]. (1.4)

Definition 1.4. Triangular Fuzzy Number (TFN)
A fuzzy number A = (ay,as,as), is called the triangular fuzzy number where a; <

ay < as, if the membership function of A is defined by:

(T — ap

, when ar <z < as
G — ag
a3 — X

pi(x) = , when as <z < as
a3z — Qg

0, otherwise

i
i
i
i

i i
i H i

iy Ag(a)  a;  Agla) iy X

Figure 1.1: Triangular fuzzy number
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Definition 1.5. Trapezoidal Fuzzy Number (TrFN)
A fuzzy number A = (a1, as9,as3,ayq), is called the trapezoidal fuzzy number where

a1 < as < az < ay, if the membership function of A is defined by:

(T — oy
, when ar <z < as
Qg — a1
1, when as <z < asg
pi®) =19 4, _
4 x
, when a3 <z < au
Gy — ag
\ 0, otherwise
1
y7i

i i
] ay  Ag(e) iy az Ag(a) a4

X

Figure 1.2: Trapezoidal Fuzzy Number

Definition 1.6. Fuzzy Linear Programming (FLP) Problem

A Fuzzy Linear Programming Problem with m fuzzy equality constraints and n
fuzzy variables may be formulated as follows:

max (or min) (C7 ® X),

subject to A @ X (<, 22 or 2)b

X is a non-negative fuzzy number,

where CT = [&]1n, X = [Z5]nx1, A = [@ij]mxns 0 = [Dilmx1,

and the parameters a;;, &, %, b; € F(R)

where F(R) is the set of fuzzy numbers.
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Definition 1.7. Linear Fractional Programming (LFP) Problem

A Linear-fractional programming problem is one whose objective function is a ratio
of two linear functions satisfying some linear constraints.

Example:

max JZ = ggi)

subject to g1(z) < 0,g2(x) < 0,2 >0,

Y

=

f1, f2, 91, g2 are linear functions,

fa(z) # 0 for any x.

Definition 1.8. Solid Transportation Problem (STP)

Let us consider m sources, n destinations and k£ conveyance in a solid transportation
problem. At each source, let s; be the amount of a homogeneous product we want
to transport to n destinations to satisfy the demand for d; units of the product.
Here ¢, called conveyance that denotes the units of this product that can be carried
by k different modes of transportation, such as the land transportation by car or
train, and ocean shipping. A penalty value of the unit shipping cost represented by
ciji of a product from origin to destination by means of the conveyance. We need
to determine a feasible way of shipping the available amounts to satisfy the demand

so that the total transportation cost is minimized.

Let z;j;, denote the number of units to be transported from source ¢ to destination
J through conveyance capacities k. The mathematical form of the solid transporta-
tion problem with transportation costs, availabilities and conveyance capacities is

given below:
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m n K
min E E E CijkTijk

i=1 j=1 k=1

n K
subject to Zinjkgsi 1=1,2,...m

j=1 k=1

m K

i=1 k=1

ii%’jkéek k=1,2,...K

i=1 j=1

Lijk Z 07 \V/Z,],k

Definition 1.9. Multi-Objective Solid Transportation Problem (MOSTP)

A multi-objective fuzzy solid transportation problem is formulated as follows:

m n K
Zy :minZZZCijxijk, r=12,...R

i=1 j=1 k=1
n K
subject toz Tijk < Si, 1=1,2,...m,
j=1 k=1
m K
1.6
szzjkzdj, j=12...n, (1.6)
i=1 k=1
szzjk<eka k:1727 Ku
i=1 j=1

Tijk Z 07V7;7j7 k.

Here, e; is called conveyance, that denotes units of this product which is carried
by k different modes of transportation and also the objectives of Z.(r =1,2,... R)
need to be minimized.

Remark 1.1: In a multi-objective optimization problem two or more objectives
are simultaneously optimized under some constraints. These objectives may be

in conflict with each other, or may not be. Further, there is no single optimum
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solution, but there is a solution set which would bring Pareto optimal solutions.
Pareto optimal solutions are a set of trade-offs between different objectives and are

nondominated solutions.

Definition 1.10. Goal Programming (GP) (Charnes and Cooper [13])

Goal programming (GP) Models were originally introduced by Charnes and Cooper
in 1961 for a linear programming (LP) model. Goal programming is a multi-criteria
decision making (MCDM) approach that allows the simultaneous solution of a sys-

tem of multiple and conflicting objectives.

In the simplest version of goal programming, the decision maker (DM) sets the
goal for each objective that he/she wishes to attain. The optimum solution is then
defined as the one that minimizes the total deviations from the set goals.

Thus, the goal programming formulation of multi-objective optimization problem

leads to

subject to ¢(j)(X) <0,

Wi(X) —df +dj = by, (.7
drd; =0,

df >0,d; >0.

Here, g(j)(X) = j* constraint function (j = 1,2,...n),
W, = j' objective function,

b; goal set by the decision maker for W,

d; = under-deviation from the j* goal,

dj: over-deviation from the j* goal,

p = distance parameter 1 < p < oo.
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Goal programming is used to perform three types of analysis:
1. To determine the required resources to achieve a desired set of objectives.
2. To determine the degree of attainment of the goals with the available resources.

3. To provide the best satisfying solution under a varying amount of resources

and priorities of the goals.

Definition 1.11. Rough Interval (Hamzeheea et al.[35])
The qualitative value A is called a rough interval when one can assign two closed

intervals A, and A* on R to it where A, C A*. Moreover,
1. If x € A, then A surely takes z (denoted by z € A ).
2. If x € A* then A possibly takes x.
3. If x ¢ A* then A surely does not take x (denoted by z ¢ A ).

A, and A* are called the lower approximation interval (LAI) and the upper approx-
imation interval (UAI) of A | respectively. Further, A is denoted by A = (A., A*).
For a rough variable A, the lower approximation interval means that the variable A
takes the values in that interval in normal cases but for a special case the variable
takes the value from the upper approximation interval, which imply, the variable is
bounded by the upper approximation interval as it cant take a value outside this.

Note that the intervals A, and A* are not complement to each other.

Definition 1.12. Rough Interval Arithmetic

Rough Interval, a special case of a rough set proposed by Rebolledo [90], satisfy
all the rough sets properties and basic concepts, including the upper and lower
approximation definitions.

According to Rebolledo some of these arithmetic operations of rough intervals are
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given below:

Let A = ([d},a"], [@',a"]) and B = ([t', "], [, 0"]) are two rough intervals.

L.Addition : A+ B = ([d' + ¥, a" +b"], [@" +b',a" + b*]).

2.Subtraction : A — B = ([a' — b*,a" — V], [a' — b*,a" — b')).

3.Negation : —A = ([—a", —d'], [-a*, —a']).

4.Union : AU B = ([min{d, v}, max{a", b"}], [min{a', o'}, max{a*, b"}]).

5.Intersection : AN B = ([max{d’,b'}, min{a", b"}], [max{a’, b'}, min{a", b*}]).

1.5 Literature Survey

There were many production systems with transportation operations where raw ma-
terials of the company are transported from source (origin) to demand (destination)
by different types of conveyances like trucks, ships, goods trains, cargo flights, etc.
This type of transportation problem, known as solid transportation problem (STP),
is the generalization of traditional transportation problem. The transportation prob-
lem (TP) is first defined by Hitchcock [38]. The solid transportation problem, first
stated by Schell [92] and Haley [34].

The fuzzy set theory, developed by Zadeh [108], is a generalization of the con-
ventional set theory to represent vagueness or imprecision in a strict mathematical
framework. The philosophy of fuzzy sets is very close to human thinking. Hence,
fuzzy sets have found applications in diverse fields. Bellman and Zadeh [6] applied
the notion of fuzzy sets for decision-making theory, considering conflicts between
constraint equation and objective equation of the general programming, and pro-
posed the max-min operation method in order to determine the optimal decision of

the two solutions.
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The technique of fuzzy linear programming enlarges the range of applications of
the linear programming problem. It allows the decision maker to consider tolerances
for values of decision model parameters in a natural and direct way. It is of a great
importance when it is not possible to determine the decision model parameters

exactly.

1.5.1 Literature on Transportation Problem (TP)

Since the transportation problem is essentially a linear program, one uniformly apply
the existing fuzzy linear programming techniques (Buckly [8], Chanas et al.[12] and

Hadi Basirzadeh [5]) to the fuzzy transportation problem.

m n
Z =min E E CijTij,

i=1 j=1
subject toZIU = a;, 1=1,2,...m,
j=1 (1.8)
injk:Bja j:1,2,...n,
i=1
Tij Z O,V’L,j

in which the transportation costs ¢;;, supply a; and demand Z~)j quantities are fuzzy
quantities.

The method of Julien [47] and Parra et al.[84] is able to find the possibility distribu-
tion of the objective value, provided all the inequality constraints are of “ >" type
or “ <" type. Mondal [74] had studied transportation problem with a budgetary

constraint in the deterministic case. Dinagar and Palanivel [22] investigated fuzzy
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transportation problem, with the aid of trapezoidal fuzzy numbers.

E 'E : ~3 1 2 3 4
Z =min 2]7 zg’ zj? zg][xzyxzj?xzj?xm]

=1 j=1
subject ton” = |a}, a7, a;,a;, 1=1,2,...m,
j=1 (1.9)
> wie = [b], 63, b3, by, j=1,2,...n,

[}, a3, 2l xh] > 0,Vi, 5.

1.5.2 Literature on Solid Transportation Problem (STP)

However, in many realistic transportation situations the demands at various demand
points are random variables. the study on STP in uncertain environment was started
during last two decades. An STP with one or more random or fuzzy parameter is
defined as a stochastic solid transportation problem (SSTP). A bicriteria STP in
stochastic environment was solved by Yang and Feng [106]. Ojha et al.[79] using
the analytic hierarchy process for a stochastic discounted multi-objective STP for
breakable items. Bit et al.[7] developed a fuzzy programming model for a multi-
objective STP. Jimenez and Verdegay [45] presented an evolutionary algorithm based
on parametric approach to solve fuzzy STP. Li et al.[63] considered an improved
genetic algorithm to solve multi-objective STP in fuzzy environment, where total
fuzzy transportation cost is optimized.

The fixed charge solid transportation problem is an extension of classical trans-
portation problem. Kennington and Unger [51] have developed a new branch-and-

bound procedure specialized for the fixed-charge transportation problem.
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1.5.3 Literature on Multi-Objective Solid Transportation

Problem (MOSTP)

If optimized objective is more than one in the STP, then the problem is called
multi-objective solid transportation problem (MOSTP). Zimmermann [110] first in-
troduced fuzzy set theory into the conventional linear programming problem, and
combined the fuzzy linear programming (FLP) model with multi-objective pro-
gramming (MOP) into fuzzy multi-objective linear programming. The MOSTP
was solved by several investigators using various methods. Bit et al.[7] used fuzzy
programming approach, Ida et al.[41] presented a neural network method. Gao and
Liu [30] developed two-phase fuzzy algorithms to solve MOSTP. Kundu et al.[57]
presented a multi-objective, multi-item solid transportation problem. Pramanik et
al.[88] have developed a multi-objective STP in a fuzzy random environment. Li
et al.[63] presented a genetic algorithm for solving the MOSTP with coefficients of
the objective function as fuzzy numbers. Jimnez and Verdegay [46] applied an evo-
lutionary algorithm based on parametric approach to solve fuzzy STP. In addition,
Li et al.[63] designed a neural network approach for multi-criteria STP and they
also presented an improved genetic algorithm to solve MOSTP with fuzzy num-
bers. Gao and Liu [30] developed a two-phase fuzzy goal programming technique
for multi-objective transportation problem. Gen et al.[31] gave a genetic algorithm
for solving bicriteria fuzzy STP.

Ida et al.[41] presented a neural network method to solve a MOSTP. Gao and
Liu [30] developed two-phase fuzzy algorithms to solve multi-objective STP. Yang
and Liu [105] presented an algorithm for fuzzy fixed charge solid transportation
problem in minimization type, Tao and Xu [95] developed a class of rough multiple
objective programming and its application to a solid transportation problem. Li

et al.[63] designed a neural network approach for multicriteria STP. Hussein [40]
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introduced the complete solutions of multi objective transportation problems with
possibilistic coefficients. Chakraborty et al.[9] used a fuzzy programming approach
to solve a MOSTP. Ojha et al.[78] formulated a STP with discounted costs, fixed
charges and vehicles costs as a linear programming problem. Ammar and Youness
[1] introduced the solution of MOTP with fuzzy objectives, fuzzy sources, and fuzzy
destinations. Recently, Pramanik et al.[88] have developed a multi-objective STP
in a fuzzy random environment.

The operations on fuzzy numbers could be founded in Dubois and Prade [25]. A
detailed introduction to the theory of fuzzy sets could be found in Kauffman [48] and
in Klir and Bo [53]. Over the past few decades, some researchers started to apply
fuzzy set theory in inventory management problems. Hannan [36, 37] formulated
the linear programming with multiple fuzzy goals.

Decision makers sometimes set such goals, even when they are unattainable
within the available resources. Such problems were tackled with the help of the
techniques of goal programming. Whether the goals are attainable or not, the ob-
jective function is stated in such a way that it’s optimization means “as close as
possible” to the indicated goals. The concept of Goal Programming was introduced
by Charnes and Cooper [13]. Some extensions of linear goal programming for multi-
objective analysis could be found in Ignizio [42, 43], Lee [61], Ijiri [44]. The goal
programming was applied in a fuzzy environment by Narasimhan [75, 76]. Charnes
and Cooper [14, 15] introduced the concept of goal programming for multiple lin-
ear fractional optimization problems which was extended by Kornbluth and Steuer
[54, 55]. Tiwari et al.[96] proposed fuzzy goal programming as an additive model.
The GP approach to fuzzy programming problems introduced by Mohamed [72]
is extended to solve fuzzy multi-objective fractional linear programming problems.

Using trapezoidal membership function the objectives are transformed into fuzzy
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goals by means of assigning an aspiration level to each of them. Several researchers
considered transportation problem in stochastic environments (Chalam [11], Cooper

[17, 18]) and fuzzy environments (Kaur and Kumar [49], [50]).

1.5.4 Literature on Fractional Programming

The linear and nonlinear models of fractional programming problems had been ini-
tially studied by Charnes et al.[14] and Dinkelbach [23]. The fractional programming
problems have been studied extensively by many researchers. Mjelde [71] maximized
the ratio of the return and the cost in resource allocation problems, Kydland [60] on
the other hand maximized the profit per unit time in a cargo-loading problem. Arora
et al.[3] discussed a fractional bulk transportation problem in which the numerator
is quadratic in nature and the denominator is linear.

Lin [64] proposed iterative labeling algorithms to determine the sensitivity ranges
of the fractional assignment problem. Xu et al.[103] utilize a new algorithm to deal
with the linear fractional minimal cost flow problem on network. Wang et al.[98]
solve the bi-level linear fractional programming problem by means of an optimization
algorithm based on the duality gap of the lower level problem.

Dutta et al.[26, 28] developed a fuzzy set theoretic approach for the multiple
objective linear fractional programming, and then presented the comments over it.
The effect of tolerance in fuzzy fractional programming was presented by Dutta et
al.[27]. A restricted class of multi-objective linear fractional programming problems
were developed by Dutta et al.[29]. Mohamed [72] had studied the relationship
between goal programming and fuzzy programming. Chen and Tzeng [16] applied
the fuzzy multi-objective approach to the supply chain model. Kumar et al.[56]
applied fuzzy goal programming approach for vendor selection problem in a supply

chain.
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Mohanty et al.[73] proposed a fuzzy approach for multi-objective programming
problem and its equivalent goal programming problem with appropriate priorities
and aspiration levels. Pal and Basu [82] presented a goal programming method for
solving fractional programming problems via dynamic programming. Pal et al.[83]
formulated a goal programming procedure for fuzzy multi-objective linear fractional
programming problem. Pramanik and Roy [89] used the fuzzy goal programming ap-
proach to multilevel programming problems. Chakraborty and Chatterjee [10] used
multi-criteria decision-making methods for the selection of materials with minimum

data.

1.5.5 Literature on Expected value operator

Liu and Liu [69] presented the expected value model for fuzzy programming. Yang
and Liu [105] applied expected value model, chance-constrained programming model
and dependent-chance programming in fixed charge solid transportation problem in
fuzzy environment. Li and Wang [62] presented generalized expected value model
for stochastic programming in transportation problems. Cui and Sheng [20] pre-
sented the expected-constrained programming for an uncertain solid transportation
problem was given based on uncertainty theory. Baidya and Maiti [4] studied a
STP with safety factor under different uncertain environments. Halder and Maiti
[33] investigated some special fixed charge multi-item solid transportation problems
in crisp and fuzzy environments.

In recent years, the interval analysis method was developed to model the un-
certainty in uncertain inventory optimization problems, in which the bounds of the
uncertain coefficients are only required, not necessarily knowing the probability dis-
tributions or membership functions. Charnes et al.[15] proposed an idea for solving

the linear programming problems in which the constraints were assumed as closed
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intervals.

Tong [97] studied interval number and fuzzy number linear programming where
the coefficients of the objective function and constraints were all interval numbers,
and the possible interval of the solution was obtained by taking the maximum
value range and minimum value range inequalities as constraint conditions. The
KarushKuhnTucker (KKT) optimality conditions play an important role in the area
of optimization theory and has been studied for over a century.

Many approaches to interval-valued optimization problems have been explored
in considerable details, while few papers studied the KKT optimality conditions for
interval-valued optimization problems. Wu [100, 101, 102] studied the KKT optimal-
ity conditions in an optimization problem with interval-valued objective function.
Oliveira et al.[80] presented an overview of multiple objective linear programming
models with interval coefficients. Liu [70] applied geometric programming to profit

maximization with interval coefficients and quantity discount.

1.5.6 Literature on Rough Intervals (RI)

In literature there were so many works in which TP /STP minimizes the correspond-
ing transportation cost. But the profit maximizing transportation problems have
been investigated by only few researchers. In many real life situations it was found
that the main objective of the problem is to maximize under some conditions.
Pawlak [85] was the first person to present the Rough set theory. The relation-
ships of rough set theory to many other theories have been extensively investigated
by Pawlak and Skowron [86, 87]. In particular, its relationships with fuzzy set the-
ory, the theory of evidence, Boolean reasoning methods and statistical methods.
Rough set theory has a great application in different fields, for example presented

Greco et al.[32] multi-criteria decision analysis, Nasiri and Mashinchi [77] presented
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decision analysis, machine learning, knowledge acquisition, and knowledge discovery
from a database. Weigou [99] developed decision algorithms. Arabani and Nashaei
[2] presented civil engineering problems (New approach to simplify dams location)
and other areas. In the recent era, some interesting work has been developed in
theoretical aspect and applied into many practical fields such as Data Envelop-
ment Analysis (DEA) (Shafiee and Shams-e-alam [93], Xu et al.[104]), Lin [65] has
presented data mining, some other researchers have presented multi-criteria decision
analysis, signal processing etc. Liu [67] proposed the concept of rough variable which
was a measurable function from rough space to the set of real numbers. Liu [68]
discussed some inequalities of rough variables and convergence concept of sequence
of rough variables. Robolledo [90] has presented the rough interval (RI). Youness
[107] proposed a type of rough programming, in which two optimal solutions (surely
optimal solution and possibly optimal solution) were defined and solution are well
discussed by Osman et al.[81]. Kundu et al.[58] developed a solid transportation
model considering crisp and rough cost. Tao et al.[95] presented an application of

rough multiple objective programming in solid transportation problem.
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2.1 Introduction

Transportation models have wide applications in logistics and supply chain manage-
ment for improving service and reduce the cost.
In this chapter, the researcher investigated a solution for the fuzzy solid trans-
portation problem with interval valued budget at each destination. An assessment
of different results of the model was presented. The researcher considered solution
procedure that was able to calculate the fuzzy objective value of the fuzzy solid
transportation problem. The idea is to apply Zadeh’s extension principle [109]. A
pair of two-level mathematical programs was formulated to calculate the lower and
upper bounds of the a-level cut of the objective value. Researcher introduced the
crisp conversion of the constraints of the respective model and made use of Hu and
Wangs [39] approach based on interval ranking. Based on the extension principle,
the fuzzy solid transportation problem was transformed into a pair of mathematical
programs that was employed to calculate the lower and upper bounds of the fuzzy
total transportation cost at possibility level a. From different values of «, the mem-
bership function of the objective value is constructed. Since the objective value was
fuzzy, the values of the decision variables derived in this paper are fuzzy as well. An
example was illustrated for this model.

Section 2.2 gives the formulation of the problem in fuzzy solid transportation
problem. Section 2.3 deals with the solution procedure of the problem deriving the
membership function. An algorithm is given in section 2.4. Section 2.5 presents a

numerical example to explain the proposed method.
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2.2 Formulation of the Problem

STP is a problem of transporting goods from some sources to some destinations
through some conveyances (modes of transportation), and the main objective is
to find the optimal transportation plan so that the total transportation cost is
minimum. Let us consider the m sources, n destinations and k£ conveyance in a solid
transportation problem. At each source, let s; be the amount of a homogeneous
product we want to transport to n destinations to satisfy the demand for d; units of
the product. Here e called conveyance denotes the units of this product that could
be carried by k different modes of transportation, interval budget at the destination,
such as the land transportation by car or train, and sea voyage. A penalty value
of the unit shipping cost represents by c¢;;; of a product from origin to destination
by means of the conveyance. We need to determine a feasible way of shipping the
available amounts to satisfy the demand so that the total transportation cost is
minimized.

The mathematical form of the solid transportation problem with interval budget
constraints, transportation costs, availabilities and conveyance capacities is given

below:

m n K
min E E E CijkTijk

i=1 j=1 k=1

n K
subject to sz”k < s, 1=1,2,...m,
j=1 k=1

m K
> D w2 d;, i=1,2,...n, (2.1)

1=1 k=1
m n

Zszjkgek, ]{]21,2,...[(,
=1 j=1

K
chzjk$2jk S [b]L7bf]7 j = 1727 - n,

i=1 k=1
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Intuitively, if any of the parameters x;;x,s;, d; or ey, is fuzzy, the total transportation
cost becomes fuzzy. Then the Model (2.1) turns into the fuzzy solid transportation
problem with interval budget constraints.

Suppose the unit shipping cost c;;i, supply s;, demand d;, conveyance capacity
er and budget intervals were approximately known. They can be represented by the
convex fuzzy numbers Cyji, S;, D; and Ej, respectively, with membership functions
He,

7,

s, s 1, and pp

Cigi = {(cigs e, (i) e € S(Cign)}
Si = {(si, 15,(s1))[s: € S(5:)}

Dj = {(ds, pp, (d))|d; € S(D;)}

Ey, = {(ex, i, (ex))lex € S(Er)}

(2.2)

where S(Cyx), S(S;), S(D;) and S(Ey) were the supports of Ciji, S, D; and Ej
which denote the universe sets of the unit shipping cost, the quantity supplied by
the origin, the quantity required by the destination, and the capacity carried by the
conveyance, respectively.
The fuzzy objective function Z = 7, > i Zszl Cijri, which is to be min-
imized, together with the following constraints, constitutes the fuzzy solid trans-
portation problem:
Using Hu and Wang’s approach [39] on budget constraint crisp conversion was fol-
lowed.

b¥ + bff

SN Cipigr < S =12..n (2.3)

i=1 k=1

Without the loss of generality, all the supply and demand quantities and conveyance
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capacities were assumed to be convex fuzzy numbers as the crisp values could be
represented by degenerated membership functions which have only one value in their
domains. In the next section, the solution procedure for fuzzy solid transportation

problem with fuzzy supply, requirement and conveyance capacity was developed.

2.3 Solution Methodology

The focus had been laid on deriving the membership function of the total trans-
portation cost Z. Since Z is a fuzzy number, instead of a crisp number and it can’t
be minimized directly. To tackle this problem, one can transform the fuzzy solid
transportation problem, which is based on Zadeh’s extension principle to a family
of mathematical programs to be solved.

Based on the extension principle, the membership function p; could be defined as:

“2(z> = Supmin{ﬂé’ijk (Cijk’)v M3, (Si)> Hp, (dj)7 K, (ek)Vi’ J, k‘lZ = Z(Cv s, d, 6)} (2'4>

viewed as the application of this extension principle to the o -cuts of Z. Let us

denote the « -cuts of C’ijk, S’i, f)j and Ek as

(Ciji)a ={cijn € S(Ciji) e, (cin) >} = [(Cigi) &, (Cig) ), (2.5.1)
(Si)a ={si € S(Si)|uz,(si) = a} = [(Si)e, (S:)2]; (2.5.2)
(Dj)a ={d; € S(D))lup,(dj) = a} = [(Dy)g. (D;)d], (2.5.3)
(Er)a ={ex € S(Ey) |z, (ex) > a} = [(En)E, (End], (2.5.4)

These intervals indicate where the unit shipping cost, supply, demand, and con-
veyance lie at possibility level a. In (2.4), several membership functions were in-

volved. To derive p; in closed form is hardly possible. According to (2.4), u; is
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the minimum of p¢, , pg,, pp, and pg, , Vi, j, k. We need ,u@_k(cijk) > a, pg, (si) >

a, pip,(dj) = aor pg, (er) = a and at least one pe, (cijr), g, (si), 1p, (ds), kg, (ex)Vi, j, k

equal to a such that z = Z(c, s,d, e) to satisfy u; = a. To find the membership

function pu;z, it suffices to find the left shape function and right shape function of

pz, which is equivalent to finding the lower bound Z. and upper bound ZY of the

a-cuts of Z. Since ZL is the minimum of z = Z(c,s,d,e) and ZY is the maximum

of z=Z(c, s,d,e), they can be expressed as:

Zk = min{Z(c,s,d,e)|(Cyr)k < cyp < (Cipp)¥, (S)5 < s <
d; < (D), (ERE <ex <(BEWY Vi, jk},

7V = max{Z(c,s,d,e)|(Cij)= < cijn < (Cin)¥, (SHE < 5 <
dj < (D)4, (En)f < ex < (B Vi, j,k},

~~
.l
<.
~—
Q=
IA

~—~
S
<.
~—r
Q
IN

This could be reformulated as the following pair of two-level mathematical pro-

grams:

min

subject to

m n K
E E E CijkTijk

i=1 j=1 k=1

n K
g E Tijk < 8,

j=1 k=1

m K
Zzlﬂijk > dy,

i=1 k=1

m n
E E Tijk < e,

iljl

L R
chwkxl]k < b —iz_b

i=1 k=1

xijk 2 07Vi7j7 k.

1=1,2,...m
j=12...n
E=1,2,...K
j=12...n

(2.6.1)
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m n K
min E E E CijkTijk

i=1 j=1 k=1
Zg = max n K
. subject to Zz%k < sy, 1=1,2,...m,
(Cljk)a < Cijk < (ka)ga j=1 k=1
m K
(Si)ggsi < (Si)ga szijkzdj, =12 ...n,
i=1 k=1

~4 4 l?va’ ii%jkﬁek, k=1,2,... K,

(Ep)l <er < (BT, =1 j 1
bL+bR ,
VZ,],/{ chz]ijl]k< 9 ]:1,2,...n,
i=1 k=1

Lijk Z 07 VZ, ja k.
(2.6.2)

In Model (2.6.1), the inner program calculates the objective value for each ¢;;x, S;, d;
and e;, specified by the outer program, while the outer program determines the val-
ues of ¢;jx, s;, djande;, that generate the smallest objective value Z;. The objective
value is the lower bound of the objective value for Model (2.3).

By the same token, the inner program of Model (2.6.2) calculated the objective
value for each given value of c¢;ji, s;, d;and ey, while the outer program determines
the values of ¢;;i, si, d; and e, that produce the largest objective value. The objec-
tive value is the upper bound of the objective value for Model (2.3). Since the value
of a varies in Model (2.6.1 and 2.6.2), it can also be regarded as a pair of parametric
programming model.

A necessary and sufficient condition for Model (2.6.1 and 2.6.2) to have feasible
solutions is > ", s; > 377 | d; and Zk ek > Y0 dj. In the first level of Model
(2.6.1 and 2.6.2) s;,d; and ¢, are allowed to vary in the range of [(Sy)%, (S)Y],

) «

(D)L, (D;)Y] and [(E)E, (Er)Y], respectively. However, to ensure the transporta-

(a2

tion problem of the second level to be feasible, it felt necessary that the constraint

Doic1 8i > ) 5oy dj and S e > > _j—1 d; was imposed in the outer program.
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Herijzw, 7=1,2,...n.
Hence, Models (2.6.1 and 2.6.2) becomes:
ZE = min ( m n K
. i min Y} > et
( mk)a < Gk < ( zyk)a, i=1 j=1 k=1
n K
(gl)é/ S S; S (gz)g7 SUbjeCt to Z mek S Si, 1 = 1’ 2’ .m
- - j=1 k=1
(DJ) < dj < (Dj)on m K
_ - szz‘jkzdja J=12,...n
(Er)a < er < (Bk)qs i=1 k=1
Zsiz d;, szzjkﬁek, k=1,2,...K
i=1 j=1 =1 J?
K n 7 .
k=1 j=1 T
ik > 0,V 7, k.
Vi j, k. \ ke =T
(2.7.1)
7Y = max ( m n K
. i min Y Y > cintig
(Cijr)a < cijk < (Cijk)as i=1 j=1 k=1
n K
(Sz)ﬁ <5 < (&)Z, subject to szlﬂk < s, 1=1,2,...m
. . j=1 k=1
(D])é < dj < (Dj)ga zm:i
_ . Tijr > dj, J=12...n
(Er)y < ex < (Ep)y, =1 k=1
251‘2 d;, szijkgek, k=1,2,...K
i=1 j=1 =1 ];1
K n 7 .
Zekz d;, chijk$ijk§3j, j=12...n
i=1 k=1
k=1 Jj=1
ik > 0,V 7, k.
Vi j, k. \ k= T
(2.7.2)

In above Models (2.7.1 and 2.7.2) are infeasible when »7", ST, < 7", DL,

for any « level. In other words, a fuzzy transportation problem is feasible when
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upper bound of the total fuzzy supply is greater than or equal to the lower bound
of the total fuzzy demand. To derive the lower bound of the objective value in
Model (2.7.1), we can directly set ¢, to its lower bound (Cyj1.)%, Vi, 4, k to find the
minimum objective value.

Hence, Model (2.7.1) could be reformulated as:

Z(f = min m n K
IV BT 35 9) Sres
(Cijk)a < Cijk < (Ciji) e i=1 j=1 k=1
n K
S@' é <5 < 5}- g, subject to Tiik < S;, i=1,2,...m,
J
~ - =1 k=1
(DJ>§ < dj < (Dj)gu Zm:zl(:
~ Lijk > dj7 J= 1727 n,
(Ek)a < Ck S (Ek)ga < i=1 k=1
ZSz>Zd], szlﬁk<ekﬂ k=12 K,
1 = i=1 j=1
K n m K
Sz d; D> oy <Bj, j=12..m,
1 =1 =1 k=1

(2.8)
Since Model (2.8) is to find the minimum of all the minimum objective values,
one can combine the constraints of inner program and outer program together and
simplify the two-level mathematical program to the conventional one-level program

as follows:

m n K
L .
Za = 1min E E E CijkTijk

i=1 j=1 k=1

n K
subject to Z Z:Uijk- <s, 1=1,2,...m, (2.9)
j=1 k=1

K
szijkzdj, j=1,2,...n,

i=1 k=1
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iixijkgek, k=12,...K,

i=1 j—1

ZZ irtigr < B, j=12,...n,

i=1 k=1

m n K n
Zsi > Zdj,Z@c > Zdjv
i=1 j=1 k=1 j=1

(Cijn)k < cije < (Cijn)Y,

Tip >0, Vi,7,k.

This model is a linear program which could be solved easily. In this model, since
all ¢;j; have been set to the lower bounds of their a-cuts, that is,uéijk(cijk) = « this
assures piz(z) = « as required by (2.4).

To solve Model (2.7.2), the outer program and inner program have different di-
rections for optimization, one for maximization and another for minimization. A
transformation is required to make a solution obtainable. The dual of inner program
is formulated to become a maximization problem to be consistent with the maxi-
mization operation of outer program. It is well known from the duality theorem
of linear programming that the primal model and the dual model have the same

objective value. Thus, Model (2.7.2) becomes:
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ZY = max
(Cij)k < cigie < (Cipn), .
4 m n n
(S)% < s < (S)L, max =Y sty djy;— Y exwe— Y By,
=1 j=1 k=1 j=1

(Dy)k <d; <(Dy)Y

)

(EnE < e < (ER)Y

ar
m n

Z Si Z Z dj7

i=1 j=1

K

> e zzn:dj, Y i, j, k.

k=1 j=1

subject to

u;, Vi, Wy, y; >0, V1,7, k.

(2.10)

Since (Cir)k < cijr. < (Cijr)Y, in Model (2.10), Vi, j, k one can derive the upper

bound of the objective value by setting c;;; to its upper bound because this gives

the largest feasible region. Thus, we can reformulate Model (2.10) as:

U _
Z, = max

(Cign)k < cijr < (Ciji)l

(SHE < s, < (S)Y, max

(Dj)k < d; < (Dy)Y,

subject to

(EnE < e < (BEL)Y

o
m n

Z Si Z Z dj7

i=1 j=1

K

ZekZidj,Vi,j,k:.

k=1 j=1

m n K n
— E S;U; + E dej — E CrWp — E Bjyj
i=1 7j=1 k=1 j=1
~ L

u;, vy, wy > 0,4, 7, k.

(2.11)

Now, since both outer program and inner program perform the same maximiza-

tion operation, their constraints could be combined to form the following one-level
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mathematical program:

m n K n
Zg = max — E Siu; + E dej — E CrWE — E Bjyj
i=1 j=1 k=1 j=1

subject to —u; +v; —wy < (éijk)La

=1

K
de=d dj (2.12)
k=1

Tijk 2 O7v Za]vk

This model is a linearly constrained nonlinear program. There were several effective

and efficient methods for solving this Model (2.12). Similar to Model (2.9), since all

cijr have been set to the upper bounds of their a-cuts, that is, ,u@_jk(C’ijk) = « this
assures piz(z) = « as required by (2.4).

If the total supply and the total conveyance capacity were greater than the to-
tal demand at all a values, respectively, i.e., 331" s > >0 dj, S (SHE, >

ST (Dj)gzo and Z,f:l(Ek)g:O > > (f)j)gzo then the constraints ) . s; >

j=1
> _j—1d; could be deleted from Model (2.12). Multiplying constraints (2.12) by

u;,v; and wy, respectively, and substituting s;u; by p;, d;v; by ¢;, and eywy by 7y,
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Model (2.12) was transformed into the following linear program:

ST WD WS B

k=1

subject to  — u; +v; —wy < (Cijk>L7

i=1,2..mj=12. . .nk=12..K

) ) 2.13
(Sz)ﬁuz <pi < (Si)gu@-, 1=1,2,...m ( )
(Dj)v; < 45 < (D))dv;, i=1,2,...n
(Ep)Ewy < 7y < (Bi)Ywy, k=12, K

Piy 45, Tk 2 07 v Zajuk

In this case, the upper bound of the total transportation cost ZZ at « level could
be found more easily. Problems (2.7.1) and (2.7.2) were assured to be feasible if the
lower bound of the total fuzzy demand is smaller than both of the upper bound of

the total fuzzy supply and the upper bound of the total conveyance capacity, i.e.,

S (D) < S (S0 and S (D))o < S (B,

2.4 Algorithm

Step 1 Consider a STP model as given in (2.1).

Step 2 Formulate the pair of two level mathematical problems as shown in (2.6.1)

and (2.6.2).

Step 3 Transform (2.6.1) as (2.9) and solve for different o values ranging from 0

to 1 with step length 0.1.

Step 4 Transform (2.6.2) as (2.13) and solve for different « values ranging from 0

to 1 with step length 0.1.
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Step 5 For different o values, analyze the optimal solutions with lower and upper

bound.

2.5 Numerical Example

As an illustration of the proposed approach, consider a fuzzy solid transportation
problem with two fuzzy supplies, three fuzzy demands, two conveyance capacities
and three budget intervals in nature. The notations used in this example is (a, b, ¢, d)
for a trapezoidal fuzzy number with a, b, cand d as the coordinates of the four vertices
of the trapezoid and (z,y,z) for the triangular fuzzy number with x,y, z as the
coordinates of the three vertices of the triangle. The problem has the following

mathematical form:

min  (20,30,40)2111 + 702112 + 60x121 + 602122 + 502131 + 302132
+ (10, 20, 30)x211 + 402212 + 202221 + 502220 + 402231 + 502232
subject to  x111 + ®112 + X121 + T120 + w131 + 2132 < (70,80, 100, 120),
To11 + T212 + To21 + Taz2 + Taz1 + w232 < (60,70,90),
T111 + 112 + 211 + 2212 > (10,30, 40, 50),
T121 + T122 + a1 + Taz2 > (40,50, 60),
2131 + X132 + X231 + T232 > (30, 40,60, 70), (2.14)
T111 + T121 + @131 + @211 + 2231 < (70,80, 100),
T112 + T122 + 132 + T212 + Taze + X232 < (60,70, 90),
202111 + T0z112 + 102211 + 402212 < [3450, 3750],
60x121 + 202122 + 302221 + 50292 < [2585,2615],
50x131 + 302132 + 402231 + 50z232 < [2860, 2940],

xijr>0,0=1,2,j=1,2,3,k=1,2.

The total Supply S = Sy + S, 4+ S5 = (130,150, 170, 210) the total demand D =

Dy +Dy+ Dy = (80,120, 150, 180) and the total conveyance capacity £ = E\+ Fy+
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E5 = (130,150, 190) and the intervals of budgets are [3450, 3750], [2585,2615] and

[2860,2940]. Since S D[ E # O Problem has feasible solutions.

ZE = min
70 4+ 10a < 57 <120 — 20¢,
60 + 10 < 592 <90 — 20,
10 4+ 10 < d; <50 — 10«
40 + 10 < do < 60 — 10a,
30 + 10 < d3 < 70 — 10a,
70 + 10 < e; <100 — 20¢,
60 + 10a < ex < 90 — 20q,
s1+ 82 > di + da + ds,

e1+e2 > dy +dg +ds,

Ty 2 0,i=1,2,7=1,2,3,

k=1,2.

(20,30,40)x111 + 70z112 + 60z121 + 60x122 + 502131 + 302132
+(10,20,30)x211 + 402212 + 202221 + 502222 + 402231 + 502232
subject to

T111 + T112 + 121 + Ti22 + 2131 + 2132 < (70, 80,100, 120),
T211 + T212 + Ta21 + Taze + X231 + X232 < (60,70, 90),

T111 + 112 + T211 + 2212 > (10,30, 40, 50),

T121 + T122 + Toz1 + Taze > (40,50, 60),

T131 + T132 + T231 + Ta32 > (30,40, 60, 70),

T111 + 121 + T131 + Ta11 + w231 < (70,80, 100),

T112 + T122 + T132 + Tor2 + Tage + a3z < (60,70, 90),

20111 + 70x112 + 102211 + 402212 < [3450, 3750],

602121 + 202122 + 302221 + 502920 < [2585,2615],

502131 + 302132 + 402931 + 502232 < [2860, 2940],

T >0,0=1,2,7=1,23k=1,2.
(2.15.1)
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min (20, 30,40)z111 + 702112 + 602121 + 602122 + 502131 + 302132
Zg — max —|—(10, 20, 30)33211 + 40x912 + 202921 + 50x999 + 402231 + 50232

70 + 10c < 51 < 120 — 20« subject to

60 + 10a < 59 < 90 — 20¢, T111 + T112 + T121 + T122 + 2131 + 2132 < (70, 80,100, 120),
10 + 10a < di < 50 — 10¢, To11 + T212 + o1 + Taz2 + 231 + w232 < (60,70,90),

40 4+ 10 < dy < 60 — 10« 111 + 112 + T211 + 2212 > (10, 30,40, 50),

30 + 10 < d3 < 70 — 10« 2121 + X122 + XTa21 + X222 > (40, 50, 60),

70 + 10a < ey < 100 — 20, T131 + 132 + X231 + To3zz 2> (30, 40, 60, 70),

60 + 10a < ez < 90 — 20, 111 + T121 + T131 + T211 + @231 < (70, 80, 100),
s1+ 82 2 di +dp + d, Zi12 + T122 + T132 + To12 + Tz + Ta32 < (60,70, 90),
e1+ ez > di +dy + ds, 202111 + 702112 + 102217 + 40515 < [3450, 3750),

Tigh 2 0,0 =127 =123, | 60051 + 202125 + 302021 + 50222 < [2585, 2615],

k = 1’ 2. 505E131 + 30x132 —+ 40.’1;231 + 50;6232 S [2860, 2940],

Tk >0,i=1,2,j=1,2,3k=1,2.
(2.15.2)

According to Models (2.9) and (2.13), the lower and upper bounds of Z at possibility

level a could be formulated as:

ZE =min (20,30,40)211; + 702112 + 60712, + 607195 + 502131 + 307139
+ (10,20, 30)x211 + 402215 + 202921 + 502909 + 402231 + 502932
subject to 111 + T112 + T121 + T122 + T131 + T1z2 < 81,
T11 + Ta12 + Tag1 + Tage + Tas1 + Taszz < So,
T + Tz + o + T2z 2> dy,

Ti21 + T122 + Too1 + Taga > da,

T131 + T132 + Taz1 + Taza > d3,
(2.16)
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U _
Z, = max

subject to

T111 + T121 + T131 + Tor1 + To31 < e,

T112 + 122 + T132 + To12 + Tooo + Togz < €2,
202111 + 702112 + 102911 + 402915 < 3600,
60x191 + 202192 + 302921 + 502920 < 2600,
50z131 + 302139 + 402931 + 502932 < 2900,
$1+ S9 > dy + do + ds,

e1+ e > dy +ds + ds,

70 4+ 10a < 51 <120 — 20q,

60 4+ 10 < 59 < 90 — 200,

10 + 10a < d; < 50 — 10«

40 + 10a < dy < 60 — 10«

304+ 10a < ds <70 — 10«

70 4+ 10a < e; <100 — 20«

60 + 10a < ey <90 — 20a,

xUkZO?Z:]-’27.]:172,3,]{5:172

— S1U1 — SoUg + dwl + d21}2 + d'g,’l}g — E1W1 — E2W2

— 3600y, — 260045 — 2900ys
—up + v —wy; — 20y; <40 — 10«
—uy + v —wp — 70y, <70,
— Uy + v — wy — 60y, < 60,
— Uy + vy — wp — 20y, < 20,
—u1 + v3 —wy; — 50y3 < HO,

—uy +v3 —we — 30y3 < 30,
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—us + v —w; — (30 — 10c)y; < (30 — 10av),
—up + v — wy — 40y; < 40,
— Uz + vy — wy — 30y2 < 30,
— Uy + Vg — wo — D0y, < 50,
— U + v3 — wy — 40y3 < 40,
— Uy + v3 — wo — H0y3 < 50,
$1+ S9 > dy + ds + ds,
e1+ e > dy +ds + ds,

70 4+ 10a < 51 <120 — 20q,
60 4+ 10a < 59 < 90 — 20«
10 + 10a < d; < 50 — 10«
40 4+ 10a < dy <60 — 10«
30+ 10a < ds < 70 — 10«
70 + 10a < e; < 100 — 20«
60 + 10 < e5 < 90 — 20a,
Uy, Uz, V1, Va2, Vg, Wi, we > 0.

The researcher solved the above two problems by using Lingo, Table-2.1 lists the
a-cuts of the total transportation cost at 11 distinct « values: 0,0.1,0.2,0.3,...1.0
and Fig.2.1 depict the membership function of the total transportation cost of this
example.

The a value indicates level of possibility and degree of uncertainty for the obtained
information. The greater the a value, the greater the level of possibility and the
lower the degree of uncertainty is.

Since the fuzzy total transportation cost lied in a range, its most likely value falls
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Figure 2.1: The membership function of the total trans-
portation cost

Table 2.1: The a -cuts of the total transportation cost
al 0.0 | 0.1 02 | 03 | 04 | 05 | 06 | 07 | 08 | 09 1.0
ZL 1 1800 | 1860 | 1920 | 1980 | 2040 | 2100 | 2200 | 2300 | 2400 | 2500 | 2600
ZY | 5700 | 5543 | 5392 | 5247 | 5108 | 4975 | 4848 | 4727 | 4612 | 4503 | 4100

(67

between 2600 and 4100, and its value impossible to falls outside the range of 1800
and 5700. For o =0, the lower bound of Z* =1800 occurs at x],,=40, x5, =30,
x5, =10 with s;= 120, s; =90, d; =10, dy =40, d3 =30, e; =100, e; =90, and the
other decision variables are 0. The upper bound of Z* =5700 occurs at z7,; =40,
Ti99 =10, 275, =70, 3,; =10, 235, =50 with s; = 120, so =60, d; =50, ds =60, d3
=70, e; =100, e5 =80, and the other decision variables are zero. At other extreme
end of o =1, the lower bound of Z* =2600 occurs at x],, =30, 273, =40, x5,; =20,
X3y =20 with s; = 80, sy =70, d; =20, dy =50, d3 =40, e; =80, e =70, and the
other decision variables are 0. The upper bound of =4100 occurs at z7;; =10, x7,
=10, 273 =60, x3,; =30, 235, =40 with s; = 80, s; =70, d; =40, dy =50, d3 =60,

e; =80, e; =70, and the other decision variables are zero.
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3.1 Introduction

In real life the trasportation cost and labor cost plays an impotent role in trans-
portation network. In this Chapter, the researcher worked on the Solid fractional
transportation problem (SFTP) with fuzzy parameters. Based on Zadeh’s extension
principle, utilized a pair of two-level mathematical programs to find the a-cuts of the
fuzzy objective value of the SF'TP. With the application of the dual formulation and
variable substitution techniques, the pair of two-level mathematical programs were
transformed into a pair of ordinary one-level linear programs to solve. At specific
a-cut, solving the pair of linear programs produces the bounds of the objective value
of the fuzzy SFTP. By enumerating various values of «, the membership function of
Z was approximated numerically.

Section 3.2 gives the nature of SFTP, followed with a two-level mathematical
programming formulation for deriving the bounds of the fuzzy objective values.
Section 3.3 describes how to transform the two-level mathematical program into
the conventional one-level linear programming problem. An algorithm is given in

section 3.4. Section 3.5 presents a numerical example.

3.2 Formulation of the Problem

It is assumed that a company has m sources and n destinations in a solid trans-
portation problem. Here ¢, called conveyance denotes the units of this product that
could be carried by k different modes of transportation, interval budget at the j**
destination, such as the land transportation by car or train, and the ocean shipping.
A penalty value of the unit shipping cost represented by c¢;;x. If a product from ™

origin to j* destination by means of the k' conveyance, and the values of # and

[ are given in fixed costs. We need to determine a feasible way of shipping the
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available amounts to satisfy the demand such that the total transportation cost to
total labor cost is minimized.

The given x;;;, denotes the number of units to be transported from source ¢ to des-
tination j through conveyance capacities k. The mathematical form of the solid frac-
tional transportation problem with interval valued budget constraint, transportation

costs, availabilities and conveyance capacities given below:

iNgE
M- |-
ingle

CijkTijr + 0

Z = min —~ I
D00 D GikTijr + B
i=1j=1k=1
n K
subject toZZmijkgsi, 1=1,2,...,m
=1 k=1
m K
SN wip > d;, j=1,2....n (3.1)
i=1 k=1
DY wik <en k=1,2,....K

=1

.
Il
—

<
Il

NE
]~

I
—_
bl
=

i=1 k=
zijr > 0, Vi,7, k.

Intuitively, if any of the given parameters x;ji, s;,d; or ey is fuzzy, the total trans-
portation cost becomes fuzzy as well and budget constraint is taken with interval.
Then the Model (3.1) turns into the fuzzy solid transportation problem with interval
valued budget constraint.

Suppose the unit shipping cost ¢;jx & a;ji, supply s;, demand d;, conveyance ca-
pacity ex and budget intervals are approximately known. They can be represented

by the convex fuzzy numbers é’ijk, S;, Dj and Ej, respectively, with membership

functions 6,y s A B, 1D, and pg
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= {(cijr ey, (cije))|cijr € S(Cigp)}

= {(aijk: 4, (aie))|aie € S(Aijr)}

{(s, 15, (3:)) 5 € S(50)} (3.2)
{(dss 11, (d)))ld; € S(D;)}

= {(ex, g, (en))ler € S(Er)}

where S(Cijr), S(Aijx), S(S;),S(D;) and S(E},) are the supports of Cyj ,S; ,D; and

E), which denote the universe sets of the unit shipping cost, the quantity supplied
by the origin, the quantity required by the destination, and the capacity carried by
the conveyance, respectively.

Using Hu and Wang’s approach [39] on budget constraint the following crisp

conversion was executed.

b + bYf

Z Z CijkTijr < 5 J=12...,n (3.3)

i=1 k=1

Without the loss of generality, all the supply and demand quantities and conveyance
capacities are assumed to be convex fuzzy numbers as the crisp values could be
represented by degenerated membership functions which have only one value in their
domains. In the next section, the solution procedure for fuzzy solid transportation

problem with fuzzy supply, requirement and conveyance capacity was developed.

3.3 Solution Methodology

Researcher endeavored in deriving the membership function of the total transporta-
tion cost Z. Since Z was a fuzzy number, instead of a crisp number, it couldn’t

be minimized directly. To tackle this problem, one could transform the fuzzy solid
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transportation problem, which was based on Zadeh’s extension principle to a family
of mathematical programs to be solved.

Based on the extension principle, the membership function u; can be defined as:

,UE(Z) = Sup min{u@jk (Cijk>7 g, (Si)v Hp, (dj)v KE, (€k>Vi> Js k‘z = Z(Cv s, d, e>} (3'4)

viewed as the application of this extension principle to the a -cuts of Z. Following

Dong and Wong [24] let us denote the « -cuts of éijk, S;, l~7j and E}, as:

(Ciji)a ={cijr € S(Ciji) e, (cin) >} = [(Cigr) &, (Cig) 1), (3.5.1)
(Aig)a ={age € S( Az, (ain) > o} = [(Ag) &, (A3, (3.5.2)
(Si)a ={5i € S(S))lug,(s1) = a} = [(5)5, (Si)al; (3.5.3)
(Dj)a ={d; € S(D))lup,(d;) = a} = [(Dy)g. (Dy)d], (3.5.4)
(Er)a ={ex € S(Ex)|pg, (er) = a} = [(Ei)g, (Ev)g), (3.5.5)

These intervals indicate where the unit shipping cost, supply, demand, and con-
veyance lie at possibility level a. In (3.4), several membership functions were in-
volved. To derive p; in closed form is hardly possible. According to (3.4), s is the
supmin of [é, 1S, D, and iz, , Vi, j, k. It required 1e,, (cijk) > «a, uAijk(aijk) > a,
pg,(si) = o, pp,(dj) = a or g (ex) = o and at least one pig (cij), w4, (@ijk),
g, (s), NDj<dj)a 1, (er), Vi, j, k equal to o such that 2 = Z(c,a, s, d, e) to satisfy
iz = a. To find the membership function ps , it suffices to find the left shape
function and right shape function of uz, which is equivalent to finding the lower
bound Z% and upper bound ZY of the a-cuts of Z. Since Z! is the minimum of

z = Z(c,a,s,d,e) and ZY is the maximum of z = Z(c,qa,s,d,e), they could be
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expressed as:

ZE =min{Z(c,a,s,d,e)|[(Ciji)E < cijp < (Cin)Y, (Aiji)E < agje < (Aw)Y,
(SHE < s < (S)Y,( né <d; < (D) (Ep)E <ep < (Ep)Y Yijk}  (3.6)

E<cin < (Ciun)¥, (Ain)E < agr < (Aijn)¥

a? )

N
I
=
jav)
>
—_
N
3
L
»
=~
>
iSL
<.
T

(5) <8 < (Sz)g,([?j)L < dj < (Dy)g, (En)y < ew < (Br)g Vi k}  (3.7)

This could be reformulated as the following pair of two-level mathematical programs:

Where z = Z(c, a, s,d, e) is defined in (3.1) note that z = Z(c, a, s, d, €) is a math-
ematical program with minimization as the objective function. Therefore, models
(3.6) and (3.7) are two level programs, with z = Z(c, a, s, d, €) as the linear program.
For each set of cost c;;x, supply s;, demand d;, conveyance capacity e; values de-
fined by respective « -cuts in the outer program (first level), the objective value was
calculated in the inner program (second level). The set of ¢;;x, S;, d;, and ej, Values,
which produced the largest and smallest objective values were determined at the
first level by models (3.6) and (3.7), respectively. By enumerating various values
of a, the membership function of 7 was approximated numerically. This could be

reformulated as the following pair of two-level mathematical programs:



CHAPTER 3. 50

K
>0 D Cigkijr + 0
L i=1j=1k=1
/ = min —
Zy = min D00 D GijrTijr +
) } i=1j=1k=1
(Cijr)a < ik < (Ciji)as K
~ R subject to ZZ.CI?Uk < s, 1=1,2,...m
(Aiji)e < aije < (Aii)a, =1 k=1
m K
(SE < s < (S)Y, SN ik > d;, j=12...n
i=1 k=1
(Dy)h < dj < (Dy)y, m o
~J ! ~] ZZ‘TUk < €k, k= 1,2, K
(Ep)y < er < (Ep)Y, i=1 j=1
m K L R
N by + b
v/l,j,kf chwkxz]kg ! 2 Ja .]:1’27 n
=1 k=1
L ngk>07 VZ,],]{?
3.8
( m n K ( )
D000 D CigrTijr + 0
. 1=1j=1k=1
7/ = min —
Z, = max D0 aykije + B
) ) i=1j=1k=1
(Ciin) < cije < (Ciji)s, K
. 3 subject to szlﬂk < s, 1=1,2,...m
(Air)y < aije < (Aiji)s, =1 k=1
m K
(Sz)g < Si S (Sl)g7 szwk > dJ’ .] = 1a27 n
i=1 k=1
(D)5 < d;j < (Dy)g, m
~j ! ~j szwk < €L, k= 172, K
(Ex)y < er < (EpY, i=1 j=1
m K L R
~ bt + b
j J _
VZ,j,k ;;Ckawk < 5 , ] = 1,27
xzyk > 07 v Za]ak

(3.9)
In, Model (3.8), the inner program calculates the objective value of each ¢;;i, s;, d;

and ey, specified by the outer program, while the outer program determines the values
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of ¢ijk, si,d; and e that generated the smallest objective value Z L The objective
value was the lower bound of the objective value for Model (3.3).

By the same token, the inner program of Model (3.9) calculated the objective
value for each given value of c¢;;i, s;, d; and e, while the outer program determined
the values of ¢;jx, s;, d; and e, that produce the largest objective value. The objective
value ZY was the upper bound of the objective value for Model (3.3). Since the value
of a varies in, Models (3.8 and 3.9), it could also be regarded as a pair of parametric
programming model.

A necessary and sufficient condition was provided for Model (3.8 and 3.9) to
have feasible solutions 3", s; > >°7_ d; and SE er > > -1 dj. In the first
level of the model (3.8 and 3.9), d; and e, were allowed to vary in the range of
[(S)E, (SHY, [(Dj)E, (Dy)Y], and [(Ey)E, (Ex)Y] respectively. However, to ensure
the transportation problem of the second level to be feasible, it felt necessary that
the constraint ) 7", s; > >°7 d; and S e > >_j—1 d; be imposed in the outer
program.

The interval [ZX, ZU] in the a- cut of Z, and {Z%,0 < a < 1} and {ZY,0 <

a < 1} are the left and right-shape functions ofu, respectively, from which fuzzy

number Z is formed.

3.3.1 Construction of Upper Bound

In the previous section it was shown that to find the upper bound of the objective
value of fuzzy FTP described in the Model (3.1), it was required to solve the two-level
mathematical program of Model (3.9). Since the outer program and inner program
have different directions for optimization, that is, one for maximization and one for
minimization, solving Model (3.8) were not so straightforward. We could solve more

easily if we transform the inner program of (3.6).
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Since >, >0, S aijrt,, + B > 0 for every feasible z,,in (3.8), according
to Charnes and Cooper [14], let ¢ = 1/(3_7%, >0, S aijr,, + B), and yijr =

xijxt, it made possible transform the inner program of (3.8) into the following linear

program:
m n K
min Z Z Z CijkY,,;, + 0

i=1 j=1 k=1

n K
subjectto—ZZyijk—i-sitZO, 1=1,2,...,m,

j=1 k=1

m K

Zzyijk—dﬂzo, i=1,2,...,n,

i=1 k=1
- (3.10)

—Zzyzjk-i—@ktzo, k=1,2,...,K,
i=1 j=1
m K

_ZZfz‘jkyijk—f—BjtZO, j=1,2,...,n,
i=1 k=1

Z:l Z:Zl Zi; aiky,,, + Bt =1,

t> 07 yijk 2 07 v Za]ak

Here B; = 5+, j =1,2,...n.

By the duality theorem, if both primal and dual problems are feasible, then they
both have optimal solutions owning the same objective value. Craven and Mond
[19], Schaile [91] and Sherali [94] have discussed the duality relationship of the linear

fractional program. The dual formulation of (3.10) is given by

maxA
subject to — U; + Vj — W — Bj + aijk)\ S Cijk, (311)

i=1,2..mji=12..nk=12.. K



CHAPTER 3. 53

m n K n
Zsiui — Zdjvj + Zek’UJk + Zngj + ,8)\ S 0,
i=1 j=1 k=1 j=1

u;, v, wy > 0, Vi,7,k A unrestricted in sign.
After this replacement, both the linear and outer programs have the same direction

for optimization:

7V — max max A\
B . 5 U m n K n
(Cijk)a S Cijk S (Cijk)ou — Z S; Uy =+ Z dej — Z CrWE — Z B]y]
i=1 j=1 k=1 j=1

subject to — u; +v; — wi — y; < ciji

i=1,2,..mi=12..nk=12. K

j j a) m n K n
- - Sil; — d;v; + erWy + Bigi + /X <0,
(Bt < ex < (Bl 2o 2 2 B
Vi, g,k u;, v, wr > 0, Vi, 7,k A unrestricted in sign.
\
(3.12)

Because the linear program and outer program have the same maximization opera-
tion, they could be merged into a one-level program with the constraints at the two

levels considered simultaneously.

ZY = max A (3.13.1)

«
subject to — u; +v; — wi — Bj + aipA < ciji,

i=1,2..mj=12. .nk=12. K. (3.13.2)

m n K n
Z SiU; — Zdjvj + Z erWy + Z ngj + 5)\ S (9, (3133)
i=1 j=1 k=1 j=1

(Cije)k < cije < (Cijn)y, (3.13.4)
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(Agr)k < agr < (Agr)Y, (3.13.5)
Sk < s <(S)Y, (3.13.6)
(Dy)E < d; < (D;)Y, (3.13.7)
(Ep)k < ex < (BR)Y, (3.13.8)

In (3.13.4) directed (Cijn)% < cijr < (Cije)% i = 1,2,..

u;, vj, wy > 0, V4,7, k, X unrestricted in sign.

.m,j =

1,2,...n,k =

1,2,... K from which it was possible to obtain the upper bound of the objective

value by setting c;;x its bounds (Cijx)¥, Vi, 7, in (3.13.2) Because this gave the largest

feasible region, now Model (3.13.1) could be reformulated as

subject to — u; + v,

7Y = max \

— Wg — Bj + CLZ'jk)\ S (éijk)U

e R

i=1,2..mji=12..nk=12. K.

m n K n
ZSZ‘UZ' — Zdjvj + Zekwk -+ Zngj -+ 6)\ S ‘9,
i=1 j=1 k=1 j=1

(Ai)E < ayge < (An)Y

o

(Dj)é<dj§(DJ)g j_1727' n,
(~k>é <€k§ (Ek)g k:1,2,. K,

u;, v, w > 0,1, j, k, A\ unrestricted in sign.

(3.14.1)

(3.14.2)

(3.14.3)

(3.14.4)
(3.14.5)
(3.14.6)

(3.14.7)

Because c;ji, aijr, 0 and [ were shipping costs and fixed costs, this implies that the

objective value in Model (3.8) is positive one. Based on the dual relationship, the

objective value of Model (3.14.1), the dual of Model (3.8), needed to be a positive
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one as well. It implies that the variable A > 0. Model (3.14.1) is a nonlinear program
due to the a;jz A, s;u;, vjd; and eywy,. However, the variable substitutions of d;;, =
aije\, Pi = Silli, ¢ = v;d;, 1, = epwy and o; = B,g;, could be applied to transform
the nonlinear program into a linear one since A > 0,u; > 0,v; > 0, and w; > 0.
It made possible to multiply constraints (3.14.4), (3.14.5), (3.14.6) and (3.14.7) by
A, u;,v; and wy respectively, for i = 1,2,...m,j = 1,2,...n,k = 1,2,... K. The

resulted linear program is

ZY = max \

subject to — u; +v; — wy — Bj + i1 < (Oz‘jk)ga

i=1,2,..mj=12. .nk=12.. K.

m n K n
Zpi—qu—i-Zrk—l—Zoj—l—ﬁ)\ < 9,
i=1 j=1 k=1 j=1

] ] (3.15)
(Asji) s < 0ijie < (Aiji)
(Si)Eu; < p; < (S)Yu; i=1,2,...m,
(Dj)kv; < q5 < (D)) v j=12,...n,
(Bw)iwy < 1 < (By) Yy, k=1,2,... K,

u;, v, wy > 0,V7, 5, k, X unrestricted in sign.

The upper bound of the objective value, ZY of the fuzzy solid fractional transporta-

tion problem could be obtained by Solving Model (3.15).
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3.3.2 Construction of Lower Bound

Since both the inner program and the outer program of (3.9) have the same direction,

minimization, for optimization, they could be merged into a conventional one-level

mathematical program with the constraints of the two programs considered at the

same time.

1=1,2,
Jj=12,
k=12,
Jj=12
1=1,2,
Jj=12,
k=12,

(3.16)
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Similar to (3.9), based on the rule of Charnes and Cooper [14], one can transform

(3.16) into the following mathematical program

m n K
ZE=minY >3 ey, + 0t (3.17.1)
i=1 j=1 k=1
n K
subject to — Z Zyijk + s;t >0, i=1,2,...m, (3.17.2)
j=1 k=1
m K
Zzyijk—djtz(), ji=12,...n, (3.17.3)
=1 k=1
3wkt et >0, k=12, K,  (3174)
i=1 j=1
m K
— Z Z fijkYiji + Bt > 0, j=12...n, (3.17.5)
i=1 k=1
m n K
Do D D Gkl T B =1, (3.17.6)
(Cigp)iy < e < (Cigp)d, (3.17.7)
(Awk)i < ajx < (Aijk)g7 (3.17.8)
Sk < s < (S)Y, i=1,2,...m,  (3.17.9)
(Dj)Ek < d; < (Dy)Y, j=1,2...n,  (3.17.10)
(En)E < er < (E)Y, k=1,2,...K, (3.17.11)

Tijk Z Oa VZ,],k

For nonnegative y;;x, they had (éijk)gyijk < CijkYije < (C’Z]k)gyl]k In searching for

the minimal value of the objective function, the fuzzy parameterc;j;, must reach its

m n

K
lower bound. Consequently, we haveZZ = min 21 Z:l 1;1 Cly.,. + 0t. The variable
i=1j=1k=

transformation technique was utilized to the nonlinear termss;t, d;t,wst, g;t and

a;jkYije- The constraints (3.17.9), (3.17.10) and (3.17.11) could be multiplied by ¢

and constraint (3.17.7) could be multiplied by v;;,. We substituted P;, Q;, Ry, G
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and &1, for s;t,d;t, ext and A;j,y; 1, respectively. Now, it could be rewrite (3.1) as

the following mathematical formulations

m n K
Zé = mlnz Z Z (éij ”k + ot

i=1 j=1 k=1

n K
subject to —ZZyl-jkjtPizO, 1=1,2,...m,

j=1 k=1

m K
Zzyijk_QjZOa j=12,...n,
i=1

=1

_Zzywk+3k>o k=1,2,. K,

i=1 j=1

m K
—Zzyz’jk+GjZO, ji=12,...n, (3.18)

i=1 k=1

m n K
Zi:l Zj:1 Zk:1 Sij + Bt =1,

(A’L]k) Yijk > < gzgk (Auk) Yijk,

(S)Et < s; < (S)Vt i=1,2,...m,
(Dj)Et < d; < (D;)Vt j=12,...n,
(Ep)Et < e < (E)Yt k=1,2,...K,

t> anijk Z 07 Vi>j> k.

This model is a linear programming problem, and it is possible to obtain lower
bound of the objective value ZL, by solving (3.18). Together with ZZ was solved
from (3.5), [ZL,ZY] constitutes the interval that the objective value of the Fuzzy
SETP.

For two possibility levels a; and ay such that 0 < as < a; < 1, the feasible
regions defined by «; in Model (3.8 and 3.9) were smaller to those defined by o,

respectively, as a result Zgl < Zfé and ZL > ZE - in other words, the right shape

(e DX

function was non increasing and the left shape function is non decreasing. This
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property, based on the definition of “convex fuzzy set” (Zimmermann [111]), assures
the convexity of Z. If both ZX, ZU were invertible with respect to «, then a right
shape function of R(z) = (Zg)_1 and left shape function of L(z) = (Z5)™" could be

obtained. From R(z) and L(z) the membership function u; was constructed as:

¢

L(2), Zyo<2<Z5,

=
IS}
I

1, Zh <2< 7Y

R(Z)7 Zgzl S z S Zé:o

\

In most cases, the values of ZL' and ZU may not be solved analytically. However,
numerical solutions for Z¢ and ZZ at different possibility level « could be collected

to depict the shapes of R(z) and L(z), respectively.

3.4 Algorithm

Step 1 Consider a SFTP model as given in (3.1).

Step 2 Formulate the pair of two level mathematical problems as shown in (3.8)

and (3.9).

Step 3 Transform (3.8) as (3.15) and solve for different « values ranging from 0 to

1 with step length 0.1.

Step 4 Transform (3.9) as (3.18) and and solve for different o values ranging from

0 to 1 with step length 0.1.

Step 5 For different o values, analyze the optimal solutions with lower and upper

bound.
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3.5 Numerical Example

As an illustration of the proposed approach, consider a fuzzy solid fractional trans-
portation problem with two fuzzy supplies, three fuzzy demands, two conveyance
capacities and three budget intervals in nature. The notations used in this example

are trapezoidal fuzzy number and triangular fuzzy numbers. Let

(].5, 16, 17)1’111 + 182112 + 12%121(20, 21, 22)%122 + 102131 + (4, 5, 6)1’132

~ + ].7(17211 + 20%212 + (21, 22, 23)%221 + 201’222 + 21%231 + (19, 20, 21)%232 + 650
Z = min

6z111 + (7,8,9,10)z112 + 10212162122 + (11,12, 13) 2131 + 3132
+ 13x911 + (8,9, 10)x212 + 122921 + (2,3, 4) 222 + 20231 + 152232 + 700
subject to X111 + 112 + T121 + T122 + T131 + 2132 < (60, 70, 80),

T211 + To12 + 221 + Taz + 231 + w232 < (20,40, 60),

T111 + Z112 + 211 + 2212 > (10,30, 40),

T191 + T122 + T221 + T2z > (20,30, 40),

T131 + T132 + 231 + T232 > (40, 50,60, 70),

T111 + P21 + 131 + Tar1 + Tog1 + @231 < (20,30, 40),

T112 + T212 + 132 + Ta12 + Taze + a3z < (30,40, 60),

(15,16, 17) 2111 + 182115 + 172011 + 202212 > [15,25)],

12x191 + (20,21, 22)x192 + (21,22, 23) 2991 + 202900 > [17, 21],

102131 + (4,5,6)132 + 2131 + (19,20, 21) 2930 > [11,31],

2ie>0,i=12 j=1,23 k=12
(3.19)

The total Supply S = S; 4S5 = (80, 110, 140),the total demandD = Dy + Dy+ D3 =
(70,110,120, 150), and the total conveyance capacity E = Ey + Ey = (50,70, 100)
and the intervals of budgets are [15, 25|, [17, 21] and [11, 31]. Since S(V\D( E # &,
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problem has feasible solutions.

Zg = max

(60 4 10a) < s1 < (80 — 100v),
(20 4 20a) < 53 < (60 — 200v),
(10 4+ 20cr) < dy < (40 — 10a),
(20 4+ 10cr) < dy < (40 — 10a),
(40 + 10cr) < d3 < (70 — 10«),
(204 10c) < e1 < (40 — 10cv),
(30 + 10c) < eg < (60 — 10cv),

Y i, k.

(15, 16, 17)1’111 + 182112 + 1239121(20, 21, 22)$122 + 10z131
+ (4, 5, 6)$132 + 171’211 + 20%212 + (2].7 22, 23)56221

+ 20x992 + 21x931 + (19,20, 21)z232 + 650

min
6x111 + (7,8,9,10)x112 + 10212162122 + (11,12, 13)2131
+ 3132 + 132211 + (8,9,10) 2212
+ 122991 + (2,3,4) 2920 + 202231 + 152932 + 700
subject to

T111 + T112 + 121 + T2 + 2131 + 2132 < (60, 70, 80),

T211 + T212 + Ta21 + Tage + 231 + X232 < (20,40, 60),

T111 + T112 + T211 + 2212 > (10,30, 40),

T121 + T122 + Ta21 + Taz2 > (20,30, 40),

T131 + T132 + T231 + Ta32 > (40,50, 60, 70),

T111 + T121 + T131 + Ta11 + 221 + 2231 < (20,30, 40),

T112 + T212 + T132 + T212 + Taoz + T232 < (30,40, 60),
(15,16,17)x111 + 182112 + 172211 + 20912 > [15, 25],

122101 + (20,21, 22)a195 + (21,22, 23) 2001 + 202200 > [17,21],
102151 + (4,5, 6)132 + 21wag, + (19,20, 21)z032 > [11,31],

Ty >0,1=1,2, j=1,2,3, k=1,2.
(3.20)
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ZOL[ = min

(60 4 10a) < s1 < (80 — 100v),
(20 + 20) < s9 < (60 — 20),
(10 4+ 20cr) < dy < (40 — 10a),
(20 4+ 10cr) < dy < (40 — 10a),
(40 + 10cr) < d3 < (70 — 10),
(20 + 10a) < e; < (40 — 10a),
(30 + 100) < es < (60 — 10a),

Y i, k.

(15, 16, 17)1’111 + 182112 + 12x121(20, 21, 22)x122 + 10x131
+ (47 5, 6)$132 + 172911 4+ 20910 + (217 22, 23)(E221

+ 20x292 + 21x931 + (19, 20, 21)3;‘232 + 650

min
6x111 + (7,8,9,10)x112 + 10212162122 + (11,12, 13)2131
+ 3w132 + 13w211 + (8,9,10) 7212
+ 122991 + (2,3,4) 2920 + 202231 + 152932 + 700
subject to

T111 + T112 + 121 + 122 + 131 + 2132 < (60, 70, 80),

T211 + T212 + Ta21 + Tage + 231 + X232 < (20,40, 60),

T111 + T112 + T211 + 2212 > (10,30, 40),

T121 + T122 + T221 + Tazz > (20, 30, 40),

T131 + T132 + T231 + Ta32 > (40,50, 60, 70),

T111 + T121 + 131 + To11 + a1 + w231 < (20, 30,40),

T112 + T212 + T132 + Tor2 + Tage + a3z < (30,40, 60),
(15,16,17)x111 + 18x112 + 172911 + 202212 > [15,25],

12x191 + (20,21, 22)x199 + (21,22, 23) 2991 + 202990 > [17, 21],
102131 + (4,5, 6)132 + 21wag, + (19,20, 21)z232 > [11,31],

Ty, >0,1=1,2, j=1,2,3, k=1,2.
(3.21)

According to models (3.15) and (3.18), the lower and upper bounds of Zat the

possibility level a could be formulated as:
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Z¥ = max A

subject to —uy +v1 —w; — (15+ a)gy + 0111 < (17 — @),
—uy + v —wz — 18g1 + 0112 < 18,
—uy + vy —wy — 12g5 + 6121 < 12,
—uy + v —ws — (20 + @) g2 + d122 < (22 — ),
—uy +v3 —wy — 21gs + 9131 < 10,
—up +v3 —ws — (44 a)gs + di32 < (6 — o),
—uz +v1 —wi — 1791 + 6211 < 17,
—uz +v1 — wg — 201 + d212 < 20,
—ug +v2 — w1 — (21 + @)ga + da21 < (23 — @),
— ug + v2 — wz — 2092 + da22 < 20,
— uz + vz — wy — 21g3 + 0231 < 21,
—ug +v3 —ws — (194 @)gs + daza < (21 — ),
pP1+p2—q1 —q2 —qs + 711+ 12 + 700X < 650, (3.22)
0111 = 6, (T + )X < 112 < (10 — a) A\,
0121 = 10X, 0122 = 6A,
(10 4+ )X < 131 < (13 — ),
0132 = 3\, 0211 = 13,
(84 a)X < a2 < (10 — a) A,
da01 = 12X, (2 + @)X < o0 < (4 — ),
Ja31 = 20\, G232 = 15,
(60 + 10c)u; < p1; < (80 — 10c)uq, (20 + 20a)ug < pa < (60 — 2000 )us,
(10 + 20c)v1 < g1 < (40 — 10«)v1, (20 4+ 10)vg < g2 < (40 — 10c)va,
(40 + 10c)vs < g3 < (70 — 10a)vs,
(20 + 100)wy < 71 < (40 — 10c)wn, (30 + 10)we < 19 < (60 — 1000) w2,
A >0,

U1, U2, V1, V2, V3, w1, ws > 0.
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ZE = min(15 + a)yi11 + 18y112 + 122121 (20 + a)y122 + 10y131 + (4 + @)yi32
+ 17y211 + 20y212 + (21 + a)y221 + 20202 + 21y231 + (19 + a)y232 + 650t
subject to — Y111 — Y112 — Y121 — Y122 — Y131 — Y132 + 51 = 0,
— Y211 — Y212 — Y221 — Y222 — Y231 — Y232 + S2 > 0,
Y111 + Y112 + Y211 + Y212 — d1 > 0,
Y121 + Y122 + Y221 + Y222 — da > 0,
Y131 + Y132 + Y231 + Y232 — d3 > 0,
— Y111 — Y121 — Y131 — Y211 — Y221 — Y231 + €1 > 0,
— Y112 — Y212 — Y132 — Y212 — Y222 — Y232 + €2 > 0,
— (15 4+ a)y111 — 18y112 — 17y211 — 20212 + b1 > 0,
— 12121 — (20 + @)y122 — (21 + @)y221 — 20y222 + b2 > 0,
—10y131 — (4 + @)y132 — 21y231 — (19 + )y232 + b3 > 0,
§111 + &112 + &121 + E122 + E131 + §132 + §a11 + 212 + E221 + E202 + E231 + §a32 + 700E = 1,
§111 = 6y111, (7T + @)y112 < 112 < (10 — @)yi1z,
§121 = 10y121, €122 = 6Y122,
(10 + @)yiz1 < €131 < (13 — @)yis,
132 = 3y132, S211 = 13y211,
(84 a)y212 < €212 < (10 — &)y212,
221 = 12y921, (2 + @)y202 < &a22 < (4 — @)ya22,
231 = 20y231, §232 = 15y232,
(60 + 10a)t < s1 < (80 — 10a)t, (20 + 20a)t < s5 < (60 — 20a)t,
(10 + 200)¢ < di < (40 — 10a)t, (20 + 10a)t < ds < (40 — 10a)t,
(40 + 10a)t < d3 < (70 — 10a)t,
(20 + 10c)t < e3 < (40 — 10a)t, (30 + 10a)t < ez < (60 — 10a)t,
A >0,

Yk >0, i=1,2, j=1,2,3, k=1,2.
(3.23)
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Table 3.1 lists the a-cuts if the value of total transportation cost of 11 distinct «
values: 0,0.1,0.2,0.3,...1.0 and Figure 3.1 depict the membership function of the
total transportation cost of this example. The a-cuts of Z represents the possibility
that the value of the game would appear in the associated range. Since the fuzzy
objective value lied in the range, different a-cuts show different interval and the
uncertainty level of yet lowest possibility, indicating that the objective value would
never fall outside of this range. Most likely the value fell between 0.5930 and 0.9890.
The membership function of Z, as constructed from 100 a-cuts, is depicted in the
Figure 3.1.

At a-cuts=0, the lower bound ZZ_, was solved as 0.5930, occurring at 7}, =
30, 73y = 10, 23,,=40, 273, = 60,27}, = 271y = Plgg = T1p = Ty = Vg = T3 =
Ths9 = 0 and the total supply is 140. The upper bound ZY_, was solved as 0.9890,
which occursed at x7,, = 10, 275, = 30, x3,,=20, 2735, = 20,27, = 2], = ]9 =
Th1g = Thoy = Th9y = Thay = T3y = 0. In this case, the total amount being shipped
was 80. At a-cut=1, the lower bound ZL_;=0.9645 occurs at a3y = 10, 2}, = 30,
2511 =20, 73, = 20,27y, = @71y = Tlgy = o1y = Ty = Tpp = T3y = L3 = 0, and
the total transportation quantity was 150. Notably, the objective value associated
with the largest total quantity being shipped need not be the highest. In this
example, the largest possible amount to be shipped is 140, which is the largest total
supply. The objective value for this amount is Z*=0.5930. However, the highest

objective value is Z*=0.9890, occurring at the total amount of 80.

Table 3.1: The « -cuts of the total transportation cost
« 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
ZY 1°0.9890 | 0.9858 | 0.9825 | 0.9791 | 0.9755 | 0.9719 | 0.9681 | 0.9643 | 0.9604 | 0.9564 | 0.9524
ZL 1 0.5930 | 0.6134 | 0.6310 | 0.6515 | 0.6753 | 0.7045 | 0.7474 | 0.8058 | 0.8614 | 0.9141 | 0.9645




CHAPTER 3. 66

1.0

i
i
i
i
i
i
i
i
i
i
i
i
i
i

0.0 L >
0.5930 0.9645  0.9890

Figure 3.1: Membership function of total transportation cost
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4.1 Introduction

In real life the demand of an item may not be crisp. So in this chapter, a fuzzy
stochastic solid transportation problem (FSSTP) is formulated with random demand
and capacities of conveyances with budget constraints. Goal programming (GP) ap-
proach was applied to solve the said solid transportation problem (STP) under sev-
eral constraints. This chapter also presents fuzzy goal programming models (FGP)
for the stochastic aspect in STP. The researcher considered demand, conveyance
capacities are random and expressed as fuzzy-stochastic constraints. Moreover, as
a particular case three dimensional representation of an existing model Chalam [11]
is also presented. The optimum results of this model were compared with the solid
transportation model with different budgets.

Section 4.1 gives the introduction. Section 4.2 gives the formulation of the prob-
lem in the goal programming (GP) formulation. Section 4.3 deals with stochastic
aspects of transportation problem. Section 4.4 deals with fuzzy goal programming
(FGP) formulation of the problem with random demands. The algorithm is given

in section 4.5. Section 4.6 presents a numerical example.

4.2 Goal Programming (GP) Formulation

Let us consider a transportation situation where s;,d; and e; be the quantities of
a commodity available, demand and conveyance at the it origin (i = 1,2,...,m),
j" destination through the k' conveyances (k = 1,2,...,K), respectively. Let
cijr be the per unit transportation cost for transporting one unit from i origin
to j* destination by k" conveyance. Further B is the budget allotted for the
transportation which is less than the minimum total cost of transportation. Hence,

the problem is to find the optimum values of z;j; (where z;; is the number of
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units of the commodity to be transported from i* origin to j** destination by k"

conveyance).

m n K
Z = min E E Ecl-jkxijk

i=1 j=1 k=1

n K
subject to Zinjkgsi, 1=1,2,...,m
j=1 k=1

m K
> wgp>d;, j=12....n (4.1)

i=1 k=1

ii%kﬁek, k=1,2,...,K

=1 j=1

This model is applicable only when all the data is deterministic.

m n K
Z =min Y > > cyuT,, <B

i=1j=1 k=1
When the budgetary constraint is operating in the system, the demand needs at all
the demand points cannot be fulfilled simultaneously and each demand point tries
to realize its demand requirement competing with the others. Thus the problem is

to be viewed as a multiple objective goal programming problem.

The GP version of problem (4.1) is expressed as

min Z(g) =) g;
j=1

n K
subject to Z Zmijk < s, 1=1,2,...m,
j=1 k=1
m K
Zinjk—g;f—l—g;:dj j=12...,n, (4.2)
i=1 k=1
m n
ZZwijkgek, k:1,2,...K,
i=1 j=1

n K
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9797 =0, j=1,2,...n
xz]kvgj—vgj_zoa \V/Za.%k:

Here, g;', g; are deviational variables from the 5t goal.

4.3 Stochastic aspect of Solid Transportation

Problem

We know that if Y be a normal variate with mean m and standard deviation o, then

it satisfies the following relations.

Plm—0 <Y <m+0] = 0.6826
Pim —20 <Y <m+ 20] = 0.9544

Plm —30 <Y < m+ 30] =0.9973

The above probabilities furnished that if there was a normal distribution of 10,000
cases, then 6826, 9544 and 9973 cases were expected to be between the ranges(m —
o,m+ o), (m—20,m+ 20) and (m — 30, m + 30) respectively. The general rule is
that in a normal distribution, m 4 30 will give us the range within which a normal
mean (m) is expected to vary. These are the limitation within which the actual
mean would be vary. Using these properties of a normal variate, the above problem

could be reduced to equivalence crisp problems as discussed below.
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4.4 Fuzzy Goal Programming Formulation of
Stochastic Solid Transportation Problem (SSTP)

The FGP formulation of SSTP with Budgetary constraint was given in the following.
Find Tijk

n K
such that Zinjkgsi, 1=1,2,...m

j=1 k=1

m K
szijkzdj’ j:1,2,n

i=1 k=1

ii%kéek, k=1,2,...K (4.3)

i—1 j=1
m n K
E g g CijkTijr < B,

i=1 j=1 k=1

Tijk >0, Vi, gk
Where the deterministic equivalent of the fuzzy stochastic constraint symbol ”>”
stood approximately or fuzzily greater than or equal to. As such, problems cannot
be solved in this form, for that crisp equivalents models were required.
Here it has been discussed the three minimum levels of fulfillments by all the demand

points simultaneously viz., lower bound o, lower bound 20}, lower bound 30;. Let

m K
A; be the fuzzy set corresponding to the j demand constraint > >z > dj,
i=1 k=1
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Following Zimmermann [110] it could be defined the membership function of A; as

m K
1, ity D mg > d;,

m K
=< i=1k=1 . « 4.4
Ha; T , it dj < Zwak < d; (4.4)
J J i=1 k=1
m K
\ =1 k=1

Where d; is the lower tolerance limit of g:l é Tk > dj.
Initially we took d as (d; — o;) with this membership function, if the solution is
infeasible relax its value by taking dj = (d; — 20;) and if the corresponding solution
is found still infeasible then further relax it by d; = (d; — 30;).

The situation here is one of competitiveness since all the demand points compete
with each other to realize the minimum level of fulfillment prescribed. Thus we define

the overall decision function D by the intersection operator as D = ﬂ?zl A;. The

membership function of D becomes

pp = J\ pa, = Min{pa,}

j=1

The crisp equivalent of (4.3) can now be defined as
max Up

Subject to up < oy
m K
> > wp—d]

i=1k=1

A = min 1T

J
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It is formulated the above expression as equivalent to

max A
n K
subject to ZZSEZ]k < s;, 1=1,2,...m
J=1 k=1
m K
> 20 Tijr — d
e e T . J=12...n
i —dj
(4.5)
szijk<€k> k:1a27 >K
i=1 j=1

4.5 Algorithm

Step 1 Consider the solid transportation problem with budget constraint as given

in (4.1).
Step 2 Solve (4.1) using the given data and fix the goal in (4.3).

Step 3 For fuzzy goal programming of stochastic STP formulate the membership

function as given in (4.4).

Step 4 By using simplex method or by any standard solve the problem (4.5)

4.6 Numerical Example

Ganga Distributor, a well known sugar brand in South India (Telangana State)

dispatches its product from two sources to three destinations through two specific
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conveyances. It has some main stocking depots and distribution centers in different
cities of Telangana. Here two sources (i.e., m=2), three destinations (i.e., n=3),
two conveyances (i.e., K=2) are considered from its two stocking deports; three
distribution centers cost against two types of conveyances by road (small and big size
truck) for 12 months were collected. Source (s1, $2), demands (dy, ds, d3), capacities
of conveyances (e1,e3) and goals and total transportation cost presented in Table-
4.1. We consider the normal distribution curves of the raw data approximately 68%,

95% and 99% data between (m —o,m+ o), (m — 20, m+ 20) and (m — 30, m + 30)

respectively.
Table 4.1: Cost matrix (in )
Cij1 Cij2
10| 8 | 12 141 8 | 10
13110 | 15 17112 | 15
ie.,

min 102111 + 142112 + 87121 + 87122 + 127131 + 102132
+ 132911 + 172212 + 102921 + 122990 + 152231 + 152932
subject to 111 + T121 + T131 + T112 + T1o0 + T132 < 24,
To11 + To1 + Taz1 + T212 + Taze + Taz2 < 32,
T + Tonn + Tuig + T212 > 18,
T121 + To21 + T2z + T2 > 21,
T131 + T132 + Taz1 + Taz2 > 17,
T111 + To11 + T1z1 + T121 + Tozn + 2231 < 46,
T112 + T212 + T132 + T122 + Tage + L2320 < 52,

xijk Z O, A i,j, k.



CHAPTER 4. 5

Using the raw data from the above Table-4.1, optimum results were found as x11;=

7, T130= 17, w911=11 and x99;= 21 with minimum transportation cost of $593.

4.6.1 Goal Programming model

When the budget is assuming $500, the goal programming model follow as

3
min 2 = Zg]_
j=1
subject to T111 + T121 + T131 + T112 + T122 + T1z2 < 24,
Ta11 + To21 + Taz1 + T212 + Taze + Taz2 < 32,
T111 4 Tony + T11z + Toro + g1 — g = 18,
T191 + o1 + T122 + Tooa + g5 — g5 = 21,
T131 + 13z + Ta31 + Toga + g5 — g3 = 17,
(4.7)
T111 + To11 + 131 + T191 + oz + 2231 < 46,
T112 + T212 + 132 + T192 + Taze + Taz2 < 52,
102111 + 8x121 + 122131 + 14w + 87122 + 102132
4 132911 + 102991 + 152931 + 172919 + 122999 + 152930 < 500,
Tije >0, Vi,7,k,
9;,9; >0,
g;-’.gj_ =0.
Since all goals have an equal priority, solving the above problem using Lingo software,

it made possible to get the deficit achievement function as 7.1538 (shown in Table-

42).
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Table 4.2: Result of model 4.7

Conveyance 1 Demand
Supply 1 010
3.84615 | 21| O
Conveyance 2 Demand
Supply 0 0 |17
0 010
Existing Demand 18 21 | 17 56
Fulfillment demand | 10.846154 | 21 | 17 | 48.846154
Deficit 7.153846 | 0 | 0 | 7.153846

4.6.2 Fuzzy Goal programming formulation of SSTP model

For the present numerical problem, among the four parameters-transportation goal
cost, supply, demand and conveyance capacities, some may be picked random and
others are crisp. So different models could be formulated with several combinations
of these parameters as random and crisp.

Here it was considered demand as random and expressed as fuzzy-stochastic
constraints. Y7 ~ N(18,3), Yo ~ N(21,3)andYs ~ N(17,2) The left parts of the
loj intervals, i.e., (d}, d;), for Y1, Yo and Y3 are (15, 18), (18, 21), (15, 17) respectively.
However, with these (d}, d;) values, Model-(4.8) has no feasible solution.
Therefore, relax the d values by taking the left part 20; intervals. Now Y7, Y3 and Y3
values are (12, 18), (15, 21), (13, 17) respectively. Even with these (d7,d;) values,
Model (4.8) has no feasible solution.

Hence, further relax the d; values by taking the left part of 3o; intervals. Now
Y1, Y and Y3 values are (9, 18), (12, 21), (11, 17) respectively.

Similarly, it was considered demand, conveyance capacities as random and expressed
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as fuzzy-stochastic constraints.

LetY; ~ N(18,3), Yo ~ N(21,3)and Vs ~ N(17,2)

E, ~ N(46,3), Ey ~ N(52,2)

If only demand parameters were random, Model (4.7) becomes:

max A

subject to 111 + 121 + T131 + Tr12 + Tize + T1zz < 24,
Ta11 + To21 + Taz1 + T212 + Taze + Taz2 < 32,
T111 + To11 + Tri2 + T2z — 9A =9,
T121 + Ta21 + X122 + Tazg — 9N > 12,
T131 + T132 + Taz1 + Tazg — 6A > 11, (4.8)
T111 + To11 + 131 + T191 + oz + 2231 < 46,
T2 + T212 + 132 + T192 + Tz + Taz2 < 52,
102111 + 87191 + 122131 + 142119 + 82190 + 102132
4 132911 + 102991 + 152931 + 172919 + 122999 + 152930 < 500,

)\,Iijk > 07 v i,j, k.

Solving the above model the optimum results were obtained and presented in
Table-4.3. It was also observed that the distributor has total demand of sugar 56
tons fulfilling the total mean demand was 48.168428 tons for this model. Thus
the pattern of distribution controlled and the total deficit of 7.831572 tons were
distributed among all the demand points.

Now let it be consider that the demand and conveyance parameters are random,
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Model (4.6) becomes
max A
subject to 111 + T121 + T131 + 112 + T122 + Tiz2 < 24,
To11 + Too1 + Ta31 + To12 + Tage + Taza < 32,
111 + To11 + T112 + To12 — 9N > 9,
Ti21 + Too1 + Tig2 + Taog — 9N > 12,
T131 + T132 + Tog1 + Tagz — 6 > 11, (4.9)
T111 + To11 + T131 + T121 + Tagr + Taz < 37,
T112 + To12 + T132 + T122 + Tago + Taze < 406,
102111 + 87121 + 122131 + 142119 + 82122 + 107132
+ 13%211 + 1033'221 + 151‘231 + 171’212 + 121'222 + 1537232 S 500,
A;xijkz(]’ vza]ak
Table 4.3: Result of model 4.8
Conveyance 1 (CC1) | Demand (CC1) Existing | Fulfillment | Deficit
8.957895 0 0
Supply 6.105263 | 18.06316 0 46 33.126 | 12.874
Conveyance 2 (CC2) | Demand (CC2)
Supply 8 8 15'061211 52 15.042 36.958
Existing demand 18 21 17 56 98 48.168 49.832
Fulfillment demand | 15.063158 | 18.06316 | 15.04211 | 48.168428
Deficit 2.936842 2.93684 1.95789 7.831572

By applying the GP approach to the numerical example, it has been observed

that the total deficit of 7.153846 tons of sugar borne alone (shown in Table-4.2).

This is due to the fact that GP is based on the principle of minimizing the sum of

the deviations from goal values, as the deviations are unrestricted. However, in FGP

approach, the deviations were restricted to lie in a pre-specified interval at all goals.
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Thus the pattern of distribution was controlled and the total deficit of 7.831572 tons
which was distributed among all the demand points shown in Table-4.3. The fuzzy
intersection operator ensured fulfillment of a certain amount of demand by all the
demand points.

The results of Model 4.8 in Table- 4.4 were represented in a budget values 530
and 550 by applying (4.2) and (4.5) models, i.e., when two random conveyances were
used for Model 4.8. It was interesting to note that through total demand deficit in
GP model (4.846154 tons) was much less than that (5.305263 tons) FGP model.
Similarly, we can observe that demand deficit when budget is 550 in GP and FGP
models (shown in Table-4.4). This was because when two random conveyances were

available, in the minimization of total cost.



80

CHAPTER 4.

PLV60°91 (9 ‘zg) (7276091 ((9'21) . S%@.S w w
GG68LE°CY ar0029'e | ‘TT1EV9°61 ‘(6'12) 0 L1ZF9°61  ThR9eL'] Ppolt 4D4d
GIZ¥8T 9¢ (6'07) ‘GOTEF9"9T) (6'81)) :
0 0 €92506°L 09G
1 (9 ‘29) e ((9°21) h i .
80€269'CY 069L0€°€ | . : (6'12) o Ppomdd
0£260°CE (6'97) 80€T697T) “(6'31)) 0 12 80€269°L
0 0 L
. ‘ ) ‘ 0 0 0
89€L9°G1 (9 ‘zg) (89€L9°¢1 ((9°L1) Q0£.0CT 0 0
LELV69°0G €92S0E'S | ‘€S0T0°6T (6'12) 0 CCOT06L 112180 L [Ppowt 454
LG0TE0'GE (6'07) L2S010'97T) (6'81)) :
0 0 91€9TE'8 oS
‘ ‘ 0 0 0
L1 (9 ‘29) (1 ((9'L1)
OPECT TG rerorsy | o 1 ) (6'15) =l : 0 jopow qn
OPRECT e (6'97) 9V8ECT €T ‘(6'8T)) m Hom wwwwﬁ 9
: Tow °F
1101jop soryoeden | (fow 49) seryoeded | 41dyop pueuap (“ow *fp) puewrop N yospng
soryoeden) | yuowYN Sur)sSIXy puBRwWO(] | YUST[YI] SuT)SIXH ’ :
'dOd Pu® dH

sursn J[,SS [e1oUS ‘SooURADAUOD ‘pURMISD WOPURI ‘(A[9A1}00dSoI ()GG PUR ()EG SoneA [[3IM) 103pnq o1} JO SINSAY ' o[qe],



Chapter 5

Multi-Objective Fuzzy Solid
Transportation Problem based on
Expected Value and the Goal

Programming Approach

81



CHAPTER 5. 82

5.1 Introduction

To the best of the author’s knowledge, it might be noticed that previous studies did
not include the goal programming approach for solving multi-objective fuzzy solid
transportation problem based on expected value models. It was shown that the
optimal solution of the (MOFSTP) could be found simply by solving an equivalent
crisp LP problem.

So in this chapter, a fuzzy goal programming approach for solving multi-objective
fuzzy solid transportation problem (MOFSTP) with fuzzy constraints is presented.
The objective is to determine the crisp model with corresponding defuzzified values
under the conditions and the expected value models in objective functions for tri-
angular and trapezoidal membership functions. Then multi-objective problems are
solved by the fuzzy goal programming approach and three numerical examples were
given to illustrate the proposed model.

Section 5.2 introduces the preliminaries and notations. Section 5.3 gives the for-
mulation of the problem. Section 5.4 provides a defuzzification process. Section 5.5,
deals with the solution methodology. Section 5.6 presents three numerical examples

with analysis of results. Section 5.7 gives the comparative study.

5.2 Preliminaries

5.2.1 Expected value operator on fuzzy number

Liu et al.[67] presented a novel definition of expected value of fuzzy variable and pro-
posed a new class of fuzzy programming called fuzzy expected value models. Yang
and Liu [105] applied expected value model, chance-constrained programming model

and dependent-chance programming in fixed charge solid transportation problem in
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fuzzy environment. kundu et al.[59] presented MOSTP under various uncertain en-
vironments. In this chapter, we develop a goal programming approach and consider
the MOFSTP based on expected value model. Also, we consider sources, demands,

and conveyance capacities as fuzzy.

Definition 5.1. (Liu et al.[67]) Let € be a fuzzy variable. Then the expected value

of € is defined as

pig= [ orezner- [ ortesnan

(where C'r stands for credibility measure)

provided that at least one of the two integral is finite. If € is a triangular fuzzy
variable (r1,73,73), then the expected value of € is (1/4)(ry 4 2ro 4+ 73). If £ is a
trapezoidal fuzzy variable (ry,r4,75,74), then the expected value of € is (1/4)(ry +

ro + 13 + 7“4).

5.2.2 Defuzzification

Kikuchi [52] proposed a defuzzification method to find the most appropriate set of
crisp numbers. For each of many possible sets of values that satisfy the relationships
the lowest membership grade was checked and the set whose lowest membership
grade was the highest chosen as the best set of values for the problem. This process
is performed using the fuzzy linear programming method.

Let the membership function for each value as pa (x), up (y) and pe () where
A, B, C are the fuzzy set of approximate numbers, if there was corresponding crisp
values x, y, z. But each of them satisfy the relationship R; (), j € N among them.

Then the following defuzzified model is formulated:
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max A\,
subject to  pa(x) > A, pp(y) = A pc(z) > A
and the relationship R; (x),j € N,

A>0, A B,C>0.

where \ is the minimum degree of membership that one of the values A, B, C takes,
ie, \* = Max A = Max Min [ua (2),us (y), pe (2)]

Kikuchi [52] applied this method to a traffic volume consistency problem taking
all observed values as triangular fuzzy numbers. Dey and Yadav [21] modified this

method with trapezoidal fuzzy numbers.

5.3 Problem Formulation

A multi-objective fuzzy solid transportation problem (MOFSTP) is formulated,

where ¢!

Tiks iy dj and ey are all fuzzy numbers:

n K
Zr:minim:zzézjkxijka r:1,2,...R

i=1 j=1 k=1

n K
subject to sz”k < 5, 1=1,2,...m

=1 k=1

m K
353 T T )

i=1 k=1

ii%jkﬁém k=1,2,...K

i=1 j=1

Tijk Z 07Vi7j7 k
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Consider a product to be transported from m sources to n destinations in a STP.
At each source, let s; be the amount of a homogeneous product we wanted to be
transported to n destinations to satisfy the demand for d; units of the product. Here
er, called conveyance, denotes the units of this product that can be carried by k
different modes of transportation and also the objectives Z,(r = 1,2,... R) are to

be minimized.

5.4 Defuzzification

We considered s;,d; and ey, (Vi, j, k) are any triangular or trapezoidal fuzzy numbers

( here triangular fuzzy numbers were denoted by s; = (s}, s7,57),d; = (dj,d3,d3)
and e, = (e}, e?,e}), whereas trapezoidal fuzzy numbers were denoted by s; =

(si,87,80,80),d; = (dj,d?,d2,d}) and e, = (e, e}, €},e;)) with their membership
functions as juis,, p1q,andp,, respectively. Now to solve the above problem, first find
the corresponding crisp numbers, say, s;., d;. and ey.(Vi, j, k) so that for each item,

total available resources greater than or equal to the total demands and also total

conveyance capacities greater than or equal to the total demands for all items, i.e.

K

Z Sic = Z dje, Z Eke = Z dje (5.2)
1 =1 =1

1= j k=1

For this purpose the defuzzification method based on fuzzy linear programming was
applied. The method is to introduce an auxiliary variable and formulate the follow-
ing linear programming: where X is the minimum degree of membership that one of
the values of the variables s;., dj., ex. takes, i.e.

max A = X = MaxMin|p, (Sic), tha; (djc), te,, (exe)], where for triangular fuzzy num-
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bers: ) .
S; — S;
L when st < g < 82
2 _ gl i it
i i
sl —s;
fhs; (Sic) = ¢ = ~ . when $? < 5. < 83
83 52’ 7 = 2tc = 94
i Si
0, otherwise.
\
and for trapezoidal fuzzy numbers:
( 1
S; — S;
L. when st < 5. < 52
52 _ 51 ) 7 29
i i
1, when 312 < 8. < 3?,
fhs; (Sic) = 4
Si — Si 3 4
when s7 < 8. < S
st — 537 ’ v
i i
0, otherwise.

and similarly for pg; (dje), pte, (€xe)-
Now if it was denoted the right and the left sides of membership functions ps, (S;c)

by pl (si) and pl (s;c) respectively and so on for pg, (dje), fie, (€xc). Then the

following auxiliary model is formulated

max A,
subject to i) (sic) >N, L, (sie) = A,

J

pt, (ere) > A, the, (€re) > A, (53)
m n K n

Z Sic 2> dje, Z Eke = Z dje,

i—1 =1 k=1 j=1

A>0, Vi k.
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5.5 Solution Methodology

After obtaining the defuzzified values s;.,d;. and eg.(Vi,7, k) through the above

procedure, problem 5.1 became as,

m n K
minZ, =3 Y > Fywip, r=123.. R

i=1 j=1 k=1

n K
subject to sz”k < Sic, 1=1,2,...m
j=1 k=1

m K
SN wip > dye i=1,2,...n

i=1 k=1

iiximekc, k=1,2,...K

i=1 j=1

(5.4)

xijk 2 07 Vi7j7 k.
Now, we use the following method to solve the problem.

5.5.1 Using Expected Value

Here we minimize the expected value of the objective functions and then the above

problem becomes

m n K
min E[Z,] =YY Y E[&xi] r=1,2,3...,R (5.5.1)

i=1 j=1 k=1
n K

subject to szwk < Sic, i=1,2,...m (5.5.2)
j=1 k=1
m K
Z injk > dje, ji=12,...,n (5.5.3)
i=1 k=1

i ixijk < €ke, k=1,2,....K (5.5.4)

i=1 j=1
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which is equivalently written as (using Liu et al.[67])

n

minE[Z] =YY Y E[d;]emu,  r=123... R (5.6)

i=1 j=1 k=1

subject to the constraints (5.5.2) - (5.5.4), z;;, > 0, V4,7, k.
The expected value model could be formulated for the model (5.1) by using ex-
pected value to both the objective functions and the constraints. But here the crisp
equivalence form (the deterministic values of supplies F [§;], demands F [CZ]] and con-
veyance capacities E [éx]) might not satisfy the required conditions (5.2). So this
method gave a feasible solution only when the fuzzy supplies, demands and con-

veyance capacities are so that their respective expected values automatically satisfy

those conditions.

5.5.2 Algorithm

The procedure to solve MOFSTP based on fuzzy goal programming techniques is

given below:
Step 1 Solve (5.3) to obtain the defuzzified values.

Step 2 Formulate the model (5.6).

Step 3 Solve multi-objective problem as a single objective problem each time using
only one objective (r = 1,2,... R) ignore all other objectives, to obtain the

optimal solution X™ of R different single objective problems.

Step 4 Calculate the values of all the R objective functions at all these R op-

timal solutions X"™(r = 1,2,...R) and find the lower bound and upper
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bound for each objective function given by L, = Z,.(X*),t = 1,2,...R and

Uy = Maz{Z. (X)), Z.(X?*),... Z,(X®)}, respectively.

Step 5 Define a membership function p; for the Ry, objective function as follows:

1, if  Z, <L,
_ U, Z
p(Z@) =3 =0 i Lo < Zi(@) < U
t — 1
O, lf Zt Z Lt

Then the linear goal programming model for MOFSTP can be formulated as:

max A\,

Ui — Z,

U, — L
A>do,

subject to

+d —df =1,

d-df =0,

n K
E g Tijk < Sic,

j=1 k=1

m K
Z szjk > dje,

i=1 k=1
m n
E E Tijk < Eke,
i=1 j=1

d-,dt >0,

T

A<1,A>0,

Lijk Z 07 VZ7]7]€

r=12 ...

Step 6 Solve this crisp model and the obtained solution will be the optimal com-

promise solution of MOFSTP.
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5.6 Numerical Example

Example 1
It was considered two objective functions with triangular and trapezoidal fuzzy num-
bers given in Table-5.1 and Table-5.2 to illustrate the proposed method.

The supplies, demands and conveyance capacities are given as §;=(21, 23, 25),

Table 5.1: Penalties/costs ¢}

ijk
i J J
1 2 3 1 2 3
1 (8,910 (46,9 11) (10,12 14,16) | (9, 11, 13,15) (6,8, 10) (7, 9, 12, 14)
2 (8,10,13,15) (6,7,8,9) (11,13,15 17) | (10, 11, 13,15) (6, 8, 10, 12) (14, 16, 18, 20)
Table 5.2: Penalties/costs ¢,
k=1 k=2
i ] J
1 2 3 1 2 3
1 (9,10,12) (5,8, 10,12) (10,11, 12, 13) | (11, 13, 14, 15) (6,7, 9,11) (8, 10, 11, 13)
2 (11,13, 14,16) (7,9,12,14) (12,14, 16,18) | (14,16,20) (9, 11,13, 14) (13, 14, 15, 16)

5,=(28, 32, 35, 37), dy= (14, 16, 19), dy= (17, 20, 22, 25), d3 = (12, 15, 18, 21),
é1= (21, 24, 26), é;= (24, 26, 27, 30). Then apply fuzzy programming in (5.3) and
obtained defuzzified values are si.= 22.27, so. = 30.54, di. = 17.09, do. = 21.82, d3.
=13.90, ey, = 24.73, e5. = 28.09. In the following the proposed steps of the previous
section (i.e., step 3 to 6) was applied and the results are: A\ = 0.80985, x1,,= 17.09,
Tigg= 4.4951, xi13= 0.6849, xly = 7.64, x%,,= 22.7, z3,,= 9.6849, x3,,= 13.2151,
dy = 0.80985, d, = 0.80985, Z;= 574.1754 and Zo= 605.085.
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5.7 Comparative Study

Example 1

The following numerical example presented by Kundu et al.[57] was considered to

explain the efficiency of the proposed Method. The data was given in Table 5.3-5.6.

Table 5.3: Penalties/costs 6}jk

k=1 k=2
i J J
1 2 3 1 2 3
1 (58,9 11) (46,9, 11) (10,12, 14, 16) | (9, 11, 13, 15) (6, 8, 10) (7, 9, 12, 14)
2 (8,10,13,15) (6,7,8,9) (11,13, 15,17) | (10, 11, 13,15) (6, 8, 10, 12) (14, 16, 18, 20)
Table 5.4: Penalties/costs ¢
k=1 k=2
i J J
1 2 3 1 2 3
1 (9,10,12) (5,8 10, 12) (10, 11,12, 13) | (11, 13, 14, 15) (6, 7,9, 11) (8, 10, 11, 13)
2 (11,13, 14, 16) (7, 9,12, 14) (12,14, 16, 18) | (14, 16, 20) (9, 11, 13, 14) (13, 14, 15, 16)
Table 5.5: Penalties/costs &,
k=1 k=2
i j J
1 2 3 1 2 3
1 (4,578 (3,5,6,8) (7,9,10,12) | (6,7,8,9) (4,6,7,9) (5,7,9,11)
2 (6,89, 11) (56,7,8 (6,7,9,10) | (4,68, 10) (7,911, 13) (9,10, 11, 12)
Table 5.6: Penalties/costs ¢},
k=1 k=2
i ] ]
1 2 3 1 2 3
1 (5,7,9,10) (46,7,9) (9 11,12 13) | (7,8,09,10) (45 7,8) (8,10, 11, 12)
2 (10,11,13,14) (6,7,8,9) (7,9,11,12) | (6,8, 10,12) (5,79, 11) (9, 10, 12, 14)

§l=(21, 24, 26, 28), 51=(28, 32, 35, 37), d*= (14, 16, 19, 22), di= (17, 20, 22,

25), di=(12, 15, 18, 21), $=(32, 34, 37, 39), §2=(25, 28, 30, 33), d2=(20, 23, 25,
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28), d3=(16,18, 19, 22), d2=(15, 17, 19, 21), &=(46, 49, 51, 53), &,=(51, 53, 56, 59).
Then applying the proposed method, we get the following result A = 0.1133810,
1= 15.8, xhy1= 19.7, 2ls/= 6.8, x15,= 7.90, z3,,= 22.7, 22,,= 2.41, x%,,= 8.685,
23, =15.385, 22, = 8.1145, d; = 0.1133, d; = 0.1133, Z;= 1110.183 and Z,= 814.396.

The other variables that are not in the above have a zero value. Table-5.7 shows

Table 5.7: Comparisons of optimal solutions

Kundu et al. [57] Proposed method
Fuzzy linear programming | Global criterion method | Goal programming approach
1139.536 1144.894 1110.183
837.4808 832.1250 814.396

the comparison of the results of the objective values of Z; and Z, of the present ex-
ample with the results obtained by Kundu et al.[57]. It was shown that the optimal
solution of the proposed problem gave better results by using fuzzy Goal program-
ming approach when compared to Fuzzy linear programming and Global criterion

method.
Example 2 (Bit, A. K. et al.[7])

Let us consider a multi-objective solid transportation problem with mixed con-

straints.
3 3
min 72, = Z Z Zczjkxijk, r=1,23.
i=1 j=1 k=1
3 3 3 3 3 3
subject to ZZI”’“ =g, Zngjk >9, Zngjk <5,
j=1 k=1 7j=1 k=1 7=1 k=1

3

3 3 3
Zzﬂfilk =1, Zzﬂmk > 0,

i=1 k=1 i=1 k=1 i=1 k=1
3 3 3 3 3 3
E E xi1 = 10, E E Tijo > O, E E Tij3 < 6,
=1 j—1 i—1 j—1 =1 j—1

Tijk > O, \V/’i,j, k.
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Table 5.8: Data for Three objective functions

] 1 2 3
ik 1 2 3 1 2 3 1 2 3
1 [ (8,9, 10) | (10,12,14) | (7,9,11) | (3,6,9) | (8,9,10) | (5.7.9) | (2,3,4) | (6,7,8) | (5,7,9)
Al 2| (4,56 | (5,67 | (3,57 | (79,11) | (8 11,14) | (1,3,5) | (5,6,7) | (6,8,10) | (5,6,7)
311,23 | (1,23) | (LLL) | (1,2,3) | 6,78 | (6,7,8) | (1,1,1) | (8,9,10) | (1,3,5)
I | (1,2,3) | (8,9,10) | (6,8,10) | (1, L, 1) | (2,4,6) | (1L 1) | (7,9,11) | (7,9, 11) | (4,5, 6)
A2 | (1,23 | (71.8,9 | (I,L1) | (34,5 | (3,57 | (1,2,3) | (6,8 10) | (5,6,7) | (8,9,10)
3| (4,56) | (1,2,3) | (5,7.9) | (68,10 | (8,9,10) | (6,7,8) | (3,5, 7) | (1,2,3) | (3,5,7)
I [ (1,2,3) | (2,4,6) | (5,6,7) | (2.3,4) | (4,6,8) | (3,4,5) | (6,8,10) | (2,4,6) | (7,9, 11)
Al 2| (1,2,3) | 3,57 | (1,3,5) | 3,57 | (4,6,8) | (46,8 | (7,9, 11)| (4,6,8) | (1,3,5)
30 (1,1,1) | (8,9,10) | (1,1,1) | (7,8,9) | (2,3,4) | (7,9, 11) | (3,5,7) | (5,7,9) | (10, 11, 12)

By using the proposed method, we get the following optimal compromise solution as
A = 0.3322039, x191= 7.17, x199= 0.8295, x911= 2.82, xo10= 2.77, T993= 3.39, x310=
1.39136, d; = 0.3322, dy = 0.3322, dy = 0.3322 Z;= 94.2678, Zo= 47.9457 and Zz=
78.91. The other variables that are not in the above have a zero value.

It was observed from the Table-5.9 the objective values of Z;, Z, and Z5 of the

Table 5.9: Comparisons of optimal solutions

Bit, A. K. et al. [7] | Li, Y. et al. [63] Proposed method
Fuzzy programming improved GA Goal programming approach
Zp = 94.271 Z1 =945 Zp = 94.2678
Zy = 47.952 Zy =575 Zoy = 47.9457
Z3 = 78.94 Z3 = 67.0 Z3 = 78.91

above example were in good agreement with the results obtained by Bit, A. K. et

al.[7) and Li, Y. et al.[63].
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6.1 Introduction

In this chapter, a solution procedure has been given for the multi objective solid
transportation problem with L-R coefficients in the objective function. When the
objective function with L-R coefficient in the linear programming is integrated the
method, that can be changed into a fuzzy optimal solution to multi-object linear
programming. Meanwhile, determination of this model might cause the constraint
field of linear programming to be empty sets after the flexible indexes py, po, p3 are
given subjectively. The new method is a systematic procedure, easy to apply and
could be utilized for all types of solid transportation problems either maximize or
minimize objective function.

The rest of this chapter is organized as follows. In Section 6.2, preliminary
knowledge about fuzzy linear programming is provided. Section 6.3 deals with
formulation of STP problem. Section 6.4 describes the model formulation of fuzzy
LP in MOSTP with LR-coefficients. The algorithm is given in 6.5. Section 6.6

presents a numerical example.

6.2 Fuzzy Linear Programming and its Algorithm

T . . . ..
Suppose that x = (21, %2, ...2,)" isan n-dimensional decision vector, ¢ = (¢, Ca, . .. Cp)
is an n-dimensional objective coefficient vector, A = a;;(1 <7 < m,1 < j < n)is
an m X n-dimensional constraint coefficient matrix, b = (by,bs,...b,;,) is an m-

dimensional constant vector, and fuzzified objective and constraint function in the
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ordinary linear programming, then

max( or min)z = cx
subject to Az <b (6.1)

Ve >0

It could be as fuzzy linear programming. Let the rank (A) = m. “<” denotes

~

the fuzzy version of “<” and has the linguistic interaction “essentially smaller
than or equal to” (Zimmermann [110]). max represents fuzzy maximizing, where

cx = Y cjxjAr = (Y a;x;) (1 = 1,2,...m). The membership function of fuzzy
j=1 j=1
objective g(x) is

ole) = (3 o)

n
0, when > ¢z, < z,
i=1

n n
= z%o(zl cjr; — z), when zy < Zlcjiﬁj < 20 + po,
j= =

n
1, when > cjz; > 2o + po,
\ J=1

Let tg = ) cjz; then the membership function of §(to) is shown as figure 6.1.
j=1

0 Zy Zpt Py l,

Figure 6.1: Membership function of g(to).
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The membership function of fuzzy constraints is written as below:

ps(a) = 1 ejey)

n
1, when > a;x; < b,
j=1
1 n n
=<1 51(; Qi Tj — bj), when b; < j; Qi T < b -+ pi,
n
0, when > a;x; > b+ p;
j=1

Let t; = > a;;x; then f(¢;) membership function shown in the figure 6.2 where as
=1

WA

0 b, b+p 1

I 1

Figure 6.2: Membership function of f(t;).

p; > 0(1 <i<m)is a flexible index by an appropriate choice.
Consider a symmetric form fuzzy linear programming (6.1), written as g = Sy
and pg = M 7, and we call it condition and unconditional fuzzy superiority set of f

concerning constraint S, respectively.

Theorem 6.1 If z* = (z},2%,...,2%)"

rrn

is an optimal solution in (6.1), then

*

o* = (x%,2%,...,2%)" is an optimal solution in ((6.1)) and they have constrained

optimal level of .

Zimmermann [110] initiated arithmetic to Problem (6.1).
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Here we introduced its solution procedure in the following. First to find an

ordinary linear programming:

max z = cx
subject to Az <b (6.2)
x>0
and
max z = cx
subject to Ax < b+ p,

xz > 0.

It is obtained a maximum value zo and zo+po, where b+p = (by + p1,ba + pa, ... by + pn)T.
Here, zp is a function maximum under the constraint condition Az < b obeyed
strictly (the membership degree is pg(x) = 1 at this time). 2y + py is a function
maximum when the constraint condition to be relaxed as Ax < b+ p (the member-
ship degree is pg(x) = 0 at this time). 2z, and zy + po corresponds to two extreme
cases pg(z) = 1 and pg(x) = 0, which could adequate lower membership degree

pg(z), so that the optimal value improved, lying between zy and zg + po.

max G =«

n

subject to Z a;;x; + pioe < by +pi(1 <i<m), (6.3)
j=1
Z CjT; — Po = Zp,
j=1

0<a<1,Vx; >0,j=1,2,...n.
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The researcher found its optimal solution z* = (27, z3, . .. ,fo)T by using simplex

method, thus optimal point z* = (%, 23, ..., 2*)" in (6.1) was obtained by Theorem

*

6.1 and the objective function value is pp(z*) = a*.

6.3 Problem Formulation

For instance when considered a product is to be transported from m sources to n
destinations in a STP, at each source, let s; be the amount of a product expected to
be transported to n destinations to satisfy the demand for d; units of the product.
Here e, called conveyance, denotes the units of this product that could be carried
by k different modes of transportation.

A multi-objective fuzzy solid transportation problem is formulated in the follow-

ing example.

m n K

max Z’":ZZZE:]-,C%M,T: 1,2,...R

i=1 j=1 k=1
n K
subject to sz”k <s,1=1,2,...m,
j=1 k=1
m K
SN agp>djj=12...n (6.4)
i=1 k=1
szzjk S ek,k: 1,2,...K,
i=1 j=1
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6.4 Fuzzy Linear Programming in MOSTP with

L-R Coefficients

Consider

max Z =éx
subject to Az < b
z > 0.

Where ¢ = (Cijkagijk7 Cijk)LR and

m n K m n K
k=

Z (2, Z, Z)LR = (Z Z Z CijkTijk, Z Zgijkxijk7

m n K
i=1 j=1 k=1 =1 j=1 =1 k=

E Eijkxijk)
LR

1

1 i=1 j=1

are all L-R numbers in (6.4) is approximately equivalent to a linear programming

with three objectives

max Zzg g E CiikTijk |

min | Z = E E CijkTijk | 5
m

max | Z = E

m n K

Lijk 2 O) \V/Z,j,k



CHAPTER 6.

101

Find an optimal solution to each objective individually with respect to the con-

straints.

Here, researcher considered a three-objective, and the membership functions, are

given by

pe(r) = fi(2)

0, when 2z < zg,
=931—=(z1—2), when 2z < z < 2y + po,
1 when z > 2y + po

m n K

Where z = Y > > cijuiji, 21 = 20 + po and py is flexible index value.

i=1j=1k=1

(6.6)

Now, using the Theorem 6.1, presented the equivalent crisp linear programming of

Model (6.4) as follows:

/Z = max «

m n K
subject to Z Z Z CijkTijk — D1 2 21,

i=1 j=1 k=1

m n K

g § E CijkTijk — D20 2 Za,
i=1 j—=1 k=1

m n K

E E E CijkTijk — P3¢ = 23
i=1 j=1 k=1

n K

YD wgp<si,  i=12,...

j=1 k=1

m K
szijkzdj’ ]:1,2,

i=1 k=1

(6.7)
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m n

Zinijek, ]{?:1,2,...K,

i=1 j=1

0 S « S 1,V.I'ijk Z 0.

6.5 Algorithm

Step 1 Input the data in (6.4), assume as level (0).

Step 2 Find the optimal solutions for each objective individually with given con-

straints as given in (6.5).

Step 3 For fuzzy goal programming of stochastic STP formulate the membership

function as given in (6.6).
Step 4 Formulate the model (6.7).

Step 5 Solve (6.7) which will give solution for (6.4) with LR-coefficients at level

(0).
Step 6 For level (-1), take -1 value at each point in L-R numbers then goto Step 2.

Step 7 For level (+1), add +1 value at each point in L-R numbers then goto Step
2.

6.6 Numerical Example

To demonstrate the potentiality of the proposed model, it felt necessary to present an
example of coal transportation problem. Coal is a kind of crucial energy source in the
development of economy and society. Accordingly, economically coal transportation

is also an important issue in the coal transport from mines to the different areas. For
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the convenience of description, it was summarized the problem as follows. Suppose
that there were two coal mines to supply the coal for three cities. During the process
of transportation, two kinds of conveyances were available to be selected, i.e., train
and cargo ship. In the beginning of this task, the decision maker needs to obtain
the basic data, since the transportation plan is made in advance, it is not possible

get this data exactly.

Table 6.1: Profit matrix

Cij1 Cij2
(11, 6, 4) (10, 3, 4) (11, 0, 2) (18, 9, 3) (11, 4, 2) (127 6, 1)
(13, 7, 3) (11, 4, 6) (10, 4, 1) (12, 3, 4) (13, 9, 2) (157 7, 4)

subject to T111 + 121 + T131 + T112 + T122 + T132 S 35,
To11 + Too1 + To31 + T + Tz + Taza < 30,
Ti11 + To11 + Tri2 + T212 > 9,
Ti21 + To21 + T122 + Taoa > 7,
T131 + 132 + X231 + X232 2> 8§,
T111 + X211 + X131 + T121 + Toor + Taz1 < 25,
T112 + X212 + T132 + T122 + Tazo + Tazz < 26,

xijk 2 07Vi7j7 k

Level (0): This problem is equivalent to

max /z = 1137111 —+ 18:13'112 -+ 10%121 + 111’122 + 111’131 + 12.%’132

+ 133}211 + 1213212 + 11%221 + 13%222 + 1037231 + 1533232
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min Z = 6x111 + 5112 + 37121 + 42122 + 57131 + 6132
+ Txo11 + 3w212 + 4%221 + 5202 + 4031 + 72232
max Z = 4111 + 3T119 + 42191 + 2T192 + 27131 + 17130
+ 3%211 + 4212 + 6%221 + 2202 + 1a31 + 42232
subject to  x111 + T121 + T131 + T112 + Ti22 + 132 < 35,
Ta11 + Ta21 + Taz1 + T212 + Taze + T232 < 30,
T111 + To11 + Tuiz + T212 > 9,
T121 + To21 + T2 + Too2 > 7,
T131 + T132 + Taz1 + Toz2 > 8,
T111 + To11 + T1z1 + Ti21 + oz + Taz1 < 25,
T112 + To12 + T3z + T122 + Taze + L2320 < 26,

Now solving each objective individually with respect to the given constraints, we

obtain 231, = 26, 2% = 8, 2{) = 10,2}, = 7,20 = 763 when 2" = 268, Z1) =

166. Similarly, we obtain the optimum solution for second and third objective as

follows.

The optimum solution of second objective is: xg)l =7, :z:g)2 =9, :L'%)l =8,7? =258

when Z® =80, Z® = 72.

The optimum solution of third objective is: xg?i)l =3, :cﬁ)z = 18, :cgz)l = 22,

33%)2 = 8,70 =719 when Z® = 252, Z®) = 230 and all other variables are zero.
Here, given flexible index for p; = 3, po = 8 and p3 = 9 for fuzzy objective sets,

let us construct the membership functions as given below:
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0, 2 < 760
pmy (2) = [1(Z) = 1 - L(763 — Z), 760 < 2 < 763

1, z > 763

1, 2 < 258

fmy (2) = f2(Z) = 1 — L(Z — 250), 258 < z < 266

0, 2 > 266

0, 2 < 710
pms (¥) = f3(Z) = §1 - L7119 — Z), T10< 2 <719

1, 2> 719

\

Then the problem is changed into an ordinarily linear programming problem.

max o
2 3 2
subject to 1 — = (763 — Z Z chk&"wk) > a,
i=1 j=1 k=1
] 3 2
1— §<ZZZQW’€:CW 258) > «,
i=1 j=1 k=1

111 + Ti21 + T131 + T2 + Tro2 + 2132 < 35,
To11 + Tog1 + Taz1 + T2 + T2 + Taz2 < 30,
111 + To11 + T2 + X212 > 9,

T121 + Tog1 + T2 + T2 > 7,
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ie.,

subject to

T131 + X132 + Tag1 + Tazz > 8,
T111 + To11 + X131 + T121 + Too1 + X231 < 25, (6 8)

T112 + To12 + T132 + T122 + Tago + Taze < 20,

xijk Z 07 v i?ja k:

max «

112111 + 182112 + 102191 + 112199 + 112131 + 127139

+ 132911 + 122919 + 112991 + 132999 + 102931 + 152930 — 3 > 760,
62111 + Sx112 + 3121 + 4T122 + 5T131 + 62132

+ Txo11 + 3212 + 42991 + T2 + 4931 + TTa32 + 8ar < 266,
4r111 + 3112 + 40121 + 22122 + 22131 + 1a3e

+ 3x911 + 4212 + 62921 + 2200 + 131 + 42932 — Y > 710,
T111 + T121 + 131 + T112 + T1ze + 2132 < 35,

Ta11 + T221 + Taz1 + T212 + Taze + X232 < 30,

T111 + To11 + 112 + T212 2 9,

T121 + To21 + T122 + T222 > 7,

T131 + T132 + Taz1 + T232 > 8§,

T111 + To11 + T131 + Ti21 + Tagr + Tz < 25,

T112 + To12 + Tiz2 + Ti22 + Taze + Tasz < 26,

The optimal solution is obtained as a* = 0.2, z7,5 = 26, 275, = 8, 25, = 8.8, 159, =

8.2 correspondingly Z = 760.6, Z = 264.4, Z = 169.6. Then the approximately
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fuzzy optimal value is Z* = (760.6, 264.4, 169.6), .

Level (-1): To solve the above considered problem, convert the problem as
in profit matrix and take -1 value at each point (left level) in L-R numbers with
flexible index values p; = 3, po = 8, p3 = 9 (as we concentrate more in maximizing

and minimizing).

max Z = 11xq11; + 18x112 + 102127 + 112199 + 112131 + 122139
+ 132911 + 122919 + 11991 + 132990 + 102931 + 152932
min Z = dx111 + 42112 + 22191 + 32122 + 42131 + DT130
+ 62911 + 27212 + 321 + 4T222 + 37231 + 6T232
max Z = 3x111 + 22112 + 3%191 + 12120 + 12131 + 12132
+ 2911 + 3w212 + 9221 + 1wag + 1oz + 3waze
subject to X111 + T121 + T131 + T112 + T122 + L1329 < 35,
To11 + Ta21 + Ta31 + To12 + ooz + Tazz < 30,
Tin + Tonn + Tue + T212 2> 9,
T121 + Too1 + T12a + T2 > 7,
T131 + T132 + Taz1 + T2z2 > 8,
T111 + To11 + X131 + T121 + o + Tz < 25,
T112 + T212 + 132 + T122 + Tage + Taz2 < 26,

mijk Z O, A ’i,j, k.

Now solving each objective individually with respect to the given constraints, we
obtain 2%, = 26, 2{)) =8, 2l =10, 2}, = 7,20 = 763 when 2 = 217, ZO) =
115. 213 = 7,28, =9, 282 = 8,2® = 258 when Z? = 56, Z® = 56. 2\%) =
3,28 =18, 20 =22, 28 =8, Z2® = 719 when Z® = 192, Z®) = 179 and all
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other variables are zero.

Here, flexible index values p; = 3, po = 8, p3 = 9 are given for fuzzy objective
sets and applying above procedure. Meanwhile, it could not be found find any
feasible solution for this numerical example. However for any other example with
suitable data set, this method could provide feasible solution.

Level (41): Similarly, reseracher considered problem as in the cost matrix and
took +1 value at each point (right level) of L-R coefficients with flexible index values

are p; = 16, po = 24, p3 = 22. The profit matrix becomes

max Z = 11xq11; + 18x112 + 102127 + 112199 + 112131 + 122139
4+ 132911 4+ 122910 4+ 112997 + 132990 + 102931 + 152939
min Z = Txy11 + 62112 + 42121 + D122 + 62131 + 72132
+ 811 + 47212 + S22 + 6x222 + D31 + 8T232
max Z = 5xyy1 + 42110 + 5191 + 3T190 + 37131 + 37132
+ 411 + dx212 + T2 + 22229 + 3231 + ST232
subject to X111 + T121 + T131 + T112 + T122 + L1320 < 35,
To11 + Ta21 + Taz1 + Torz + Taze + Tazz < 30,
111 + X211 + 112 + X212 > 9,
T121 + To91 + Tiop + Tz > 7,
T131 + T132 + Taz1 + T2z2 > 8,
T + To11 + 11 + Tio1 + Tazn + Tz < 25,
T2 + T212 + 132 + T122 + Tage + Ta32 < 26,

xijk 2 07 v Za]7k

Now solving each objective individually with respect to the system constraints with
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flexible index values p; = 16, po = 24, p3 = 22 the values of objective functions are
calculated as follows:

The optimal solution is obtained as a* = 0.7, 27,5 = 26, 275, = 8, 25, = 8.167,25,, =
8.834 correspondingly Z = 759.35, Z = 313.5, Z = 222.5. The corresponding results
are listed in the Table 6.2 with different flexible index values. Suppose that when the
optimal solution of membership function, the decision maker is satisfied, then the
interactive process is stopped, so we set flexible index values (16, 24, 22), obtain that
the satisfied solutions were detailed as a* = 0.7, 27, = 26, 275, = 8, x3;; = 8.167,

5y, = 8.834. The corresponding optimal values are Z* = (759.35,313.5,222.5), .

Table 6.2: Results for different flexible index values

Level | Each objective individually results | Flexible index value Optimal solutions
0 (763, 268, 116) (3, 8,9) (760.6, 315.4, 220.6)
-1 (763, 217, 115) (3, 8,9) Infeasible solution
-1 (763, 217, 115) (16, 24, 22) Infeasible solution
+1 (763, 319, 217) (16, 24, 22) (759.35, 313.5, 222.5)
+1 (763, 319, 217) (33, 78, 89) (739.35, 313.89, 255.5)
+1 (763, 319, 217) (33, 85, 81) (748.03, 296.55, 239.45)
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7.1 Introduction

In this chapter, the researcher presents a new fuzzy solid transportation problem
(i.e. Sources, demands and conveyance capacities are fuzzy) with expected cost
value and rough interval constraints that maximized the profit. Through research,
it showed that the optimal solution of the fuzzy solid transportation problem could
be found simply by solving proposed models and our model discussed some concepts
like as surely optimal range, possibly optimal range, completely satisfactory solu-
tions, rather satisfactory solutions, rough interval range. In order to solve the model
conveniently, researcher had discussed the crisp model with corresponding expected
value models in objective functions for triangular and trapezoidal membership func-
tions, here it was showed that the problem could be converted into two different
solid transportation problems with interval coefficients, and then further each of
these two solid transportation problem can be regenerated into four classical solid
transportation problem. A numerical example was given to illustrate the proposed
model.

Section 7.2 introduces some preliminaries and notations. Section 7.3 gives the
problem formulation of fuzzy STP with rough interval coefficients. Section 7.4 pro-
vides description of the proposed model. Section 7.5 gives solution procedure (algo-

rithm). Section 7.6 presents a numerical example.

7.2 Preliminaries

In this section, the basic knowledge of rough set theory is recalled. As Rough
intervals, rough interval arithmetic and ordering of rough interval were introduced
briefly in Chapter 1 (definition 1.11 and 1.12). The expected value operator is

discussed below.
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Expected value of triangular and trapezoidal fuzzy numbers:

Definition 7.1. (Liu et al. [67]) Let € be a fuzzy variable. Then the expected value

of £ is defined as

Blg = /Ooo Cr{e > r}dr — /_ Cr {€ < r}dr (7.1)

provided that at least one of the two integral is finite. If € is a triangular fuzzy
variable (1, ro, r3), then the expected value of &is (1/4)(ry + 2ry +75). If £ is a
trapezoidal fuzzy variable (r1,79,73,74), , then the expected value of Eis (1/4)(r1 +

ro + 13+ 14). Here Cr is called credibility measure.

7.3 Problem Formulation

It is assumed that a product is to be transported from m sources to n destinations
in a STP, at each source, let s; be the amount of a homogeneous product we want to
transport to n destinations to satisfy the demand for d; units of the product. Here
ex, called conveyance, denotes the units of this product that could be carried by k
different modes of transportation and also the objectives Z is to be maximized.

A solid transportation problem is formulated with fuzzy objective functions and
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different types of constraints with rough interval coefficients could be written as.

m n K
7 = max E E E 6ijkxijk

i=1 j=1 k=1

subject to szzﬂk < ([s}, 54, [5%,54)),i =1,2,....m,
7=1 k=1
m K
SN e = (4, (ddY). g = 1.2, o,
i=1 k=1
DD wu < (el [ dil) k=12, K,

i=1 j=1

where z;;, > 0,V4¢, 7, k.

A value of the unit shipping cost ¢;;; is associated with fuzzy transportation from
it" origin to j™* destination by the k' conveyance. We need to determine a feasible
way of shipping the available amounts to satisfy the demand such that the profit is
maximized.

Remark 7.1: Using the rough interval properties given in section 7.2, we have the

followings proposals:

_17 =)

[, dY) C [d,dy) = df < d <dj <dy

=) =7 7770

e} er] C [, er] = &), < el < ef < &

where i=1,2,...m, j=1,2,...n and k=1.2,...K.
Here we define some sets which will help to develop the methodology and theoretical
background that leads us to solve the proposed solid transportation problem under

rough interval approximation.



CHAPTER 7. 114

Definition 7.2. In Problem (7.2), we define the following sets:

n K m K _
1 . .
_ x € RP § j-lE k_lwijk§3i7Z:1727"'7m;§ im1 E k_lfiijd}’,]ZI,Q,...,n;
LU = N - N -
m n *l . .
E i E jzlxijkSek,k:1,2,...,KandxijkZO,Vz,j,k
n K m K
. reRP =1 k_lxijk§§ial:1727"'7m; i-lE k_lxiijd?7]:172a"'7n;
2.U = - B B B
- m n . o
E i:l E jzlxijkggk,kzl,Z,...,KandxijkZO,VZ,],k
n K m K -
_ . 1 .
B x € RP E i E kilxijkgs?,ZZLZ,...,m;E . E k,lxijkzdﬁ]:lvz'“?”;
3. U% = B h B h
m n —u L
E . E jzlxijk§ek7k:1,2,...,KandxijkZO,VZ,j,k
n K m K
. l .
x € RP E i1 E k_lxijk§§?77f:1>2w~vm§§ HE k_lxijk24j7]:172w~7n§
4. U* = B B B B
- m n w o
E i E jzlxijkggk,k’zl,z...,[(andmljkZO,Vz,j,k‘

Where p=m xn x K.

Proposition 7.2.1:
Here we propose that for the sets U, U*, U and U" that we define by definitions are

(according to Hamzeheea et al.[35]) have the following property:
vtcutcutcut

Proof: Using remark 7.1 we have, Let x € U! which implies,

(a?ERp

S < XY =Y S s < Ut
Tijk 855 Tij j Tijp<e,| =€

g1 Ly VIR =20 L g Ly VIR = R0 Ly L TR = Sk U,

n K < G m K > dl m n < ot -

Zj:l Zk:l ik =20 0 4 Ly VIR =20 L Ly TR = SR v,

n K “ m K gl m n “ U”u
Tiir. < S Tisn > d Lo < & —~rc

Zj:l Zk:l ijk > 95 E =1 § kel ijk = g, E i1 E =1 ijk S € ,

n K ! m K J’U‘ m n !
Zj:l Zk:l ELE ’Zz:l Zk:l ik = %5 Zi:l Zj:l ik = “k

<=>x€Rp

(:»:z:eRp

(:>a?€Rp

foralli=1,2,...m,j=1,2,...n,and k=1,2,... K where p=m xn x K.
So it is proved that for any = € U' we find that « € U', x € U*, z € U™

Therefore,
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T o
N 1N
SN

m U 0w
< 19
N 1N
S @
g 2

<

N

]
g

Now combining the above we can say that,U' C Ql C U" C U". Hence proved.

7.4 Solution Methodology

Now, we use the following method to solve the problem given in (7.2).

Using Expected Value:

Here we minimize the expected value of the objective functions and then the above

problem become as:

i=1 j=1 k=1

n K
subject to ZZ%’“ < (s}, 54, [8%,54),i = 1,2,...m,

Jj=1 k=1
m K -
SO e > ([d 4 [dL ) G = 1,2, .,
i=1 k=1
SN ik < ()€l e ep]). k= 1,2, .. K,
i=1 j=1

where ;5 > 0,1, 7, k.
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This is equivalently written as:

m n

max E[Z] = Z Z E [Ciji] Tijn

i=1 j=1 k=1

n K
subject to sz”k < ([s!, 54, [5%,5%]),i=1,2,...m,

j=1 k=1
m K
szljk > ([déudg]? [Czlj?d]]>7.] = 1727 L.,
i=1 k=1
oD wie < (ehoeil b el k= 1,2, K,
i=1 j=1

where ;;1, > 0,V1, 7, k.

The expected value model (Liu et al.[67]) could be formulated for the model (7.3) by
using expected value to both (the objective functions). But here the crisp equiva-
lence may not satisfy the required conditions (total available resources greater than
or equal to the total demands and also total conveyance capacities greater than
or equal to the total demands for all items). So this method gave a feasible so-
lution only when the rough interval coefficients supplies, demands and conveyance
capacities were rough interval coefficients so that their respective expected values

automatically satisfy those conditions.

Solid transportation problem with interval coefficient-7.1

(STPIC-7.1):

In order to solve the Model (7.3), here we have a solid transportation problem with

interval coefficient which we denote as STPIC-7.1.
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=1 j=1 k=1
n K
subject to szlﬂk < ([s},8¢]),i=1,2,...m,
7j=1 k=1
m K
7.4
SN e > (i df).g = 1.2.m, Y
i=1 k=1
szi]’k S ([§§g7§z])7k = 1725 e 'K>
i=1 j=1

where ;;1, > 0,1, j, k.

Solid transportation problem with interval coefficient-7.2
(STPIC-7.2):

In order to solve the Model (7.3), here we have another solid transportation problem
with interval coefficient which we denote as STPIC-2.

m n K

max E[Z] = Z Z Z E (&) xijn

i=1 j=1 k=1

n K

subject to ZZJSW < (5}, 54),i=1,2,...m,
=1 k=
e (7.5)
SN wi > (dd), i =1,2, o,
=1 k=1
SN wgr < (@), k=1,2,... K,
i=1 j=1

where x5, > 0,V1, j, k.
Theorem 7.1[Hamzeheea et al.[35]]

Suppose the optimal range of STPIC-7.1 exists, then it is equal to the surely optimal
range of the Model (7.3).

The optimal range of the STPIC-1 could be obtained by solving two classical trans-
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portation problem given by STP-7.1.1 and STP-7.1.2.

Solid Transportation Problem-7.1.1 (STP-7.1.1):

m n K
max Zl = Z Z Z E [é”k] Tijk
i=1 j=1 k=1
n K
subject to szmk <shi=1,2,...m,
j=1 k=1
SN wgp>dij=12,...n, '
i=1 k=1
szijk SQZ,]{?: 1,2,...K,
i=1 j=1

where z;;, > 0,Ve, j, k.

Solid Transportation Problem-7.1.2 (STP-7.1.2):

max Zl = Z Z E [@]k] Lijk
i=1 j=1 k=1
n K
subject to ZZIW <si'i=1,2,...m,
j=1 k=1
m K
7.7
SN e zd =12 n 77)
i=1 k=1
S wgp <€l k=12, K,
i=1 j=1

where z;;, > 0, V4, 7, k.

Now from definition 7.1, the feasible set of STP-7.1.1 and STP-7.1.2 is equal to U
and U" respectively. Hence the optimal range of STPIC-7.1 by the interval [2!, z¢].
Theorem 7.2 [Hamzeheea et al.[35]]

Suppose the optimal range of STPIC-7.2 exists, then it is equal to the surely optimal
range of the Model (7.3).
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The optimal range of the STPIC-7.2 could be obtained by solving two classical solid

transportation problems given by STP-7.2.1 and STP-7.2.2.

Solid Transportation Problem-7.2.1 (STP-7.2.1):

m n K
max Z' = Z Z Z E (€] ijn
i=1 j=1 k=1
n K
subject to szijk < 52,2' =1,2,...m,
j=1 k=1
SN wgp=dyj=12,...n, '
i=1 k=1
szi]’k S égg,k: 1,2,...K,
i=1 j=1

where z;;, > 0,1, j, k.

Solid Transportation Problem-7.2.2 (STP-7.2.2):

m n K
max 2% = Z Z Z E [¢k] ijn

i=1 j=1 k=1
n K
subject to Z injk <s5'1=12...m,
j=1 k=1
m K
7.9
i=1 k=1
szzjk S éz,l{?: 1,2,...K,
i=1 j=1

where x;;, > 0,V1, j, k.
Now from definition 7.1 the feasible sets of STP-7.2.1 and STP-7.2.2 are equal to
U' and U" respectively. Hence the optimal range of STPIC-7.2 was given by the
interval [z, 24].

Now we can claim that the interval [Z!, %] and possibly optimal range of the Model
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(7.3) both are equal and we have to show it. We need to prove [z}, z%] C [}, 2%] or
equivalently 7/ < z! < z* < z*. In order to show it, we need to prove U' C U’ and

U" C U". The remaining proof is given in proposition 7.1.

7.5 Algorithm

Input As an input is considered one solid transportation problem with rough in-

terval coefficient (STPRIC) given by the Model (7.3).

Step 1 Break down the Model (7.3) into two transportation problem with interval
coefficients given by STPIC-7.1 and STPIC-7.2.

Step 2 Find out the surely optimal range [2%, 2*] by solving STPIC-7.1 by breaking
down them to two classical transportation problem given by STP-7.1.1 and

STP-7.1.2.

Step 3 In a similar process with step 2, we have to find the possibly optimal range

[zP!, zP¥] by solving the STPIC-7.2.

Step 4 In this step we may have three possible outcomes depending on the set of

decision variables. The three possible outcomes are as follows.

1. If STPIC-7.1 and STPIC-7.2 have their optimal ranges, then the main

problem i.e. STPRIC has a rough ranges and it is given by ( [2*, 2°¥][z%, 2P¥]).

2. If STPIC-7.1 and STPIC-7.2 has unbounded range then the STPRIC has

unbounded range.

3. The infeasibility of STPIC-1 and STPIC-2 directly implies the infeasibil-
ity of STPRIC.
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7.6 Numerical Example

We considered objective functions with triangular and trapezoidal fuzzy numbers
to illustrate the proposed method to show the effectiveness and efficiency. Supply,

demand and conveyance capacities are taken as rough interval form.

max Pl"Oﬁt :(1, 3, 7).213111 =+ (2, 5, 8, 9)33121 + (4, 7, 9, 11).93112 =+ (3, 5, 6, 8)33211

+(3,4,5,6)z21 + (5,7,8,9)120 + (1,2, 3) w920 + (4, 5,6, 7)xa10

subject to z111 + T121 + T112 + 7122 < ([5, 10], [4, 18]),
To11 + To21 + a1z + Toze < ([5.5,8],[3,9]),
T111 + To11 + 112 + 2212 > ([3,3.5],[2, 3.5)),
T121 + To91 + X122 + T220 > ([2,2.5],[1, 2.5)),
T111 + To11 + 121 + 2221 < ([2.5,6.5], [2, 8)),
T112 + o1z + T1ag + Tage < ([4,7.5], [4,10]),

where z;;, > 0,V1, j, k.
Now following the proposed methodology discussed in theorems 7.1 and 7.2. We

have four classical solid transportation problem like as STP-7.1.1, STP-7.1.2, STP-
7.2.1 and STP-7.2.2, given in section 7.3. We solve these STPs of the model using
LINGO software.

After solving the problems we got optimal results and they were given as follows.

STP-7.1.1 Optimal value z'=44.5, optimal solution x12;=1, 112=2.5, x911=1.5,

r1290=1.5 and all other variables are zero.

STP-7.1.2 Optimal value 2“=95.125, optimal solution x19;=2.5, £112="7.5, x211=4

and all other variables are zero.

STP-7.2.1 Optimal value 2/=40.75, optimal solution z112=1.5, Z211=2, T120=2.5
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and all other variables are zero.

STP-7.2.2 Optimal value 2¥=125.5, optimal solution x12;=8, £112=10 and all other

variables are zero.

With these optimal values we have the following solution for the problem as follows,
(2!, 2%]=[44.5, 95.125] is the surly optimal range and these optimal solutions are two
rather satisfactory solutions, [2!,2%|=[40.75, 125.5] is the possibly optimal range
and these optimal solutions are completely satisfactory solutions and [44.5, 95.125],
[40.75, 125.5] is the rough optimal range. Here the obtained results are involved
in the transportation system regarding quantity of production of respective goods.
Using the expected value operator and rough interval. In all the cases we managed
to reach the optimal solution. As we know that using the rough interval tool, we

were make the solution space or feasible region of the problem more flexible.
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8.1 Introduction

In this chapter, the researcher presents a new fuzzy fixed charge solid transporta-
tion problem with rough interval constraints. The fixed charge solid transportation
problem is an extension of classical transportation problem in which a fixed profit is
incurred, independent of the amount transported, along with a variable profit that
is proportionate to the amount shipped. The fixed charge solid transportation has
two kinds of profits: direct profit and fixed charge profit. Here, we could construct
two solid transportation problems with interval coefficients considering the lower
approximation and the upper approximation of the rough intervals. The researcher
finds that the optimal solution of the fuzzy solid transportation problem could be
found simply by solving proposed models and our model discussed some concepts like
as surely optimal range, possibly optimal range, completely satisfactory solutions,
rather satisfactory solutions, rough interval range. A numerical example is given
to illustrate the proposed model. Our results are compared with those obtained by
Pardip Kundu et al.[58], using the proposed models for the same numerical example.

Section 8.2 introduces some preliminaries. Section 8.3 gives the problem formu-
lation of fuzzy STP with rough interval coefficients. Section 8.4 provides description
of the proposed model. Section 8.5 gives solution procedure (algorithm). Section
8.6 presents a numerical example. Section 8.7 presents two numerical examples and

sensitivity analysis. Section 8.8 gives the comparative study.

8.2 Preliminaries

The Rough intervals, rough interval arithmetic and ordering of rough interval have
given in Chapter 1 (definition 1.11 and 1.12). The expected value of triangular and

trapezoidal fuzzy numbers have given in Chapter 5 (definition 5.1).
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8.3 Problem Formulation

It is assumed that a product is to be transported from m sources to n destinations
in a STP. At each source, let s; be the amount of a homogeneous product we want
to transport to n destinations to satisfy the demand for d; units of the product.
Here e;, called conveyance, denotes the units of this product that can be carried by
k different modes of transportation and also the objectives Z should be maximized.

A solid transportation problem is formulated with fuzzy objective functions,
fuzzy fixed charge and different types of constraints with rough interval coefficients

could be written as.

i=1 j=1

subject to Zz%k< st s[5, 54]),4 =1,2,...m,
71=1 k=1
szijkz d',dv, [d dv]), 5 =1,2,...m, (8.1)
i=1 k=1

where x;;, >0, Vi,5,k,
Yije = 0 iz = 0,

Yije = 1 if @y, > 0.

A value of the unit shipping cost ¢;;;, is associated with fuzzy transportation from
" origin to j destination by the k'® conveyance. We need to determine a feasible
way of shipping the available amounts to satisfy the demand such that the profit is

maximized.
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Remark 8.1: Using the rough interval properties as given in section 8.2, the
following proposals are made:
l

5] C [81, 5] = 5

=) 17 1

SN
IN
58
IA
¥
=
IA
|
=z

1 T 1 -
(5, d5] C dj, dj] = d} < dj < dj < df
e} er] C [, er] = &), < el <ep < e

wheret=1,2,...m,j=1,2,...nand k =1,2,... K.

Here, researcher tried to define some sets which would help to developing the
methodology and theoretical background that would lead to solve the proposed

solid transportation problem under rough interval approximation.

Definition 8.1. In problem (8.1), we define the following sets:

n K m K —
—1 . . . .
- x € RP ijl Zk:l Tijk <8 ,1=1,2,. ..m,zizl Zk:l T > dj,j=1,2,...n;
1.U' =
m n 1 L.
Zi:l ijl Tigr < e,k =1,2,... K and x5, > 0,1, 5, k
n K m K
o . . :
. x € RP ijl Zk:l Tijk < 8 ,1=1,2,. ..m,zizl Zk:l T > dj,j =1,2,...n;
2 =
- m n . o
Zi:l ijl Tijr < e,k =1,2,... K and x5, > 0,4, 7, k.
n K m K -
. e RP ijl Zk:l Tir <5 i=1,2,...m; Zi:l Zk:l wigk > d5,j =1,2,...m
3.U" =
m n —u .o
21:1 Zj:1 mijk S 6k, k = 1,2, LK and xijk Z O,Vl,j,k.
n K m K
. ] Lo :
o r € RP ijl Zk:l Tijk Sﬁ? )= 1727"'ma Zi:l Zk}Zl Tijk > djaj - 1,2,...71,
Z. 12' | Tigk <ep,k=12,...K and x;;;, > 0,Vi,j,k.
1= J=

where p=m xn x K.
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Proposition 8.1
Here, researcher proposed that for the sets U',U* U'and U" that we define by

definitions are (according to Hamzeheea et al.[35]) have the following property: U! C
vcutcur

Proof: Using remark 8.1 we have, Let 2 € Ulwhich implies,

Rp n K < ! m K >Ju m n < !
o S ST TET SO SRS sl S
je L= VIR =00 L 4y L gy VIR =0 L g Lajy TR =Tk
n K I m K w
=z € R’ Z Z xijkgﬁiaz, Z Tiji > dj,
j=1 k=1 i=1 k=1 1
m n :>er’
!
Do D ik Sk
n K “ m K I
Sz eRDY > mipp <8,y Y wgk > d,
7j=1 k=1 =1 k=1 u
=zxzecU"
PO DRI
Tiin < e
=1 Lajmy TR = Sk
n K —u m K =
=z €RP Z Z xiij%wZ, Z Tijk = dy,
j=1 Latl=1 i=1 k=1 —u
=z ecUY

m n w
Tiip < €
Doy D, Bk S

for all

i=1,2...m, j=12...nand k=1,2,...K,

where p=m xn x K.

So we prove that for any = € U! we find that = € U',z € U%, x € U". Therefore,

T <
N 1N
SIS

U 0w
Sl
N 1N
S
g F

<
N
il

g

Now combining the above we can say that U' C U' C U* C U*. Hence proved.
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8.4 Solution Methodology

Now, The following method is used to solve the problem given in (8.1).

Using Expected Value

Here when the researcher minimizes the expected value of the objective functions

and fixed charges, then the above problem becomes as:

m n K
max E[Z ZZZ (CijuTije + TijrYiji)
i=1 j=1 k=1
subject to szlﬂk < ([s},54]),[8,54),i =1,2,...m,
7=1 k=1
m K
SN ape > (d 4, [dL ), G = 1,2,
i=1 k=1

D wip < (g€l e e) k=12, K,

i—1 j=1
xijk Z O, V i,j,k’
Yiji = 0 if 255, = 0,

Yijk = 1if Tijk > 0.

This is equivalently written as:

3

n K
subject to Y > " ayp < ([s, sV, [8), 8¥]),i = 1,2,...m, (8.2)
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n

Z Lijk > < €k7€k] [627?;]) k= 1727"'K7

i=1 j=1
xijkzzoa VZ,j,k
Yije = 0 if 245, = 0,

Yijk = 1if Tijk > 0.

The expected value model (Liu et al.[67]) could be formulated for the model (8.2)
by using expected value to both the objective functions. But here the crisp equiv-
alence might not satisfy the required conditions (total available resources greater
than or equal to the total demands and also total conveyance capacities greater
than or equal to the total demands for all items). So this method provides a feasible
solution only when the rough interval coefficients supplies, demands and conveyance
capacities are rough interval coefficients. So that their respective expected values

automatically satisfy those conditions.

Fixed charge solid transportation problem with interval

coefficient-8.1 (FCSTPIC-8.1):

In order to solve the problem (8.2), here we have a fixed charge solid transportation

problem with interval coefficient which we denote as FCSTPIC-8.1.

K
subject to sz”k <[sh,84],i=1,2,. (8.3)
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n

izxzjk <leh,et k=1,2,... K.
i—1

-Tijk: Z O,V i,j, ]{?,
Yijk = 01f i =0,

Yiji = 1if Tijk > 0.

Fixed charge solid transportation problem with interval

coefficient-8.2 (FCSTPIC-8.2):

In order to solve the problem (8.2), here we have another fixed charge solid trans-

portation problem with interval coefficient which we denote as FCSTPIC-8.2.

n K

max E[Z] = Z Z Z Z]k ngk + E[nmk]ywk)

i=1 j=1 k=1

n K
subject to ZZ Tije < [8 Lsy, i=1,2,...m.
j: :

m K
ZZ z]k> dj],d? ]:1,2,7’L

k=1 (8.4)

n

iz <l k=12 K

xijk 2 O,V iaja k
yijk = O, if mijk = O,

Yijk = 1, if Tijk > 0.

Remark 8.2(Using Hamzeheea et al.[35])
Suppose that the optimal range of FCSTPIC-8.1 exists. Then it is equal to the surely
optimal range of the Model (8.2). The optimal range of the FCSTPIC-8.1 could be

obtained by solving two classical transportation problems given by FCSTP-8.1.1
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and FCSTP-8.1.2.

Fixed Charge Solid Transportation Problem-8.1.1

(FCSTP-8.1.1):

gl

subject to

m n K

= max Z (Elegjplmie + Enijrlyij)
i=1 j=1 k=1

n K

szlfig‘k <sh i=12,...m

=1 k=1

m K

Zzﬂfijk >di, j=1,2,...n

o (8.5)

szijk <é, k=12 .. K.

i=1 j=1

CL’Z‘jk Z O,V Z.,j, ]{7,
Yije = 0, if @35 =0,

Yijk = 1, if Tijk > 0.

Fixed Charge Solid Transportation Problem-8.1.2

(FCSTP-8.1.2):

i=1 j=1 k=1

n K

szijk<3w 1=1,2,...m

j=1 k=1

szijk>d§’ j—1,2, n '
i=1 k=1

Zzwijk<ek7 k:1727 K

i=1 j=1

Tijk Z 07Vi7j7 k;
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Yije = 0, it @5, =0,

Yije = 1, it @, > 0.
Now from the definition 8.1, the feasible set of FCSTP-8.1.1 and FCSTP-8.1.2
is equal to U' and U" respectively. Hence the optimal range of FCSTPIC-8.1 was
given by the interval [z!, 2%]. Now we could claim that the interval was surly optimal

range of the problem (8.2).

Remark 8.3(Using Hamzeheea et al.[35])
Suppose that the optimal range of FCSTPIC-8.2 exists. Then it is equal to the
surely optimal range of the Model (8.2). The optimal range of the FCSTPIC-8.2
could be obtained by solving two classical solid transportation problems given by

FCSTP-8.2.1 and FCSTP-8.2.2.

Fixed Charge Solid Transportation Problem-8.2.1

(FCSTP-8.2.1):

=1 j=1 k=1
n K
subject to Zz%k <5, 1=12,...m
7j=1 k=1
m K
DY wge=dy, j=1,2,...n
i=1 k=1 (8.7)

Tijk Z 07 v i?jv k?
Vi = 0, if x4, =0,

Yijk = 1, if Tijk > 0.
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Fixed Charge Solid Transportation Problem-8.2.2

(FCSTP—8.2.2):

m n K
z% = max Z Z (E[Cijk]xijk + Emijr]yijr)
—1 k=

% j=1 1

n K
subject to ZZJ:W <s5' =12 ...m.

j=1 k=1
m K

D wp>d, j=12,...n

Y mp<ep k=12 K

i=1 j=1

i > 0, Vi, 7, k,
Yiji = 0 if 245, = 0,
Yijre = 1 if 245, > 0.

Now from the definition (8.1) the feasible sets of FCSTP-8.2.1 and FCSTP 8.2.2
are equal to U' and U" respectively. Hence the optimal range of FCSTPIC-8.2
was given by the interval[z!, z4]. Now we could claim that the interval [z!, %] was
possibly optimal range of the problem (8.2) both are equal and we have to show it.

We need to prove [z}, 2] C [Z!, 2¥] or equivalently

R
[\
IS
VAN
|2
e
[\
W
IS

In order to show it, one need to prove U' C U! andU* C U*. The remaining proof
is given in proposition (8.1).
Algorithm 8.5 solves a more general form of problem (8.1). The process is summa-

rized as follows:
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8.5 Algorithm

Input As an input consider one fixed charge solid transportation problem with

rough interval coefficient (FCSTPRIC) given by the Model (8.2).

Step 1 Break down the given Model (8.2) into two transportation problems with
interval coefficients given as FCSTPIC-8.1 and FCSTPIC-8.2.

Step 2 Find out the surely optimal range [2*,2°“] by solving FCSTPIC-8.1 by
breaking down them into two classical transportation problems given as FCSTP-

8.1.1 and FCSTP-8.1.2.

Step 3 In a similar process with step 2, we have to find the possibly optimal range

[zP!, zP¥] by solving the FCSTPIC-8.2.

Step 4 In this step we might have three possible outcomes depending on the set of
decision variables.

The two possible outcomes are as follows:

A. If FCSTPIC-8.1 and FCSTPIC-8.2 have their optimal ranges, then the main
problem i.e, FCSTPRIC has a rough ranges and it is given by ([z*, z%¢][z", zP%]).
B. The infeasibility of FCSTPIC-8.1 and FCSTPIC-8.2 directly implies the infeasi-
bility of FCSTPRIC.

The above outcomes are validated in the next section.
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8.6 Numerical Example

We considered objective functions with triangular and trapezoidal fuzzy numbers

to illustrate the proposed method to show the effectiveness and efficiency. Supply,

demand and conveyance capacities were taken as rough interval form.

Table 8.1: Profit matrix ¢;;;, for numerical example

Cij1

Cij2

(1,3,7) | (2,5,8,9)

(4,79,11) | (5,7,8,9)

(3,5,6,8) | (3,4,5,6)

456,7) | (1,2.3)

Table 8.2: Fixed charge matrix ¢;;;, for numerical example

Mij1

Nij2

(15,20,30)

(20,24,30)

(20,26,32)

(25,30,35,40)

(10,16,20,24)

(20,27,30,35)

(15,20,24,28)

(22,26,30,34)

subject to

T111 + 121 + T112 + x122 < ([5, 10], [4, 18]),

To11 + Tao1 + Tare + Taze < ([5.5,8],[3,9]),

T111 + Tor1 + T112 + 212 > ([3,3.5],[2,3.5]),

T121 + Taz1 + T2 + Ta22 > ([2,2.5], [1,2.5]),

T111 + Ta11 + 121 + oo < ([2.5,6.5],[2, 8]),

T112 + Tota + T12e + Taze < ([4,7.5],[4, 10)),

where Lijk Z 07 V’i,j,k,

Yiji = 0 if @5, = 0,

Yijk = 1 if Tiji > 0.

Now following the proposed methodology discussed in remarks 8.1 and 8.2, we have

four classical fixed charge solid transportation problem like as
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FCSTP-8.1.1, FCSTP-8.1.2, FCSTP-8.2.1 and FCSTP-8.2.2, given in section 8.3
and solve these FCSTP model. After solving the problems we got optimal results

and they were given below.

FCSTP-8.1.1 Optimal value z'/=145.1, optimal solution z19;=1, £112=2.5, 2211=L1.5,

T120=1.5 and all other variables are zero.

FCSTP-8.1.2 Optimal value z“=163.225, optimal solution z19;=2.5, z112=7.5,

T911=4 and all other variables are zero.

FCSTP-8.2.1 Optimal value 2'=116.75, optimal solution z115=1.5, £211=2, T120=2.5

and all other variables are zero.

FCSTP-8.2.2 Optimal value z¥=176.1, optimal solution x19;=8, x112=10 and all

other variables are zero.

With these optimal values we derived the following solution for the problem they
are, [z}, 2%] = [145.1, 163.225] the surly optimal range and these optimal solutions
are two rather satisfactory solutions, [z!, 2%]=[116.75, 176.1] is the possible optimal
range and these optimal solutions are two completely satisfactory solutions [145.1,
163.225], [116.75, 176.1] is the rough optimal range, which validates the outcome “A”
of the previous section. Here the obtained results are involved in the transportation
system regarding quantity of production of respective goods. Using the expected
value operator and rough interval, in all the case we reached the optimal solution.
As it was clear that using the rough interval tool we make the solution space or

feasible region of the problem more flexible.
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8.7 Sensitivity Analysis

Here, the right side constraints of numerical example was changed (-1 level)(given
in above section 8.6 (0 level)) to ([4, 9], [3, 17]), ([4.5, 7], [2, 8]), (]2, 2.5], [1, 1.5]),
([1, 1.5], [0, 1.5]), ([1.5, 5.5], [1, 7]), ([3, 6.5], [3, 9]) in the proposed methodology.

Table 8.3: Profit matrix ¢;;, for numerical example

Cijt Cijo
(1,3,7) | (2,5,8,9) | (4,7,9,11) | (5,7,8,9)
(3,5,6,8) | (3,4,5,6) | (4,5,6,7) (1,2,3)

Table 8.4: Fixed charge matrix ¢;;;, for numerical example
Mij1 Mij2

(15,20,30) | (20,24,30) (20,26,32) (25,30,35,40)
(10,16,20,24) | (20,27,30,35) | (15,20,24,28) | (22,26,30,34)

subject to  x111 + 121 + T112 + 122 < ([4, 9], [3,17)),
Ta11 + Taz1 + Taro + Taxe < ([4.5,7],]2,8]),
T111 + Ta11 + Tri2 + a2 > ([2,2.5],[1, 1.5]),
(8.10)
T121 + Tao1 + T12e + Taxe > ([1,1.5],]0, 1.5]),
T111 + Ta11 + i1 + Taor < ([1.5,5.5],[1,7]),

T112 + Tare + 1o + Taxe < ([3,6.5],[3,9]),

where x5, > 0, V4, 7, k,
Yije = 0 it 2y, = 0,
Yije = 1 if @5, > 0.
Now following the proposed methodology discussed in remarks 8.1 and 8.2, we have

four classical fixed charge solid transportation problem like, FCSTP-8.1.1, FCSTP-

8.1.2, FCSTP-8.2.1 and FCSTP-8.2.2, given in section 8.3. After solving the prob-
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lems we get optimal results and they are two completely satisfactory solutions [114.6,
149.975], [104, 162.35] is the rough optimal range.

Similarly here, take the right side constraints for numerical example (+2 level) to
([7, 12], [6, 20)), ([7.5, 10], [5, 11]), ([5, 5.5], [4, 5.5]), ([4, 4.5], [3, 4.5]), ([4.5, 8.5], [4,
10]), ([6, 9.5], [6, 12]) and these optimal solutions are two completely satisfactory
solutions [170.6, 188.975], [142.5, 220.1] is the rough optimal range, considered to
explain the proposed Methods’ efficiency.

Here, it is observed that the results are involved in the transportation system
regarding quantity of production of respective goods. Using the expected value
operator and rough interval, in all the cases the optimal solutions are reached. As
it was hypothesised that using the rough interval tool we make the solution space
or feasible region of the problem more flexible.

Table-8.5 shows that the comparison of the results of the present examples. It is

shown that the optimal solution of the proposed problem gives better results.

Table 8.5: Sensitivity analysis of (8.10)
Surely Possibly Rough
optimal range | optimal range interval ranges
-1 [114.6, 149.975] | [104, 162.35] ([114.6, 149.975], [104, 162.35])
0 | [145.1, 163.225] | [116.75, 176.1] | ([145.1, 163.225], [116.75, 176.1])
2 | [170.6, 188.975] | [142.5, 220.1] | ([170.6, 188.975], [142.5, 220.1])

Level

It is also to be noted that Model (8.10) does not have optimal range at level +1

due to infeasibility. Thus it validates outcome “B” of the previous section.
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8.8 Comparative Study

In this section, let us consider a numerical example presented by Pradeep Kundu
et al.[58]. Table 8.6 and Figure 8.1 presents the comparison analysis between the
results obtained using rough interval approximation and the results of Pradip Kundu
et al.[58] using chance-constrained programming. Figure 8.1 represents the surly

optimal ranges and possibly optimal ranges. Here, both the ranges obtained by

Pradeep Kundu et al.[58] are subset of proposed method.

Table 8.6: Comparisons of optimal solutions

Pradip Kundu et al. [58]

Chance-constrained programming

Proposed method

([572.54,579.536],[471.427,630.2688])

([474, 581.80], [408.60, 670.2])

- Chance-constrained

- Proposed method
r r possible optimal range 7 7
L Y
408.6  471.42 474 57254 79530581 630.27 670.2
[ [ 1 1
< LT T >

Surly optimal range

Figure 8.1: Optimal values represented as a Rough Interval.
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This Chapter presents the main conclusions of all the chapters in the thesis

(section 9.1) and some directions for future research work (section 9.2).

9.1 Conclusions

Thesis is devoted to study on fuzzy solid transportation problems with rough inter-
vals, stochastic and budget constraints. Chapter-wise conclusions of the thesis are
as follows:

Chapter 1 is introductory in nature. This chapter includes the abstract of the
thesis, key words, some definitions, literature survey of 111 references and list of
notations used throughout the work.

In Chapter 2, a solution procedure has been developed for a fuzzy solid trans-
portation problem with fuzzy supply, requirement, conveyance capacity and budget
interval using Hu and Wang’s approach and fuzzy programming approach. In a
frame work at genuine field problem, the technique could be used in an effective
way.

In Chapter 3, developed a method to find the fuzzy objective value of fuzzy solid
fractional transportation problem (SETP). A two level mathematical programming
technique to find the a-cuts of the fuzzy SF'TP problem. At a specific a-cut, solving
the pair of linear program produced the bounds of the objective value of the SF'TP.
The objective value of SF'TP is expressed by approximating membership function
rather than by a point value, more information was provided for making better
decisions. The a-cuts of different possibility levels could be used to approximate
the membership function. An example was given to illustrates the proposed model.
With the ability of calculating the objective value of the SFTP under the fuzzy

environment, it might help initiate wider applications.
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In Chapter 4, FSSTP Has been formulated with the fuzzy-random environ-
ment and solved by GP and FGP approaches. Here, fuzzy constraints with random
demand and conveyance parameters have been transformed into crisp forms using a
new technique assuming normal distribution to the demand variants with different
limits. We considered two different budgetary constraints and observed the effects
on demand deficits and capacities deficits. The present model also could be extended
to include some restrictions on the conveyances and on the unit transportation cost
with respect to the amount to be transported.

In Chapter 5, presented a fuzzy Goal programming approach for solving MOSTP
with fuzzy constraints (i.e., sources, demands and conveyance capacities are fuzzy).
In order to solve the model conveniently, we have discussed the crisp model with
corresponding defuzzified values under the conditions and the expected value models
in objective functions for triangular and trapezoidal membership functions. Then
multi-objective problems were solved using the fuzzy goal programming approach
and three numerical examples are given to illustrate the proposed model. The op-
timal solution of the proposed problem gave better results by using fuzzy Goal
programming approach when compared to Fuzzy linear programming and Global
criterion method.

In Chapter 6, a solution procedure for the fuzzy linear programming MOSTP
model with L-R coefficients has developed. The flexible indexes were given in objec-
tive function. In order to sustain the existence of an optimal solution. The model
was illustrated with a numerical example and results were compared at level of -1,
0 and +1. In this regard the decision maker might choose the best among those

results according to the requirement. So this helps the decision maker.
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Chapter 7 presented a new fuzzy solid transportation problem with expected
profit value and rough interval constraints (i.e. Sources, demands and conveyance
capacities are fuzzy) that maximized the profit. In order to solve the model conve-
niently, we have discussed the crisp model with corresponding expected value models
with objective functions in triangular and trapezoidal membership functions. An
algorithm is proposed. A numerical example was given to illustrate the proposed
model. As part of solution of the problems some concepts on optimal solutions were
discussed.

In Chapter 8, a new fuzzy fixed charge solid transportation problem with
expected profit value and rough interval constraints with sensitivity analysis was
presented. We have discussed the crisp model with corresponding expected value
models in objective functions for triangular and trapezoidal membership functions.
We have shown the problem that could be converted into two different solid trans-
portation problems with interval coefficients, and then further each of these two solid
transportation problems could be regenerated into four classical solid transportation
problems. A numerical example was given to illustrate the proposed model, sensi-

tivity and comparative study was included.

9.2 Future Directions

This thesis mainly focuses on solid transportation problems with rough intervals,
stochastic and budget constraints models in fuzzy environment. There are several
interesting opportunities for future researches in this area. The extension of fuzzy
solid transportation problem models could be done for stochastic with different
parameters like demand rate, varies time were concerning to the real life problem.

For future researches, the following areas are recommended:
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Extending some models to multi-item case is another direction for further

work.

The models presented in the thesis could be extended or applied to other
similar uncertain models in other areas such as inventory control, ecology,

sustainable form management, etc.

Some Evolutionary Techniques like Genetic Algorithm (GA) & Particle Swarm

Optimization (PSO) may be applied.
Demand function may be considered as Ramp Type function.

Case studies with real life problems.
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