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ABSTRACT 

 

Single carrier frequency division multiple access (SC-FDMA) is a promising technique that is 

currently being used in the uplink communications of the third-generation partnership project 

(3GPP) long term evolution (LTE) standard. It is also referred to as DFT spread orthogonal 

frequency division multiple access (OFDMA) and has nearly the same complexity and similar 

performance as that of OFDMA. One notable advantage of SC-FDMA over OFDMA is that it 

has a lower peak-to-average power ratio (PAPR) because of its single carrier nature. 

Although SC-FDMA has low PAPR, the dynamic range of the signal increases with 

higher-order modulations, especially with localized mapping. Therefore further limiting the 

PAPR in localized SC-FDMA systems for higher-order modulations is a key issue, as 

decreasing PAPR results in lower power consumption and hence an extended battery life. 

Reducing PAPR without degrading power usage efficiency and bit error rate (BER) is a 

challenging issue in improving communication performance. So, this thesis aims to 

investigate PAPR reduction techniques for SC-FDMA systems. 

In this thesis, we first studied the performance of various companding schemes 

developed for OFDM systems, to mitigate PAPR in SC-FDMA systems. Then an improved 

exponential companding technique with two different companding levels is introduced that 

can offer more flexibility than the conventional exponential companding technique. 

As companding transforms are designed based on the distribution of the signal, the 

distribution of the SC-FDMA signal is approximated by using a curve fitting tool, and then a 

companding technique is proposed to transform it into a uniform distribution. Also, the 

distribution of the DCT SC-FDMA signal is approximated by using a curve fitting tool, and 

then a companding technique is proposed to transform it into a triangular distribution. 

Also, an SC-FDMA transceiver based on Walsh Hadamard Transform (WHT) is 

proposed, and the performance of different ordered WHT systems over AWGN and multipath 

fading environments is studied. The time-domain symbols for different ordered WHT systems 

have also been derived. 

Finally, the proposed techniques have been verified experimentally considering a real-

time indoor channel by using Wireless Open-Access Research Platform (WARP) hardware. 
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Chapter-1 

 

Introduction 

 

1.1. Introduction 

To meet the requirements of media-rich wireless services, broadband wireless 

communications came into existence. But they are subject to multipath frequency selective 

fading. Also they require complex time domain equalizers which are not practical. 

Orthogonal frequency division multiplexing (OFDM) is a widely accepted multicarrier 

communication system in broadband wireless communications owing to its robustness to 

frequency selective fading channels [1]. OFDM that supports multiple users simultaneously is 

referred to as orthogonal frequency division multiple access (OFDMA). OFDM/OFDMA is 

being implemented in wireless LAN (IEEE 802.11a and 11g), WiMAX (IEEE 802.16), and 

third-generation partnership project (3GPP) long term evolution (LTE) downlink systems. 

Despite these advantages, OFDM and OFDMA systems suffer from a high peak to average 

power ratio (PAPR). 

Single carrier frequency division multiple access (SC-FDMA), also referred to as DFT 

spread OFDMA, has nearly the same complexity and similar performance as that of OFDMA 

[2]. One notable advantage of SC-FDMA over OFDMA is that it has lower PAPR because of 

its single carrier nature. This enabled SC-FDMA to replace OFDMA in the uplink 

communications, as lower PAPR extremely helps the mobile device in terms of 

manufacturing cost and power efficiency. In 3GPP LTE standard, OFDMA and SC-FDMA 

are currently being implemented in the downlink and the uplink communications, respectively 

[2]–[4].  
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The signal with excessive PAPR generates nonlinear distortion if the power amplifier (PA) 

does not have highly linear characteristics, and if the input back-off (IBO) is not set properly. 

If IBO is not set sufficiently, the transmit signal is corrupted by the nonlinear distortion and 

causes adjacent channel interference, thereby decreasing the system’s spectral efficiency. 

Contrarily, if IBO is increased, the efficiency of PA is reduced, and the heat dissipation is 

increased. Additionally, a high PAPR requires digital-to-analog (D/A) converters with higher 

dynamic ranges. For uplink communications, the reduction of PAPR leads to PA efficiency 

improvement, thereby increasing its coverage. 

Although SC-FDMA has low PAPR, the signal’s dynamic range increases with higher 

order modulations, especially with localized mapping [5], [6]. Therefore further limiting the 

PAPR in localized SC-FDMA systems for higher order modulations is a key issue, as 

decreasing PAPR results in lower power consumption and hence an extended battery life. 

Reducing PAPR without degrading power usage efficiency and bit error rate (BER) is a 

challenging issue in improving communication performance. 

 

1.2. Motivation 

Various methods have been adopted to limit PAPR in OFDM systems [7]–[11]. Clipping is 

one of the simplest method, but it causes both in band distortion and out of band radiation, 

there by degrading the system performance. An improved clipping and filtering technique 

reduces the out of band radiation, but causes some peaks to regrow [7]. Companding scheme, 

which was basically developed for speech processing applications [8], [9] is the most popular 

technique due to its low complexity, no bandwidth expansion and good system performance. 

Partial transmit sequence [11] and selected mapping [10] techniques limit PAPR at the cost of 

high system complexity, and the need of side information. 

Recently, the methods adopted in OFDM systems have been used to further limit the 

PAPR in SC-FDMA systems [12], [13]. µ-law [14], power function [15], and raised cosine-

like companding [16] are some of the techniques used to mitigate PAPR in SC-FDMA 

system. Other than these, not many companding schemes have been studied in the literature to 

mitigate the PAPR of SC-FDMA systems. This motivated us to study different companding 

techniques to mitigate PAPR in SC-FDMA systems without significantly degrading the 

system performance.  
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Also Discrete Cosine Transform (DCT) [17] and Discrete Wavelet Transform (DWT) [18] 

based SC-FDMA systems have superior performance than the conventional DFT based SC-

FDMA system. This motivated us to investigate the performance of Walsh Hadamard 

Transform (WHT) based SC-FDMA system.  

 

1.3. Research Objectives 

The objectives of the proposed work, carried out in order to diminish PAPR in the SC-FDMA 

system are: 

1. To study the performance of various companding schemes developed for OFDM 

systems for PAPR mitigation in SC-FDMA systems. To introduce an improved 

exponential companding technique with two different companding levels that can 

offer more flexibility than the conventional exponential companding technique. 

2. To approximate the distribution of SC-FDMA signal by using curve fitting tool and 

then to propose a companding technique that transforms the approximated distribution 

into a uniform distribution, that can reduce PAPR without increasing average power of 

the signal. To propose a hybrid technique where the companded signal is clipped to a 

specific threshold value. To approximate the distribution of discrete cosine transform 

(DCT) based SC-FDMA signal, and to propose a companding technique to transform 

the approximated distribution into a triangular distribution to diminish PAPR in DCT 

SC-FDMA system. 

3. To investigate the performance of an SC-FDMA transceiver based on Walsh 

Hadamard Transform (WHT). To derive the time domain symbols for different 

ordered WHT based systems. 

4. To verify the proposed techniques experimentally over real time indoor channel by 

using Wireless Open-Access Research Platform (WARP) hardware. 

 

1.4. Thesis Organization 

The thesis is organized into seven chapters. This section gives the summary of all chapters. 

Chapter 1: Gives the introduction, background, and reasons for choosing the problem. 
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Chapter 2: The second chapter begins with an overview of the traditional SC-FDMA system. 

The PAPR in SC-FDMA system is defined, and the effect of high power amplifiers on the 

PAPR is introduced, which further demonstrates the importance of PAPR reduction. Finally, 

the common methods of PAPR reduction in conventional OFDM system are summarized, 

including clipping, tone reservation, selective mapping and partial transmission sequences. 

Then, some techniques used in literature to mitigate PAPR in SC-FDMA systems conclude 

this chapter. 

Chapter 3: In this chapter, various companding techniques like error function, exponential, 

rooting, logarithmic and airy companding techniques have been studied to mitigate PAPR in 

SC-FDMA systems. The performance of these techniques is compared with the well-known 

μ-law companding technique. An improved exponential companding technique with two 

different companding levels that offer more flexibility than the conventional exponential 

companding technique has been introduced. 

Chapter 4: In this chapter, the distribution of SC-FDMA signal is approximated, and a 

companding technique is proposed to transform the approximated distribution into a uniform 

distribution, which decreases PAPR without increasing average power of the signal. For 

further improvement in PAPR, a hybrid technique is also proposed where the companded 

signal is clipped to a specific threshold value. Also the distribution of DCT based SC-FDMA 

signal is approximated, and a companding technique is proposed to transform the 

approximated distribution into a triangular distribution to diminish PAPR in DCT SC-FDMA 

system. 

Chapter 5: This chapter introduces a new transceiver for SC-FDMA system based on WHT. 

The performance of different ordered WHT systems has been studied over AWGN and 

multipath fading environments. The time domain symbols for different ordered WHT systems 

have been derived. Exponential companding technique is used to further reduce its PAPR 

without degrading its BER. 

Chapter 6: This chapter introduces WARP (Wireless Open-Access Research Platform) 

hardware. The performance of all the proposed techniques have been verified by considering 

real-time indoor channel by using WARP hardware. 

Chapter 7: This chapter presents a summary of the results and conclusions from work carried 

out in the earlier chapters. The scope for future research is also indicated. 
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Chapter-2 

 

Single Carrier FDMA and PAPR Reduction Schemes 

 

2.1. Introduction 

In this chapter, the concepts of SC-FDMA system are introduced. The SC-FDMA signal 

PAPR is defined first, and then its statistical properties are analysed. Subsequently, the 

correlation model of the high power amplifier is used to analyse the influence of high PAPR 

signal on the system when passing through the high power amplifier. Finally, a brief 

introduction to the traditional common methods of reducing PAPR in OFDM system is 

provided. Then, the PAPR reduction methods for SC-FDMA systems existing in literature 

close off this chapter.  

Table 2.1. List of Symbols 

Symbol Description 

nx  Modulated symbols 

N  Input block size 

kX  DFT of nx  

lX  Frequency-domain samples after the subcarriers mapping 

M  Number of subcarriers 

mx  IDFT of lX  

( )p t  Pulse shaping filter 

α  roll-off factor 

( )x t  Complex pass-band SC-FDMA signal 

η  power efficiency 
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( )tφ  Phase of ( )x t  

α  roll-off factor 

sat
v  Saturation voltage of power amplifier 

p Smoothing factor 

avg
P  Average power 

 

2.2. Overview of SC-FDMA System 

Fig. 2.1 presents the block diagram of an SC-FDMA system [19]. SC-FDMA can be treated 

as a DFT precoded OFDMA, as the DFT block before OFDMA modulation transforms the 

time domain symbols to frequency domain symbols. As each user occupies distinct 

subcarriers in the frequency domain, the users are orthogonal to each other, similar to 

OFDMA. As the overall transmit signal has lower signal envelope fluctuations with single 

carrier nature, PAPR is naturally low when compared to OFDMA. 

 

 

Fig.2.1. Block diagram of SC-FDMA system. 

Destination 

Decoder 

Demodulation 

N-point IDFT 

Subcarrier 

De-mapping 

M-point DFT 
 

 

 

 

Source 

Encoder 

Modulation 

Add CP/PS 

N-point DFT 

Subcarrier 

Mapping 

M-point IDFT 

Remove CP Channel 

FDE 

m
x

 

l
X

 

k
X  

n
x  



7 

 

At the input to the transmitter, the encoded input is modulated by using one of the available 

modulation techniques, such as QPSK and QAM. These modulated symbols { }nx  are then 

grouped into blocks, each comprising N symbols. Now an N-point DFT is carried out to 

generate a frequency domain representation 
k

X  as given by [19] 

 
21

0

, 0,1,...., 1
N j kn

N
k n

n

X x e k N

π− −

=

= = −∑   (2.1) 

These N symbols are now mapped to M subcarriers (N < M). ( 0,1, 2..., 1)
l

X l M= −  is 

the result of the subcarrier mapping, where N of the amplitudes are non-zero. For subcarrier 

mapping in SC-FDMA systems, we have two techniques, namely Distributed FDMA 

(DFDMA) and Localized FDMA (LFDMA), as shown in Fig. 2.2. Interleaved FDMA 

(IFDMA) is one realization of DFDMA. In DFDMA, the subcarriers are spread across the 

entire bandwidth where unused subcarriers are occupied with zeros, whereas in LFDMA, each 

terminal transmits its symbols over consecutive subcarriers. In distributed mode, when the 

subcarriers are equidistantly occupied with M Q N= × , then it is called IFDMA. Here Q is 

the bandwidth expansion factor. So the system can manage Q concurrent transmissions 

without co-channel interference. An example of subcarrier mapping with N = 4, M = 12 and  

Q = 3 is depicted in Fig. 2.3. 

 

 

 

 

 

 

 

 

 

Fig.2.2. Subcarrier mapping modes; distributed and localized. 
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Fig.2.3. An example of subcarrier mapping with N = 4, M = 12 and Q = 3.  

If localized subcarrier mapping is used then 
l

X  is given by [19] 

 
, (0 1)

0, ( 1)

l

l

X l N
X

N l M

≤ ≤ −
= 

≤ ≤ −
  (2.2) 

If interleaved subcarrier mapping is used then 
l

X  is given by [19] 

 
( / ), . (0 1)

0

k

l

X l Q l Q k k N
X

otherwise

= ≤ ≤ −
= 


  (2.3) 

After subcarrier mapping, 
l

X  are passed through M-point IDFT and the resulting time 

domain complex signal 
m

x  is given by  [19] 

 
21

0

1
, 0,...., 1

M
j ml

M
m l

l

x X e m M
M

π−

=

= = −∑   (2.4) 

The transmitter appends a cyclic prefix (CP) to hinder the inter-block interference (IBI) 

caused by multiple paths. CP is a copy of the last part of the block, which is concatenated at 

the beginning of each block for two reasons. First, if CP’s length is more than the channel’s 

maximum delay spread or the channel impulse response’s length, then it acts as a guard time 

between consecutive blocks, thereby eliminating IBI. Second, CP transforms a discrete-time 

0x   1x   2x   3x   

0X

  

0  1X

  

0  2X

  

0  3X

  

0  0  0  0  0  

0  0  2X

  

0  0X

  

0  0  1X  0  3X

 

0  0  

0X

  

1X

  

2X

  

3X

  

0X

  

1X

  

2X

  

3X

  

0  0  0  0  0  0  0  0  

{ }nx : 

{ }kX :  

IFDMA 

DFDMA 

LFDMA 

{ }l
X  



9 

 

linear convolution into a discrete-time circular convolution. Hence the data propagated 

through the channel can be represented as a circular convolution between the transmitted data 

block and the channel impulse response, which is a point-wise multiplication of DFT samples 

in the frequency domain. Later, to eliminate the channel distortion, the DFT of the received 

signal can be divided point-wise by the DFT of the channel impulse response, or a more 

advanced frequency domain equalization (FDE) method can be applied. 

The transmitter also performs a linear filtering operation named pulse shaping to 

decrease out-of-band radiation. Raised-cosine filter is one of the most used pulse shaping 

filter whose time domain and frequency domain representations are given by [19] 

 
2 2 2

sin( / ) cos( / )
( )

/ 1 4 /

t T t T
p t

t T t T

π πα

π α
= ×

−
  (2.5) 

 

1
,0

2

1 1 1
( ) 1 cos ,

2 2 2 2

1
0 ,

2

T f
T

T T
P f f f

T T T

f
T

α

π α α α

α

α

−
≤ ≤


   −  − +  

= + − ≤ ≤    
    

 +
 ≥


  (2.6) 

where T represents the symbol period, and α  represents the roll-off factor which lies between 

0 and 1. 
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Fig.2.4. Raised-cosine filter. 

Fig. 2.4 presents the graphical representation of raised-cosine filter in the time domain and 

frequency domain. When α  is close to 0, the pulse has higher side lobes in the time domain, 
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thus increasing the peak power of the transmitted signal. On the other hand, when 0α =  there 

is no out-of-band radiation and increasing α , increases the out-of-band radiation. 

At the receiver side, the received signal is transformed into the frequency domain by 

using DFT, then subcarriers are de-mapped, and FDE is performed to reduce inter-symbol 

interference (ISI). Now IDFT transforms the equalized symbols back to the time domain, and 

demodulation and decoding operations are performed to detect the transmitted data. 

2.3. Introduction to PAPR 

Let ( )x t  represent the complex pass-band transmit signal of SC-FDMA as [19] 

 
1

0

( ) ( )c

M
jw t

m

m

x t e x p t mT
−

=

= −∑   (2.7) 

where ( )p t  is pulse shaping filter, 
c

w  is the carrier frequency of the system, and T is the 

symbol duration of the transmitted symbol 
m

x . PAPR of this continuous-time baseband signal 

can be expressed as the ratio of maximum instantaneous signal power to the average signal 

power as [19] 

 

2

0
( ) 2

max ( )
PAPR

( )

t T
x t

x t

E x t

≤ ≤=
 
 

  (2.8) 

where E[.] is the expectation operator. In general, PAPR of the oversampled discrete-time 

domain signal gives a precise estimate of the PAPR of the continuous-time domain signal if 

the oversampling factor is 4.≥  For the discrete-time signal ( )x n , PAPR is defined as [19] 

 

2

0,1,2,..., 1

( ) 1
2

0

max ( )
PAPR

1
( )

n N

x n N

n

x n

x n
N

= −

−

=

=

∑
  (2.9) 

PAPR is a performance measure that designates the power efficiency of the transmitter. 

Transmit power efficiency and PAPR [dB] are theoretically related to each other as [19], [20]: 

 /20

max10 PAPRη η −=   (2.10) 
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where maxη  is the maximum power efficiency and η  is the power efficiency. For class A 

power amplifier, maxη  is 50% and for class B, maxη  is 78.5% [21]. From Fig. 2.5 it is apparent 

that high PAPR worsens the performance of transmit power efficiency. 

In practice, the empirical Complementary Cumulative Distribution Function (CCDF) 

is used to evaluate the PAPR. PAPR reducing capacity is measured by the amount of CCDF 

reduction obtained. CCDF indicates the probability that PAPR is greater than a specific PAPR 

threshold PAPR0 (Pr{PAPR>PAPR0}).  
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Fig.2.5. Relationship between transmit power efficiency and PAPR. 

 

2.4. Nonlinearity and Power Amplifier Models 

The Power Amplifier (PA) is one of the essential components of wireless mobile 

communications. It compensates for the attenuation induced by free-space propagation. But, it 

is an analog component and is naturally Non-Linear (NL) as the amplifier circuits are 

composed of active elements like transistors, which are NL in nature.  
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In general, PA modelling is sophisticated, but a general method is to model them as 

memoryless nonlinearities with a frequency-nonselective response [22]. Let the input of the 

power amplifier be 

 ( )( ) ( ) j t
x t x t e

φ=ɶ ɶ   (2.11) 

where ( )tφ  and ( )x tɶ  are the phase and amplitude of the input signal, respectively, then the 

output of PA is given by [22] 

 
{ }( ) ( )

( ) ( )
j t x t

y t G x t e
φ +Φ  =   

ɶ

ɶ   (2.12) 

where [.]Φ  and G[.] are amplitude/phase (AM/PM) and amplitude/amplitude (AM/AM) 

conversions, respectively. G[.] describes the impact of nonlinearity on the amplitude ( )x tɶ , 

and [.]Φ  describes the impact of nonlinearity on the phase ( )tφ . 

 Solid state power amplifier (SSPA) model is the most commonly used PA model 

which is given by [22] 

 
1/2

2

( )
( )

( )
1

p
p

sat

x t
G x t

x t

v

  = 
  
 +  
   

ɶ
ɶ

ɶ

  (2.13) 

 ( )( ) 0x tΦ =ɶ   (2.14) 

where 
sat

v  is the saturation level of PA and p is a parameter that controls the smoothness of 

transition from linear region to saturation region. From Fig. 2.6, with 1
sat

v = , it can be 

observed as p increases, the SSPA model approaches that of a soft-limiter. 
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Fig.2.6. AM/AM characteristics of SSPA for different values of p. 

The most effective operating point for a power amplifier is at the saturation level. 

Nevertheless, high peaks encountered in SC-FDMA signals can drive the power amplifier into 

saturation. Hence, input backoff (IBO) is needed to shift the operating point to the left, as 

depicted in Fig. 2.7. The IBO is defined as the ratio of saturation power of the power 

amplifier to the average power of the input signal, as given by [22] 

 
2

10 10 2
IBO 10log 10log

( )

sat sat

avg

P v

P E x t

    = =          
ɶ

  (2.15) 

where 
avg

P  and 
sat

P  are average and saturation powers, respectively. To assure that the 

amplified peaks do not exceed the saturation level, IBO should be at least equal to PAPR. 

But, this drives the power amplifier to operate at reduced efficiency. 



14 

 

 

Fig.2.7. Typical output power vs input power characteristics curve. 

 

2.5. Overview of Traditional PAPR Reduction Methods 

Numerous approaches exist in the literature to reduce the PAPR of an OFDM system. These 

methods can be mainly divided into three types: signal distortion, coding, and multiple 

signaling and probabilistic techniques, as illustrated in Fig. 2.8 [22]–[24]. 
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Fig.2.8. Classification of PAPR reduction techniques. 

These techniques reduce the PAPR by either clipping, distorting, or adding additional side 

information to the signal. But, PAPR reduction may result in degradation of the BER 

performance, due to the change in the nature of a QAM modulated signal, which is already at 

the highest efficiency achievable (in terms of Euclidean distance between bits). Adding 

additional side-information reduces the capacity and results in additional energy being added 

to the signal, thereby degrading the efficiency of the system. 

Therefore PAPR reduction techniques may increase BER of the system and might add 

complexity and cost required for additional signal processing operations. Consequently, the 

actual advantages of PAPR reduction techniques are found in the systems that can reduce 

PAPR without a significant effect on BER performance and avoids additional system 
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complexity. Hence there is a trade-off among PAPR reduction, BER degradation, and system 

complexity. 

2.5.1. Clipping & Filtering 

Clipping is the simplest signal distortion based PAPR reduction method. In this technique, the 

signal peaks of ( )x t  are clipped when the peak values exceed a specific threshold, 0α  as 

described by [25] 

 
0

( )

0 0

( ), ( )
( )

, ( )
c j t

x t x t
x t

e x t
φ

α

α α

 ≤
= 

>
  (2.16) 

where ( )tφ  is the phase of ( )x t . This is a straightforward PAPR reduction method, as no side 

information is necessary to transmit to the receiver. However, clipping causes both in-band 

and out-of-band distortions [25]. Therefore it is essential to filter the clipped signal to reduce 

out-of-band distortions. But filtering cannot reduce in-band distortions, which causes BER 

degradation [26].  Nevertheless, oversampling can decrease the effect of in-band distortions as 

some part of the noise is reshaped out of the signal band, which can be eliminated by filtering 

operation [27]. Filtering the clipped signal can maintain spectral efficiency by removing the 

out-of-band radiations, thereby improving the BER performance. However, it can lead to peak 

power regrowth. Various iterative clipping and filtering [7], [28]–[30] techniques have been 

proposed to minimize the overall peak power regrowth. 

2.5.2. Peak Windowing 

Peak windowing reduces higher peaks by multiplying them with a weighting function known 

as window function [31], [32], in contrast to peak clipping, where the peaks that exceed a 

predefined threshold are hard-limited. Various window functions with good spectral 

properties can be used in this process. Hanning, Hamming, and Kaiser windows are the most 

usually used window functions. To diminish PAPR, a window function is aligned with the 

signal samples in such a fashion that its higher amplitudes are multiplied by lower amplitude 

signal samples, and its lower amplitudes are multiplied by the signal peaks. Hence, the signal 

peaks are attenuated more smoothly in contrast to the hard clipping, thereby causing reduced 

distortion. 
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2.5.3. Peak Cancellation 

In this method, a peak cancellation waveform is adequately generated, scaled, shifted, and 

subtracted from the OFDM signal at the segments which exhibit higher peaks. The generated 

waveform is band limited to specific peak cancellation tones that are not used for transmission 

[33], [34]. In the OFDM transmitter after the IFFT block, a peak detector is used to detect the 

peaks higher than a specific threshold. Then a peak cancellation waveform is generated and 

subtracted from the OFDM signal. Peak cancellation process should be performed carefully so 

that new peaks are not generated. 

2.5.4. Companding 

Companding techniques are normally used to optimize the required number of bits per sample 

in speech signals. As speech signals and OFDM signals have a similar structure i.e., high 

peaks occur occasionally, the same companding techniques can be employed to decrease the 

PAPR of OFDM signal [35], [36]. Companding transforms have comparatively low 

computational complexity in comparison to other PAPR reduction methods, and their 

complexity is not influenced by the number of subcarriers. Moreover, they do not require the 

transmission of side information and, therefore, doesn't decrease the bit rate. Due to their 

implementation simplicity and the benefits they provide, companding techniques become an 

attractive PAPR reduction method. However, the PAPR reduction achieved by companding 

techniques comes with the cost of an increase in BER.  

The application of the μ-law companding to decrease PAPR is investigated in [8], 

[37], [38]. μ-law companding enhances the lower amplitudes while maintaining the high 

peaks of the signal. Hence the peak power is unaltered, and average power is increased, 

thereby reducing the PAPR. To accommodate this increase in average power, the gain of 

power amplifier should be adjusted dynamically, which increases the hardware cost.  The 

authors in [8] investigated the impact of companding on the OFDM system's BER 

performance in the presence of AWGN channel and demonstrated that a reasonable symbol 

error rate could be obtained by appropriately selecting the companding coefficients.  

2.5.5. Coding Techniques 

The coding techniques that offer error detection and correction can be modified to perform 

PAPR reduction with a tolerable extra complexity.  One of the well-known methods for 



18 

 

decreasing PAPR is Block coding [39]. In this method, input data is encoded to a codeword 

where some bits are dedicated to decreasing PAPR instead of enhancing BER. For instance, to 

decrease the PAPR of a signal with 4 subcarriers, 3-bit input data can be mapped to a 4-bit 

codeword by adding a parity bit. By optimizing the position of the parity bit, PAPR can be 

reduced further. Moreover, by dividing the lengthy information sequences into sub-blocks and 

by employing different coding techniques to encode each sub-block [40], PAPR can be 

reduced by optimizing their combination. But the information on the coding techniques used 

and the location of parity bits should be transmitted to the receiver as side information. 

Golay complementary sequences can also be employed as codewords, which can 

assure that OFDM signals with any number of sub-carriers have a PAPR of not more than 3 

dB [41]. To reduce PAPR, a soft decision based Reed-Muller decoding algorithm is 

introduced in [42], and the construction of Golay complementary sequences with 64QAM 

constellation is suggested in [43]. But using Golay sequences for systems with a large number 

of subcarriers can increase computational complexity and cause significant rate loss and due 

to redundancy and exhaustive search for good codes. Another limitation of coding techniques 

is that they are not downward compatible as the receiver needs to be modified with a 

decoding algorithm.  

2.5.6. Active Constellation Extension (ACE) 

The ACE technique for PAPR reduction in OFDM is well reported in [44]–[49]. It is an 

effective technique to decrease the PAPR without the need for side information transmission. 

The projection-onto-convex-sets (POCS) algorithm of the ACE technique clips the time 

domain signal and extends the outer constellation points out of the original constellation 

without decreasing the minimum Euclidean distance. 

The fundamental principle of ACE techniques for PAPR reduction is described in Fig. 

2.9. The constellation points may be extended into areas representing gray regions during the 

reconstruction phase after the time domain signal is clipped. PAPR can be reduced by 

extending the constellations into these regions at the cost of a small increment in average 

power. This increment degrades the system's BER performance. But this degradation is 

somewhat compensated by the fact that the gray regions result in an increase in the minimum 

Euclidean distance. So there is a fair trade-off between the PAPR reduction and BER 
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degradation [44]. Also, this method increases the average power of the transmitted signal and 

has a limitation when applied to modulation schemes with larger constellation sizes [24]. 

 

Fig.2.9. Constellation map describing the allowable extension region for ACE considering 

QPSK modulation. 

In [50], an adjustable circle constraint (ACC) method is proposed, which offers the 

advantages of the ACE technique without iterative computations. This is achieved by setting a 

circular constraint with various circle centres and radius around the original constellation 

points. ACC doesn't need additional devices in the receiver and requires much less 

computation time when compared to ACE. 

2.5.7. Tone Reservation (TR) 

TR is a method that uses reserved subcarriers to decrease the PAPR of a signal [51]–[56]. 

Similar to the ACE technique, pre-transmission clipping, and constellation reconstruction are 

used to reduce the PAPR of a time-domain signal. Nevertheless, the main difference is in the 

utilization of reserved tones in place of distorted constellations. In this method, a time-domain 

vector x  is added to the OFDM signal to modify its statistical distribution that helps in 

reducing PAPR. The tricky thing now is to determine x that reduces the maximum peak value 

of the new OFDM signal. The amount of PAPR reduction in this method depends on the 

number of reserved subcarriers, their locations, and the optimization complexity. The 

locations of these reserved subcarriers should be transmitted as side information to the 

receiver. If the number of subcarriers is small in OFDM systems, these reserved subcarriers 
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might decrease the data rate. Standard TR has the disadvantage of a slow convergence time as 

that of POCS ACE [51]. Gradient projection method is suggested to be used in [51] similar to 

that of Smart Gradient Projection (SGP) ACE to converge quickly. 

2.5.8. Tone Injection (TI) 

Tellado has introduced TI to overcome the data rate loss problem in TR [57]–[60]. The central 

idea is to expand the constellation size so that each point in the original constellation is 

mapped onto various other points in the expanded constellation before IDFT processing. 

Considering a square QAM constellation with size M and spacing of d  between the original 

points, the minimum distance between each point in the original constellation and its 

equivalent points in the expanded constellation should be D d M=  [22] to maintain the 

BER performance. 

TI doesn't require any side information transmission, and so there is no loss of bit rate. 

Despite its benefits, TI increases the complexity of the transmitter. Also, it increases average 

signal power due to the expansion of the signal constellation. TI offers two degrees of 

freedom, one being the selection of tones and other being the expanded constellation's size. 

Discovering the right possible combination requires high complexity. 

2.5.9. Selective Mapping (SLM) 

SLM is a simple method where L different OFDM signals are generated, which represent the 

original data, and the signal with the least PAPR is transmitted [10], [61]–[65]. This is 

accomplished by generating a set of L distinct phase rotated vectors and multiplying them 

with the original subcarriers, as depicted in Fig. 2.10. This method utilizes the independence 

of various phase rotated subcarriers and hence ensuring time-domain signals with distinct 

PAPR values [10]. 

To decrease the complexity, phase rotation vectors are usually considered as multiples 

of / 2π . The amount of reduction in PAPR depends on the number of phase sequences 

generated and their design. The complexity increases due to the need for L modulators to 

generate L different time-domain signals. Another disadvantage is the requirement of side 

information of 2log L    bits to inform the receiver which sequence was selected for 

transmission. As this side information is crucial for accurate demodulation, it requires an 
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additional level of coding, to protect it from corruption. SLM technique, which doesn’t 

require side information, is proposed in [61]. But, this method comes with the price of 

additional complexity in the form of scramblers with a little redundancy introduced. 

 

 

 

 

 

 

 

 

Fig.2.10. SLM technique for OFDM. 

If side information is protected by channel coding, no side information is required. At the 

receiver side, L decoders process the received signal using L possible phase rotated vectors to 

recover the data [10]. But often, there are space limitations at the receiver side, particularly in 

the case of mobile devices. 

2.5.10. Partial Transmit Sequence (PTS) 

In the PTS technique, the input data block is partitioned into N disjoint frames. Then all the 

frames are weighted by different optimal phase factors and added so that the combined signal 

has a lower PAPR [66]–[69], as shown in Fig. 2.11. The complexity of the PTS technique is 

high, as the selection of the optimal phase rotation factor requires an exhaustive search. Also, 

PTS requires additional N-1 IDFT blocks and side information transmission to demodulate the 

data-carrying subcarriers perfectly. 
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PAPR reduction capability can be improved by increasing the number of possible phase 

rotation factors W and the number of disjointed frames N. But the complexity of the search 

algorithm grows exponentially with N [24]. So, the complexity is of the form ( )NO W  and to 

overcome the search complexity, techniques commonly employ only 2 { }1±  or 4 { }1, j± ±  

possible rotation factors and restrict the number of disjoint frames to 4. Several techniques are 

proposed to decrease the computational complexity of the PTS scheme. In [66], a threshold is 

used to avoid undesirable search, once the required PAPR performance is attained. In [67] a 

smart search algorithm is employed to decrease the complexity of the search algorithm for 

optimal phase factors.  

 

Fig.2.11. PTS technique for OFDM. 

2.6. Literature Survey 

Many schemes have been adopted to limit PAPR in SC-FDMA systems. But most of the 

techniques either increase the complexity associated with the additional signal processing 
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processing power required, often makes these techniques infeasible for real life applications. 
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systems.  
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FDMA has lesser PAPR than localized FDMA. Also, the use of pulse shaping filter increases 

the PAPR and roll-off factor has a notable impact on the performance of PAPR. Hence pulse 

shaping filter must be designed properly to limit PAPR without demeaning system 

performance. 

 In [70], authors presented sinusoidal transforms as a possible alternative to DFT in 

OFDM. This enabled authors in [17] to propose an SC-FDMA system based on DCT Type-II. 

DCT’s energy compaction property enables it to pack maximum signal energy into first few 

samples, reducing inter-symbol interference due to relatively small amplitudes at high 

frequency indices. This results in a lower bit error rate when compared to DFT. Also, it uses 

only real arithmetic operations instead of complex arithmetic operations used in DFT. Results 

indicate that DCT SC-FDMA has improved BER but has slightly high PAPR when compared 

to DFT SC-FDMA. 

 In [14], μ-law companding scheme is employed to mitigate the PAPR in SC-FDMA 

systems. Results indicate that SC-FDMA system with μ-law companding scheme has a 

reduced PAPR than the original SC-FDMA system. Results also reveal that PAPR and BER 

performances depend on the companding coefficient, which must be selected carefully. But μ-

law companding increases the average power and hence improvement in BER is due to this 

increase in average power but not due to companding. 

 In [71], a new transceiver scheme where wavelet transform is used after SC-FDMA 

modulator is proposed. Authors also suggested a hybrid clipping and companding method to 

mitigate PAPR of the proposed transceiver, without degrading BER performance. Haar and 

Daubechies wavelets have been used in this article. Results indicate that the proposed Hybrid 

Wavelet SC-FDMA system offers improved BER and PAPR performances than the original 

system by properly choosing the clipping and companding parameters. But complexity is 

slightly increased as compared to the conventional SC-FDMA scheme. 

 In [16], [72] raised cosine-like companding scheme is employed for PAPR mitigation 

of SC-FDMA signals. PAPR reduction performance depends on the variable parameter-α. 

Simulation results demonstrate that it does not increase the average power in the companding 

operation. But the authors did not discuss the effect of companding on BER performance. 

In [73], authors proposed a time-domain partial transmit sequence (PTS) scheme 

without side information (SI) for SC-FDMA system, where pilots are used to recover the 
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phase rotation during channel estimation. The proposed scheme has lower complexity and 

provides similar BER and channel estimation performance when compared to PTS with 

perfect SI. Hence, the proposed technique offers improved bandwidth and power efficiency. 

But, time-domain PTS provides a trade-off between PAPR reduction performance and 

complexity as complexity increases with the number of partitioned sub-blocks. 

In [15], a power-function companding technique that transforms the SC-FDMA 

signals into power-function distributed signals is proposed to mitigate PAPR of SC-FDMA 

signals. The proposed companding maintains constant average power and reduces PAPR 

when control parameters are chosen properly. But the authors did not discuss the effect of 

companding on BER performance. 

Precoding technique works by finding the codewords that mitigate PAPR. But, the 

construction of the codewords require an exhaustive search and huge lookup tables to perform 

encoding and decoding. In [74], authors first formulated the problem of reducing PAPR by 

precoding as a combinatorial problem, and then proposed a semi definite relaxation approach 

which can solve the problem in polynomial time. Proposed scheme reduces the peak power 

with lesser complexity but increases the transmit power. Hence there is a trade-off amongst 

the transmit power increase and reduction of peak power. 

Falconer [75], suggested to minimize the variance of instantaneous  power of a 

linearly block coded OFDMA signal, instead of the conventional method of PAPR 

minimization. Beginning with a random precoding matrix, an optimization process is used to 

reduce the variance of instantaneous power. Irrespective of the starting point, the optimization 

process always converged to the same solution. The precoder solution found is a small 

variation to DFT precoder that is being used in LTE standard. But this optimum precoder 

provides only 1 dB gain over the original SC-FDMA system. 

Slimane [76], studied raised-cosine (RC) and square-root raised-cosine (SRRC) 

window functions. For a given excess bandwidth, numerical results show that SRRC window 

is preferable than RC window. On the other hand, RC window has smoother edges when 

compared to SRRC window and hence causes smaller time-domain side-lobes. 

Authors in [77], suggested direct optimization of window vector rather than 

optimizing precoder matrix. They formulated the problem in the form of Lagrange multipliers 

and analysed its second-order conditions to verify that the optimal window is a strict local 
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minimizer. They analysed and compensated the noise enhancement drawback of the 

optimized precoder and confirmed that the optimized precoder indeed has best performance 

than the precoder with SRRC window. 

The time-domain selective mapping technique (TD-SLM) in [12] provides a good 

PAPR mitigation in localized SC-FDMA systems. However, it causes a minor BER 

deprivation. The amount of PAPR reduction depends on the number of phases, irrespective of 

their values. TD-SLM provides a PAPR reduction of about 3.5dB but at the cost of increased 

computational complexity. So there is a trade-off amongst complexity, cost, and PAPR 

reduction. 

In [18], a novel transceiver design for SC-FDMA system based on discrete wavelet 

transform (DWT) is proposed. The authors also suggested Walsh Hadamard transform (WHT) 

as linear precoding technique to enhance the PAPR performance. Simulated results 

demonstrate that the proposed transceiver has superior BER and PAPR performances when 

compared to standard DFT based SC-FDMA transceiver. 

Authors proposed parametric linear combination of pulses in [78] and α-β pulse 

shaping filter in [79] to mitigate PAPR in SC-FDMA system. By introducing additional 

design parameters μ, and β respectively, the proposed pulse shaping filters have the advantage 

of more flexibility for a certain roll-off factor, α. The proposed filters perform better when 

compared to the existing filters like raised cosine filter and has simpler impulse response. But 

PAPR improvement is not more than 1 dB and the impact on BER performance is not 

discussed. 

In [80], authors calculated the PAPR of each SC-FDMA symbol and compared it with 

a predefined threshold, A. If PAPR is greater than A, then the modulated symbol causing 

peaks of the output signal samples to exceed the threshold is modified to an inner 

constellation by deliberately introducing few bit errors. Channel decoding is used to reduce 

the effect of deliberately corrupted bits on the BER performance. Proposed scheme reduces 

the PAPR effectively with nearly similar BER performance as that of original SC-FDMA 

signals only for SNR values < 35 dB. 

In [81], authors proposed the use of discrete cosine/sine transforms as an alternative to 

DFT for SC-FDMA systems. SC-FDMA systems based on 4 types of DST and 4 types of 

DCT are studied. The PAPR and BER performances of these 8 DCT/DST based SC-FDMA 
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systems are compared with the standard DFT-based SC-FDMA system. DCT/DST-based SC-

FDMA systems employing interleaved mapping, offer similar BER performance but high 

PAPR when compared to DFT based system. On the other hand when localized mapping is 

used, DCT/DST-based SC-FDMA systems offer superior BER and similar PAPR when 

compared to DFT based system. 

In [82], authors proposed a piece-wise linear pulse shaping filter to mitigate PAPR in 

interleaved SC-FDMA systems. Simulation results indicate that the proposed filter has lower 

computational complexity, improved PAPR and SER performances when compared to the 

raised cosine filter but focuses only on interleaved SC-FDMA. 

In [83], authors proposed a new transceiver using the DWT and a hybrid clipping and 

companding technique for PAPR mitigation in both DFT and DCT based SC-FDMA systems. 

The results indicate that the proposed wavelet based transceiver for the DFT and DCT based 

systems offer better BER and PAPR performances than the original DFT SC-FDMA system. 

There is a trade-off between the BER and PAPR performances, as the number of 

decomposition levels increase, the BER performance improves and PAPR performance 

degrades. 

In [84], authors modified the modulated symbols which cause the peak of SC-FDMA 

signal by introducing an additive pre-distortion vector. By cautiously designing the pre-

distortion vector, the proposed technique can diminish the PAPR without significant 

degradation in BER. 

In [85], authors proposed a novel probabilistic pulse shaping technique with no excess 

bandwidth to mitigate PAPR of SC-FDMA signals. A set of weighting windows with zero 

excess bandwidth is used to generate different candidate signal blocks with a low-complexity 

scheme, and the block with lowest PAPR is chosen for transmission. The received data can be 

detected by combining the applied weighting window into the defined equivalent channel 

without side information. The proposed technique achieves decent advancements over the 

original system in terms of BER and PAPR performances, with little additional complexity at 

the transmitter. 

In [86], PAPR is reduced by deliberately distorting the amplitudes of the complex 

modulated symbols which cause peaks to cross a predetermined threshold similar to [80]. The 

location of distorted symbols are marked by the use of a pilot block without the need of side 
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information. The distorted amplitudes are recovered at the receiver by using these marked 

location indices. Simulation results show that the proposed method reduces the PAPR 

effectively with a slight degradation in BER performance. 

Selected mapping (SLM) reduces PAPR but requires side information (SI) 

transmission and increases the system complexity. SI embedding and detection technique is 

presented in [87] for SLM based SC-FDMA systems, by utilizing the block pilot symbols. 

The representation of SI index for each data symbol by a location set of few selected 

subcarriers in the block pilot symbol avoids SI transmission. An optimal pilot-aided 

maximum-likelihood and a suboptimal log-likelihood ratio SI detectors are introduced for SI 

detection. 

In [88], product-coded modulation and SLM are employed to mitigate PAPR in SC-

FDMA system without the need for transmission of side information. The proposed method 

uses phase-factor generating mechanism to lower the complexity needed to search the optimal 

phase factors. 

In [89], conventional SLM technique is used to mitigate PAPR of localized SC-

FDMA signals by considering an experimental setup in Non-line-of-sight (NLOS) outdoor 

environment. Simulation results present that the SLM technique provides a PAPR reduction 

gain of 3.78 dB over localized OFDMA system and reasonable BER with and without high 

power amplifier when compared to Localized SC-FDMA. 

A hybrid filter is proposed in [90] to mitigate PAPR in interleaved SC-FDMA system. 

The suggested filter is designed based on a finite impulse response filter and Nyquist-I pulse. 

Authors proposed a new family of Nyquist-I pulses called exponential linear pulse with an 

extra design parameter to mitigate PAPR for a given roll-off factor. Simulation results 

indicate that the suggested filter has superior performance over existing filters in terms of 

complexity, SER and PAPR.  

In [91], authors proposed a novel trellis shaping (TS) design to reduce peak power of 

SC-FDMA signals. Due to the circularly periodic structure of SC-FDMA signal, direct 

application of TS employed for reducing peak power of single carrier signals will cause high 

peaks at the edges. So authors introduced a modification in TS, such that the symbols located 

at one edge can control the symbols at the other edge. SC-FDMA with TS outperforms SC-

FDMA without TS due to the reduction of average power and PAPR.  
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In [92], authors proposed to divide a 16-QAM product code into two sub-blocks, one 

for error correction using encoding, and the other to generate PAPR reduction signals. PAPR 

reduction signals have been generated by using constellation extension technique as it does 

not cause any data loss. Simulation results exhibit that the proposed technique outperforms 

original SC-FDMA signals in terms of PAPR and error correction due to the use of product 

codes. 

In [93], authors used conventional raised cosine and square root raised cosine filters 

with the absolute exponential companding to reduce PAPR in DCT SCFDMA system. The 

proposed method achieves significant improvement in PAPR reduction capability over the 

conventional pulse shaping schemes when used alone in DCT-SCFDMA system. But the 

impact on BER performance is not discussed.  

Authors in [94] suggested the use of tone injection (TI) to enhance the low data 

transmission rate problem of tone reservation (TR) scheme, caused due to the reserved 

subcarriers. As the combination of TI and TR techniques require high computational 

complexity, an iterative flipping algorithm was proposed. Proposed method effectively 

mitigates the PAPR of the SC-FDMA system and improves the rate of data transmission of 

the standard TR scheme. 

In [95], a Blind Selective Mapping (B-SLM) method which require no side 

information transmission is introduced to limit the PAPR in SC-FDMA system. PAPR of B-

SLM method is nearly identical as that of the conventional SLM method. Also, the proposed 

method reduces the bandwidth requirement without significant BER degradation.  

In [96], a hyperbolic tangent companding is used with standard pulse shaping 

techniques to mitigate PAPR in DCT-SCFDMA signals. Proposed method offers significant 

improvements in PAPR reduction and BER over the conventional pulse shaping techniques 

when used alone in DCT-SCFDMA system. 

In [97], authors studied the effect of two PAPR mitigation schemes (interleaver based 

and SLM) to mitigate the PAPR in SC-FDMA based Cognitive Radio. Then, a hybrid 

technique of interleaving and SLM to reduce the PAPR in SC-FDMA for Cognitive Radio 

Network is introduced with a slight increase in system’s complexity. 
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2.7. Conclusion 

It is clear from the literature review that PAPR reduction in SC-FDMA systems is well 

researched topic but is still in an infant stage. It can be observed that all the techniques offer 

decent PAPR reduction performance and the trade-off comes into play with complexity, BER 

degradation or data rate loss. 
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Chapter-3 

 

Performance Analysis of Various Companding Techniques 

 

3.1. Introduction 

This chapter discusses various companding techniques to mitigate PAPR in SC-FDMA 

systems and compare their performance with the well-known µ-law companding technique 

and conventional SC-FDMA system. These companding techniques do not increase the 

average signal power. Also, these techniques do not require the transmission of side 

information and have low complexity. 

3.2. Nonlinear Companding Transforms 

Nonlinear companding transform is one of the most attractive techniques due to its excellent 

system performance, including PAPR reduction and BER, the simplicity of implementation, 

without restriction on the type of constellation, the number of subcarriers, and any bandwidth 

expansion. Companding is a composite word formed by combining compressing and 

expanding. 

µ-law companding is the first nonlinear companding transform, which is based on the 

speech processing algorithm µ-law, and it has better performance than that of the clipping 

technique [8]. µ-law mainly focuses on enlarging small signal amplitudes and keeping peak 

signals unchanged. Thus it increases the average power of the transmitted signals and 

probably results in exceeding the saturation region of HPA to make the system performance 

worse. 
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The nonlinear companding transform can be considered as a special case of clipping scheme. 

The differences between nonlinear companding transform and the clipping can be 

summarized as:  

• Clipping scheme deliberately clips large signals when the amplitude of the original 

signals is greater than the given threshold. Hence the clipped signals cannot be 

recovered at the receiver. Nevertheless, nonlinear companding transforms compand 

original signals by using a strict monotone increasing function. Hence, the companded 

signals at the transmitter can be recovered appropriately through the corresponding 

inversion operation of the nonlinear transform function at the receiver.  

• Nonlinear companding transforms compress the large signals while enlarging the 

small signals to improve the immunity of small signals from noise, whereas the 

clipping scheme does not change the small signals. Therefore, the clipping scheme 

suffers from three major problems: in-band distortion, out-of-band radiation, and peak 

regrowth after digital to analog conversion. As a result, the system performance 

degradation due to the clipping may not be promising. However, nonlinear 

companding transforms can operate well with excellent PAPR reduction while 

keeping good BER performance [98]. 

It is apparent that companding transform is an additional operation performed before 

transmitting the signal. Consequently companding schemes decrease PAPR at the cost of 

generating companding distortion. Hence, it is essential for the design of companding 

transform aiming at decreasing the impact of companding distortion on the BER performance. 

Table 3.2. List of Symbols 

Symbol Description 

nx  Modulated symbols 

N  Input block size 

kX  DFT of nx  

lX  Frequency-domain samples after the subcarriers mapping 

M  Number of subcarriers 

mx  IDFT of lX  

mt  Companded signal 
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( )h x  Companding function 

m
r  Received signal 

m
r  Decompanded signal. 

α  Attenuation factor 

m
b  Companding noise 

m
w  Channel noise. 

 

3.3. SC-FDMA System Model with Companding Technique 

SC-FDMA system with companding transform is illustrated in Fig. 3.1. Firstly the data is 

encoded and modulated by one of the possible modulation techniques (M-QAM or QPSK). 

Then the modulated symbols are grouped into N symbol blocks with each block having 

symbols ( , 0,1, 2,..., 1)
n

x n N= − . These N symbols are sent through an N-point DFT to 

convert them into frequency domain representation 
k

X  as given by 
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These N symbols will be mapped into M subcarriers (M>N, M=Q×N) by using either localized 

or interleaved mapping. In localized mapping, the symbols are passed continuously over 

consecutive subcarriers and in interleaved mapping, the subcarriers are spread over entire 

bandwidth. With localized subcarrier mapping, the M point sequence 
l

X   can be expressed as 

 
( ), (0 1)

0, ( 1)

k

l

X l l N
X

N l M

≤ ≤ −
= 

≤ ≤ −
 (3.2) 

Now 
l

X  is transformed back to time domain signal 
m

x  by using M-point IDFT as 
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Fig. 3.1. SC-FDMA system with companding. 

Now 
m

x  is sent through compander ( )h x  as described by 

 ( )
m m

t h x=  (3.4) 

where 
m

x  is the input signal and 
m

t  is the companded signal. Now cyclic prefix (CP) is 

inserted before transmission of signal over the channel. After removing CP, 
m

r  is sent through 

decompander 1( )h x−  to produce 
m

r . 

 ( )1

m mr h r
−=  (3.5) 

where 
m

r  is the CP removed signal, 
m

r  is decompanded signal. Compander and Decompander 

are the only blocks that have been added additionally to the original system. The respective 

inverse operations will be implemented at the receiver side. Various companding techniques 

will be discussed in the subsequent sections. 
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3.3.1. Modified µ-law Companding (MMC) 

In [14], the use of μ-law companding lessened PAPR in SC-FDMA systems. But it increases 

the average signal power. So we modify μ-law companding such that the average signal 

power is unaltered. The conventional μ-law companding is given by 

 
[ ]

( )max

max

ln 1

( ) sgn
ln 1

x

V
h x V x

µ

µ

 
+ 

 =
+

 (3.6) 

where ( )max max
m

V x= , µ  is companding coefficient and sgn indicates the sign function. In 

order to keep the average signal power unaltered, we modify it as 
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As average signal power of companded and original signal are same 
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 (3.8) 

Now A is chosen such that 
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 (3.9) 

So by simply multiplying the conventional companding function with A, we can make sure 

that average power of companded signal is unaltered. The decompanding function at the 

receiver side is characterized by 
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3.3.2. Error Function (ERF) Companding 

This companding transform is based on the error function that has been used in OFDM 

systems [9]. ERF companding function is characterized by 

 ( ) ( )sgn( )h x A erf k x x= ×  (3.11) 

where erf denotes error function and ‘k’ is the companding coefficient. By keeping the 

average power of companded signal 
m

t  equal to that of the original signal  

 
( )

( )( )

2 2 2

2

m m m

m

E x E t E h x

E A erf k x

    = =
     

 = ×
  

 (3.12) 

Now A is given by 
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The ERF decompanding function at the receiver side is characterized by 

 1 11
( ) sgn(x)

x
h x erf

k A

− −  
=  

 
 (3.14) 

 

3.3.3. Exponential Companding (EC) 

It is based on the exponential function used in OFDM systems [99]. Exponential companding 

function is defined as 
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36 

 

 

2

2

2
2

2
1 exp

d

d

E x
A

x
E

σ

 
 
 

  
  =

       − −           

 (3.16) 

where exp denotes the exponential function and ‘d’ defines the degree parameter controlling 

the companding process. Exponential decompanding function is described by 

 1 2( ) sgn( ) log 1

d

e

x
h x x

A
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 
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 
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 (3.17) 

3.3.4. Logarithmic (log) Companding 

Logarithmic companding is based on threshold companding scheme used in OFDM systems 

[100]. Logarithmic companding function is defined as 

 ( )( ) log 1 sgn( )
e

h x A k x x= × +  (3.18) 

where ‘k’ is a positive number which controls the amount of companding. A is chosen such 

that the average power of companded signal doesn’t change as given below 

 

( )( )

2

2

log 1

m

e m

E x
A

E k x

 
 =

 +
  

 (3.19) 

The logarithmic decompanding function at the receiver side is characterized by 

 1 1
( ) exp 1 sgn( )

x
h x x

k A

−
  

= −  
   

 (3.20) 

3.3.5. Rooting Companding 

Rooting companding has been inspired by the principle of square root. Rooting companding 

function is described by 

 ( ) sgn( )
R

h x A x x= ×  (3.21) 
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2

2

m

R

m

E x
A

E x

 
 =
 
 

 (3.22) 

The amount of companding depends on ‘R’. The rooting decompanding function is described 

by 

 

1

1( ) sgn( )
Rx

h x x
A

− =  (3.23) 

3.3.6. Airy Companding 

This companding technique is based on a special function, called airy function [101]. The airy 

companding function is given by 

 ( ) ( )( ) airy 0 airy sgn( )h x d x xβ  = −   (3.24) 

 

2

2

airy(0) airy( )

m

m

E x

E d x
β

 
 =

 −
 

 (3.25) 

where airy(.) is the airy function, ‘k’ controls the degree of companding and β  is used to 

make sure that average signal power of the companded signal remains unaltered. The airy 

decompanding function is described by 

 1 11
( ) airy airy(0) sgn( )

x
h x x

d β
− −  

= − 
 

 (3.26) 

3.4. Improved Exponential Companding (IEC) 

Improved Exponential Companding uses two different companding levels, one if the 

amplitude of original signal is below the threshold and the other if it is above the threshold. In 

IEC technique a threshold T is introduced such that the signal is companded with 1d  if the 

amplitude values are below or equal to the threshold and 2d  otherwise. Now the values of 

1 2, ,d d  and T can be adjusted accordingly as per the system requirements for better PAPR and 

BER performances. Hence we have a higher degree of freedom than the conventional 

exponential companding technique. But, the improved exponential companding technique has 
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slightly higher complexity when compared to the conventional exponential companding 

technique as it has to find optimal values for 2d  and T additionally. Hence there is a trade-off 

between complexity and degree of freedom. The companding function is described by 

 

1

2

1/
2

1 2 2

1/
2

1 2 2

sgn( ) ( , ) 1 exp ,

( )

sgn( ) ( , ) 1 exp ,

d

d

x
x A d d x T

h x

x
x A d d x T

σ

σ

    
   − −  ≤
        

= 
    
   − −  >

       

 (3.27) 

1 2( , )A d d  is a normalization factor to keep the average powers of companded and original 

signals equal. The decompanding function is described by 

 

1

2

2

1 2
1

2

1 2

sgn( ) log 1 ,
( , )

( )

sgn( ) log 1 ,
( , )

d

e

d

e

x
x x T

A d d

h x

x
x x T

A d d

σ

σ

−

  
 −  −  ≤
  

 
= 
  
 −  −  >

   

 (3.28) 

3.5. No Decompanding (NDC) Operation 

Let the companded signal 
m

t  be 

 
m m m

t x bα= +  (3.29) 

where 
m

b  is companding noise and α  is attenuation factor as defined by [102] 

 
{ }
{ }

m m

m m

E t x

E x x
α

∗

∗
=  (3.30) 

As the companded and original signals have same average signal power, 

 
( )

2

21

m m m m m m

m m

x t x b x b

b x

P P P P P P

P P

α α

α

= = + = +

= −
 (3.31) 

This illustrates that α <1 and 
mb

P  will be smaller, when α  is close to one. The received signal 

considering AWGN channel can be described as 
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m m m

r t w= +  (3.32) 

where 
m

w  is channel noise. After decompanding operation, the recovered signal can be 

represented as 

 m m m m m m
m m

r b t w b w
r x

α α α

− + −
= = = +  (3.33) 

This shows that decompanding operation amplifies the channel noise 
m

w  to /
m

w α . Without 

the decompanding operation, the equivalent noise is the companding noise plus channel noise. 

Now, the corresponding noise without and with decompanding operation can be written as 

m m
w b+  and /

m
w α  respectively. The attenuation factor, α  of MMC, ERF, EC, log, Root, 

Airy and IEC techniques were calculated to be 0.9938, 0.9927, 0.9962, 0.9943, 0.9898, 

0.9977 and 0.9958 respectively. From (3.31), it can be said that these companding techniques 

have very less companding noise as α  values are close to 1. Hence these techniques with no 

decompanding operation can also offer a good BER performance. 

3.6. Optimum Values for Different Companding Techniques 

Companding techniques not only mitigate PAPR but also impact BER performance of the 

system. Here optimum values for different companding techniques will be selected for better 

PAPR performance without degrading BER performance. For this, various companding 

techniques have been simulated by varying their respective parameters to find the optimum 

values for better BER and PAPR performances. Simulation parameters are defined in Table 

3.2. 

Table 3.3. Simulation Parameters 

Parameter Description 

System bandwidth 5 MHz 

Channel coding 1/2 rate Convolutional code 

Modulation type 16-QAM 

N 128 

M 512 

Subcarriers spacing 9.765625 kHz 

Subcarrier mapping Localized 
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CP length 20 samples 

Channel model AWGN, Veh-A 

Channel estimation Perfect 

Equalization MMSE 
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Fig. 3.2. BER curves of MMC with decompanding and no decompanding operations. 

Fig. 3.2 presents the BER plot of MMC with decompading (DC) and with no decompanding 

(NDC) operations for μ=4. We can observe that MMC-NDC outperforms MMC-DC. Hence 

we consider NDC for the remaining results. 

Fig. 3.3 shows complementary cumulative distribution function curves (CCDF) of μ-

law companding for different values of ‘μ’. It can be noted that PAPR value decreases as ‘μ’ 

value is increased. For example, PAPR at CCDF=10-4 has been reduced by 2 dB when ‘μ’ is 

increased from 1 to 5. 
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Fig. 3.3. PAPR performance of μ-law companding for different ‘μ’. 

BER versus ‘μ’ plot of μ-law companding at different SNR values is illustrated in Fig. 3.4. 

BER value can be decreased by decreasing ‘μ’ value. So μ=3 is chosen for a trade-off between 

BER and PAPR performances. 
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Fig. 3.4. BER vs ‘μ’ plot of μ-law companding for different SNR. 
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Fig. 3.5 shows the CCDF curves of MMC for different values of ‘μ’. It can be noted that 

PAPR value decreases as ‘μ’ value is increased. 
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Fig. 3.5. PAPR performance of MMC for different ‘μ’. 

BER versus ‘d’ plot of MMC for different values of SNR is illustrated in Fig. 3.6. BER value 

can be decreased by decreasing ‘μ’ value. So μ=3 is chosen for a trade-off between BER and 

PAPR performances.  
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Fig. 3.6. BER vs ‘μ’ plot of MMC for different SNR. 
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Fig. 3.7. PAPR performance of ERF companding for different ‘k’. 

Fig. 3.7 shows CCDF curves of ERF companding for different values of ‘k’. It can be noted 

that PAPR value decreases as ‘k’ value is increased. For example, PAPR at CCDF=10-4 has 

been reduced by 6 dB when ‘k’ is increased from 1 to 5. 

BER versus ‘k’ plot of ERF companding at different SNR values is illustrated in Fig. 

3.8. BER value can be decreased by decreasing ‘k’ value. So k=3 is chosen for a trade-off 

between BER and PAPR performances. 
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Fig. 3.8. BER vs ‘k’ plot of ERF companding for different SNR. 

 

Fig. 3.9 shows the CCDF curves of EC for different values of ‘d’. It can be noted that PAPR 

value decreases as ‘d’ value is increased. PAPR has been reduced by about 1.7 dB when ‘d’ is 

increased from 0.9 to 1.7. 
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Fig. 3.9. PAPR performance of EC for different ‘d’. 
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Fig. 3.10. BER vs ‘d’ plot of EC for different SNR. 

BER versus ‘d’ plot of EC for different values of SNR is illustrated in Fig. 3.10. It can be 

noted that d=1.3 is the best pick for minimum BER. Fig. 3.11 shows the CCDF curves of 

logarithmic companding for different values of ‘k’. It is evident that PAPR value decreases as 

‘k’ value is increased. PAPR at CCDF=10-4 has been reduced by 2.7 dB when ‘k’ is increased 

from 1 to 9. 
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Fig. 3.11. PAPR performance of log companding for different ‘k’. 
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Fig. 3.12. BER vs ‘k’ plot of log companding for different SNR. 

BER versus ‘k’ plot of logarithmic companding at different SNR values is shown in Fig. 3.12. 

BER value can be decreased by decreasing ‘k’ value. So k=5 is chosen for a trade-off between 

PAPR and BER performances.  

Fig. 3.13 shows CCDF curves of rooting companding for different values of ‘R’. It can 

be noted that PAPR value decreases as ‘R’ value is decreased. PAPR has been reduced by 

about 7.1 dB when ‘R’ is decreased from 0.9 to 0.1.  
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Fig. 3.13. PAPR performance of rooting companding for different ‘R’. 

 

BER versus ‘R’ plot of rooting companding at different SNR values is shown in Fig. 3.14. 

BER value can be decreased by increasing ‘R’ value. So R=0.6 is chosen for a trade-off 

between PAPR and BER performances. 

 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
10

-4

10
-3

10
-2

10
-1

10
0

 R

B
E

R

16-QAM, LFDMA, Root

 

 

SNR=9dB

SNR=12dB

SNR=15dB

 

Fig. 3.14. BER vs ‘R’ plot of rooting companding for different SNR. 
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Fig. 3.15 shows CCDF curves of airy companding for different values of ‘d’. It can be noted 

that PAPR value decreases as ‘d’ value is increased. PAPR has been reduced by about 2.5 dB 

when ‘d’ is increased from 1 to 3. 
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Fig. 3.15. PAPR performance of airy companding for different ‘d’. 
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Fig. 3.16. BER vs ‘d’ plot of airy companding for different SNR. 
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BER versus ‘d’ plot of airy companding at different SNR values is illustrated in Fig. 3.16. 

BER value can be decreased by decreasing ‘d’ value. So d=3 is chosen for a trade-off between 

BER and PAPR performances. 

1.2
1.4

1.6
1.8

2

1.2

1.4

1.6

1.8

0.2

0.4

0.6

0.8

1

 

d
2

d
1

 

T

2.4

2.6

2.8

3

3.2

3.4

3.6

3.8

4

 

Fig. 3.17. PAPR values of IEC for different 1 2, ,d d  and T. 

Figs. 3.17 and 3.18 present the scatter plots of PAPR and BER values of IEC respectively for 

different 1 2, ,d d  and T. We can notice that PAPR values are high when BER values are low 

and vice-versa. After extensive simulations, from Fig. 3.17 and 3.18 we found that 

1 21.4, 2, 0.3d d T= = = are the optimum values for better PAPR and BER performances of 

IEC. 
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Fig. 3.18. BER values of IEC for different 1 2, ,d d  and T. 

3.7. Simulation Results 

Here we compare various companding techniques in terms of PAPR, BER, and Power 

Spectral Density (PSD). Fig. 3.19 shows CCDF curves of various companding techniques and 

conventional SC-FDMA system.  
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Fig. 3.19. PAPR performance of various companding techniques. 
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PAPR values at CCDF=10-4 are presented in Table 3.3 for original system, and system with 

various companding techniques. It can be observed that IEC has better PAPR performance 

when compared to EC and µ-law companding techniques. 

Table 3.4. PAPR values at CCDF=10-4 

 Original µ-law MMC ERF EC log Root Airy IEC 

PAPR (dB) 9.01 6.03 6.03 3.96 3.86 5.85 5.76 5.89 3.58 

 

To ensure that the companding techniques does not increase the average power of the signal, 

waveforms of the original and companded signals have been presented in Fig. 3.20. The DC 

line represents the average power level. It can be observed that all the techniques maintain 

average power same as that of the original signal. 
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Fig. 3.20. Waveforms of original and companded signals. 
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Non-linear power amplifier characteristics can be modelled by using Solid State Power 

Amplifier (SSPA). To study the impact of nonlinear power amplifier on the system, we have 

considered SSPA with p = 2 and IBO = 5 dB and plotted the PSD results as shown in Fig. 

3.21. We have used Welch’s method with hamming window and 50% overlap to estimate 

PSD in MATLAB. The PSD of the original signal has been plotted without considering 

SSPA. It can be observed that µ-law companding has both in-band and out-of-band distortions 

and airy companding has PSD characteristics close to that of original signal. Also IEC 

technique has better PSD performance when compared to that of conventional EC scheme. 
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Fig. 3.21. PSDs of original and companded signals. 
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Fig. 3.22. BER curves of original and companded signals over AWGN channel. 

Fig. 3.22 presents BER curves of original and companded signals over AWGN channel by 

considering SSPA. It can be observed that airy companding technique has better BER 

performance when compared to other techniques. 

Fig. 3.23 presents BER curves of original and companded signals over Vehicular-A outdoor 

channel by considering SSPA. Veh-A channel model corresponds to multipath Rayleigh 

fading channel with six taps as defined in [103]. It can be observed that all the techniques 

perform relatively similar over multipath fading environment also. Table 3.4 gives the 

comparison of SNR values required for a BER of 10-4 for various companding techniques. 
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Fig. 3.23. BER curves of original and companded signals over Veh-A channel. 

 

Table 3.5. SNR values at BER=10-4 

 Original µ-law MMC ERF EC log Root Airy IEC 

AWGN 16.9 19.8 18.65 18.98 18.19 18.45 19.22 17.73 18.49 

Veh-A 21.58 24.47 23.04 23.55 22.78 22.89 23.77 22.25 22.95 

 

Table 3.5 presents the values of PAPR reduction at CCDF = 10-4 and additional SNR required 

to maintain a BER of 10-4 over Veh-A channel for various companding schemes when 

compared to the original signal. IEC provides better PAPR reduction of about 5.43 dB but 

requires 1.37 dB excess SNR to maintain BER constant. However, IEC outperforms the 

existing schemes in terms of net gain (PAPR reduction - additional SNR). 
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Table 3.6. Performance analysis of various techniques 

Companding PAPR Reduction (dB) Additional SNR (dB) Net Gain (dB) 

µ-law 2.98 2.89 0.09 

MMC 2.98 1.46 1.52 

ERF 5.05 1.97 3.08 

EC 5.15 1.20 3.95 

log 3.16 1.31 1.85 

Root 3.25 2.19 1.06 

Airy 3.12 0.67 2.45 

IEC 5.43 1.37 4.06 

 

3.8. Conclusion 

In this chapter, the performances of various companding techniques have been studied and 

analysed. Exponential companding provides better PAPR performance with a PAPR 

reduction of about 5.15 dB at CCDF=10-4. Then we have proposed an improved exponential 

companding technique, which offers more flexibility than the conventional exponential 

companding scheme with a PAPR reduction of about 5.43 dB at CCDF=10-4. Also, the 

proposed IEC technique has better PSD characteristics than EC scheme. Airy companding 

offers better PSD and BER performances, with only 0.67 dB increase in SNR to maintain a 

BER of 10-4. However, it provides a PAPR reduction of 3.12 dB only at CCDF=10-4. 
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Chapter-4 

 

PAPR Reduction by Approximating the Distribution of 

SC-FDMA and DCT SC-FDMA Signals 

 

4.1. Introduction 

In general companding transform is designed based on the distribution of the signal. The 

companding transforms discussed in previous chapter have been designed for OFDM systems 

which have Gaussian distribution. But in [104] authors described that amplitude of single 

carrier signal does not have Gaussian distribution and it is difficult to derive the exact form of 

the distribution analytically. In this chapter, the distribution of SC-FDMA signal is 

approximated by using curve fitting tool and then a companding technique is proposed to 

transform it into a uniform distribution. Also, the distribution of DCT SC-FDMA signal is 

approximated by using curve fitting tool and then a companding technique is proposed to 

transform it into a triangular distribution. 

Table 4.1. List of Symbols 

Symbol Description 

( )
mx

f x  PDF of mx  

( )
mx

F x  CDF of mx  

( )xΦ
 CDF of standard normal distribution 

mt  Companded signal 

( )h x  Companding function 

m
c  Clipped signal 

T  Clipping level threshold 
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4.2. DFT SC-FDMA System 

4.2.1. Approximation of SC-FDMA distribution 

The Probability Density Function (PDF) of the magnitude of 16-QAM modulated LFDMA 

signal, mx  is plotted using MATLAB simulations. Then curve fitting tool is used to obtain its 

expression. Fig. 4.1 presents the actual histogram and approximated PDF of LFDMA signal. 

The PDF of the magnitude of SC-FDMA signal can be approximated by a sum of 

Gaussian functions instead of a single Gaussian function as given in equation (4.1). 
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Fig. 4.1. Actual histogram and approximated PDF of LFDMA signal. 

The values ,
i i

a b  and 
i

c  are obtained from curve fitting tool. We have considered 50 samples 

for curve fitting and the goodness of our approximation is described by the statistics given in 

Table 4.2. 
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Table 4.2. Goodness-of-Fit Statistics 

Statistic Value Ideal value for better fit 

The sum of squares due to error (SSE) 0.001157 0 

R-square 0.9624 1 

Adjusted R-square 0.9512 1 

Root mean squared error (RMSE) 0.005592 0 

 

The Cumulative Distribution Function (CDF) is given by 
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Let 
2

i

i

x b z

c

−
= , then equation (4.2) can be modified as 
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where 
2 /21 1

( ) 1
22 2

x
z x

x e dz erf
π

−

−∞

  
Φ = = +  

  
∫  is the CDF of standard normal distribution 

and erf(.) is error function.  

Now the time domain LFDMA signal 
m

x  is passed through compander, ( )h x  to produce 
m

t .  

4.2.2. Proposed Companding Transform 

The proposed companding transform is given by 

 ( )
m m

t h x=  (4.4) 
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where 
m

t  is the companded signal of input 
m

s . Let the dth power of the magnitude of the 

companded SC-FDMA signal have uniform distribution in the range [0, u], where d is the 

degree of companding. As all the amplitudes have an equal probability of occurrence, PAPR 

will tend to reduce. So the dth power of mt  should have a CDF given by 

 ( ) , 0d

mt

x
F x x u

u
= ≤ ≤  (4.5) 

The CDF of companded signal, mt  is given by 
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 (4.6) 

The inverse function of 
mt

F  is given by 

 1( ) , 0 1
m

d

t
F x ux x

− = ≤ ≤  (4.7) 

( )h x  being a strictly monotonic increasing function, we can write 
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As companding function does not change the phase of input signal, ( )h x  can be written as 
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 (4.9) 

where sgn(.) is the sign function. To maintain average power level of 
m

t  same as that of 
m

x , 

we let 
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Now u is given by 
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 (4.11) 

After adding a CP to 
m

t , it is transmitted over the channel. At the receiver side, CP is removed 

and 
m

r  is passed through M-point DFT without any decompanding function. Then subcarrier 

de-mapping, Frequency Domain Equalization, N-point IDFT, demodulation and decoding 

processes are performed to detect the transmitted data. 

4.2.3. Hybrid Companding and Clipping Technique 

SC-FDMA system with hybrid companding and clipping technique is shown in Fig. 4.2. The 

companded signal is clipped at the transmitter side while the received side remains 

unaffected. The companded signal 
m

t  is clipped to a predefined threshold value by using a 

soft limiter as [7] 

 
,

,m

m m

m j t

m

t if t T
c

Te if t T
∠

 ≤  
=  

>  
 (4.12) 

where 
m

c  is the clipped signal and T is the threshold at which signal is clipped. 

The clipping ratio (CR) is given by 

 CR
av

T

P
=  (4.13) 

where 
av

P  is average power of the original signal before clipping. As the hybrid technique 

comprises of companding followed by clipping, PAPR can be improved further.  
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Fig. 4.2. SC-FDMA system with hybrid companding and clipping technique. 

The hybrid system existing in [105] uses clipping in the first stage and companding in the 

second stage. As clipping is used in the first stage, the information will be lost as the signal 

will be clipped to a predefined threshold. The companding in the second stage compresses and 

expands the clipped signal. However our proposed hybrid system uses companding in the first 

stage and clipping in the second stage. As companding is used in the first stage most of the 

signal peaks are compressed. Now clipping in the second stage does not cause much 

information loss as there will not be many peaks available due to companding operation. 

4.2.4. Performance Evaluation 

To evaluate the performance of proposed companding technique, we have considered SC-

FDMA system as shown in Fig. 4.2 and set the parameters as listed in Table 4.3. As PAPR 

problem is severe for higher order modulations, we have considered 16-QAM as the 

modulation technique over QPSK. 
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Table 4.3. Simulation Parameters 

Parameter Description 

System bandwidth 5 MHz 

Channel coding 1/2 rate Convolutional code 

Modulation type 16-QAM 

N 128 

M 512 

Subcarriers spacing 9.765625 kHz 

Subcarrier mapping Localized 

CP length 20 samples 

Channel model AWGN, Veh-A 

Channel estimation Perfect 

Equalization MMSE 

To study the effect of d on PAPR performance, CCDF curves of proposed companding 

technique for different values of d are presented in Fig. 4.3. It can be observed that PAPR can 

be reduced by increasing d values. 
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Fig. 4.3. CCDF curves of proposed companding technique for different values of d. 
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Fig. 4.4. BER vs d plot of proposed companding technique for different SNR values. 

To find the optimum value of d that achieves the minimum BER, BER vs d plot of proposed 

companding technique for different SNR values is presented in Fig. 4.4. It can be observed 

that d = 1.5 is the best choice for better BER performance. 

This can also be analysed from Fig. 4.5 which shows the transformation profile of 

proposed companding technique. In Fig. 4.5 when d = 1, ( )h x  compresses x in the range 0 to 

0.1 instead of expanding. PAPR can be reduced when smaller values are expanded and larger 

values are compressed. Hence PAPR reduction will be minimum when d = 1 and PAPR can 

be reduced by increasing the value of d. 
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Fig. 4.5. Transformation profile of proposed companding technique. 

When coming to BER performance it can be observed that when d = 1.5 the profile is closer 

to the ideal profile (No companding). Hence it provides better BER performance. As d 

increases or decreases beyond 1.5 the profile moves farther from ideal profile hence 

increasing BER. So as a trade-off between PAPR and BER performances we chose d = 1.5 as 

optimum value for proposed companding technique. 
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Fig. 4.6. PAPR performance of μ-law companding for different ‘μ’. 
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Fig. 4.6 shows CCDF of μ-law companding for different values of ‘μ’. It can be noted that 

PAPR value decreases as ‘μ’ value is increased. BER versus ‘μ’ plot of μ-law companding at 

different SNR values is illustrated in Fig. 4.7. BER value can be decreased by decreasing ‘μ’ 

value. So μ=1 is chosen for a trade-off between BER and PAPR performances. 
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Fig. 4.7. BER vs ‘μ’ plot of μ-law companding for different SNR. 

To make sure that the proposed companding technique does not increase the average power of 

the signal we have plotted waveforms of the original SC-FDMA signal, μ-law companded 

signal, and signal companded by the proposed technique in Fig. 4.8. From the figure, it can be 

observed that μ law companding increases the average power of the signal but proposed 

companding technique does not increase the average power of companded signal. 
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Fig. 4.8. Waveforms of original and companded signals (a) Original SC-FDMA signal (b) μ-

law companded signal (c) Signal companded by proposed technique. 

To find the optimum value of clipping ratio for hybrid system, BER vs CR curve has been 

presented in Fig. 4.9. From this plot we can say that BER can be reduced by increasing the 

clipping ratio. It can be noticed that, for CR values higher than 1.45, BER performance 

remains almost unchanged. 
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Fig. 4.9. BER vs CR curve of proposed hybrid technique. 

Waveforms of companded and clipped companded signals are plotted in Fig. 4.10. As seen in 

the figure, there is more information loss when CR = 1.4. Hence BER performance has been 

degraded when CR=1.4. But when CR=1.45 the information loss is very less. Due to these 

minute changes in the peaks of clipped signal the BER has not been effected significantly. 

0 100 200 300 400 500 600 700 800 900 1000
0

0.1

0.2

0.3

0.4

(a)

 

 

Before Clipping

After Clipping (CR=1.4)

0 100 200 300 400 500 600 700 800 900 1000
0

0.1

0.2

0.3

0.4

(b)

 

 

Before Clipping

After Clipping (CR=1.45)

 

Fig. 4.10. Waveforms before and after clipping. 
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CCDF curves of original SC-FDMA signal, μ-law companded signal, signal companded by 

using proposed technique and hybrid technique are shown in Fig. 4.11. We can observe that 

the proposed companding technique provides better PAPR reduction when compared to μ-law 

companding technique. When the companded signal is clipped by hybrid technique, PAPR 

has been further improved. Hybrid technique with lower clipping ratio provides better PAPR 

reduction as the signal will be clipped to smaller amplitudes thus leading to lower PAPR. 

Table 4.4 gives a comparison of PAPR values of various companding techniques at CCDF = 

10-4. 
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Fig. 4.11. CCDF curves of original and companded signals. 

Table 4.4. PAPR values at CCDF=10-4 

 Original µ-law Proposed 

Companding 

Hybrid 

(CR=1.4) 

Hybrid 

(CR=1.45) 

PAPR (dB) 9.07 7.45 4.07 3.11 3.33 

 

BER performance curves of original and companded signals over AWGN channel in the 

presence of SSPA are shown in Fig. 4.12. BER performance of the proposed companding 

technique has been slightly degraded when compared to the original system. BER 

performance of hybrid technique is closer to that of proposed companding when CR=1.45 but 

slightly degraded when CR = 1.4. 
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Fig. 4.12. BER curves of original and companded signals with SSPA over AWGN channel. 
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Fig. 4.13. BER curves of original and companded signals with SSPA over Veh-A channel. 

BER curves of the original and companded signals over Vehicular-A outdoor channel with 

SSPA are shown in Fig. 4.13. It can be observed that the proposed companding technique is 

robust to multipath fading environment also. Table 4.5 gives the comparison of SNR values 

required for a BER of 10-4 for various companding techniques. 
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Table 4.5. SNR values at BER=10-4 

 Original µ-law Proposed 

Companding 

Hybrid 

(CR=1.4) 

Hybrid 

(CR=1.45) 

AWGN 16.9 15.94 18 19.07 18.45 

Veh-A 21.58 20.55 22.57 23.76 22.98 

 

Table 4.6 presents the values of PAPR reduction at CCDF = 10-4 and additional SNR required 

to maintain a BER of 10-4 over Veh-A channel for various companding schemes when 

compared to the original signal. Proposed companding provides a PAPR reduction of about 5 

dB but require 0.99 dB excess SNR to maintain BER constant. µ-law companding has better 

BER performance than proposed companding but provides a PAPR reduction of 1.62 dB 

only. Hybrid system with CR=1.45 has better net gain (PAPR reduction - additional SNR). 

Table 4.6. Performance analysis of various techniques 

Companding PAPR Reduction (dB) Additional SNR (dB) Net Gain (dB) 

µ-law 1.62 -1.03 2.65 

Proposed 5 0.99 4.01 

Hybrid (CR=1.4) 5.96 2.18 3.78 

Hybrid (CR=1.45) 5.74 1.4 4.34 

 

4.3. DCT SC-FDMA System 

In [70] authors presented sinusoidal transforms as an alternative to DFT for OFDM. This 

enabled authors in [17] to propose a new SC-FDMA system based on the DCT Type-II. 

DCT’s energy compaction property enables it to pack most of the signal energy into the first 

few samples, reducing inter-symbol interference (ISI) due to relatively small amplitudes at 

high frequency indices [106], [107]. This results in a lower bit error rate (BER) when 

compared to DFT. Also, it uses only real arithmetic instead of complex arithmetic used in 

DFT. In [103] authors concluded that DCT SC-FDMA system outperforms DFT SC-FDMA 

system in terms of BER performance. But, DCT SC-FDMA system has slightly higher PAPR 

than DFT SC-FDMA system. 
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Table 4.7. List of Symbols 

Symbol Description 

( )x n  Modulated symbols 

N  Input block size 

( )X k  DFT of ( )x n  

( )S l  Frequency-domain samples after the subcarriers mapping 

M  Number of subcarriers 

( )s m  IDFT of ( )S l  

( )
ms

f x  PDF of ( )s m  

( )
ms

F x  CDF of ( )s m  

my  Companded signal 

( )h x  Companding function 

m
r  Received signal 

m
c  Clipped signal 

A  Clipping level threshold 

 

4.4. DCT SC-FDMA System with Companding and Clipping 

The proposed DCT SC-FDMA system with companding and clipping is illustrated in Fig. 

4.14.  
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Fig. 4.14. Proposed DCT SC-FDMA System with Companding followed by Clipping. 
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After encoding, the modulated symbols are grouped into N symbol blocks, and are sent 

through N-point DCT to produce 
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where ( ), ( 0,1,..., 1)x n n N= −  are the modulated symbols and ( )kβ  is given by 
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These N symbols are then mapped to M subcarriers (M>N, M=Q.N) by using either localized 

or interleaved mapping. In localized mapping, these N symbols are transmitted over adjacent 

subcarriers. After subcarrier mapping, ( )S l  is given by 
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Now ( )S l  are sent through M-point IDCT to produce time domain signal given by 
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Let m = Qn + q, where 0 1n N≤ ≤ − and 0 1q Q≤ ≤ − . Then the DCT LFDMA time domain 

signal is given by 
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By substituting equation (4.14) in (4.18) we get 
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∑ ∑   (4.19) 

As the time-domain DCT LFDMA symbols in equation (4.19) are sum of all the input time-

domain symbols with different real weights, PAPR might be increased. Now a companding 

transform is applied to reduce PAPR of this time domain signal. To design the companding 

transform, we need the distribution of DCT SC-FDMA signal. So first we approximate its 

distribution. 
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4.4.1. Approximation of DCT SC-FDMA Distribution 

The PDF of the magnitude of 16-QAM modulated DCT LFDMA signal, ( )s m  is plotted by 

using MATLAB simulations. Then curve fitting tool is used to obtain its expression. Fig. 4.15 

presents the actual histogram and approximated PDF of DCT LFDMA. The PDF of DCT 

LFDMA signal magnitude can be approximated as given below. 
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Fig. 4.15. Actual histogram and approximated PDF of DCT LFDMA signal. 

Curve fitting tool provides the values of ,
i i

a b  and 
i

c  by considered 100 samples and the 

goodness statistics of our approximation are illustrated in Table 4.8. 

Table 4.8. Goodness-of-Fit Statistics 

Statistic Value 

Sum of squares due to error (SSE) 0.001429 

R-square 0.8479 

Adjusted R-square 0.8241 

Root mean squared error (RMSE) 0.003621 
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The Cumulative Distribution Function is given by 
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Let  
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=  then equation (4.21) can be modified as 
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where 
2 /21 1

( ) 1
22 2

z
z x

z e dz erf
π

−

−∞

  
Φ = = +  

  
∫  is the CDF of standard normal distribution 

and erf(.) is error function.  

4.4.2. Proposed Companding Transform 

The proposed companding transform is given by 

 ( )
m m

y h s=  (4.23) 

where 
m

y  is the companded signal of input 
m

s . Let the dth power of my  have a triangular 

distribution in the range [0, c] as shown in Fig. 4.16, while d being the degree of companding. 

Fig. 4.16. PDF of proposed triangular distribution. 
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So the PDF of the proposed distribution is 
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Then CDF of my  can be described as 
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The inverse of 
my

F  can be written as 

 ( )
1
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m

d
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F x c x x
− = ≤ ≤   (4.27) 

As ( )h x  is a strictly monotonically increasing function 
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As ( )h x  does not alter the input signal’s phase, it is formulated as 
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where sgn(.) is the sign function. To maintain the average power of 
m

y  at the same level of 

m
s , 
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Hence c can be derived as 
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Now 
m

s  is sent through ( )h x  to give 
m

y . Then the signal 
m

y  is clipped to a specific 

threshold, A as [7] 

 
,

,m

m m

m j

m

y if y A
c

Ae if y A
ψ

 ≤  
=  

>  
  (4.32) 

where 
m

c  is the clipped signal and 
m

ψ  = arg[
m

y ]. Clipping ratio (CR) is defined as  

 CR
av

A

P
=   (4.33) 

where 
av

P  is average power of input signal. As the clipping is done after companding, PAPR 

can be reduced further. As the companded signal does not have many peaks, the following 

clipping stage does not degrade BER performance significantly by cautiously choosing CR. 

Now cyclic prefix (CP) is appended to 
m

c  and transmitted via wireless channel. 

At the receiver side, after removing the CP, the resulting signal, 
m

r  is sent through M-

point DFT to perform Frequency Domain Equalization (FDE) and then transformed back to 

time domain by using M-point IDFT. Now the corresponding DCT SC-FDMA demodulation 

operations will be carried out to detect the transmitted data. 

4.4.3. Performance Evaluation 

Performance of the proposed companding transform is evaluated by considering DCT SC-

FDMA system as illustrated in Fig. 4.14 with N=128, M=512, 16-QAM modulation, and 
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localized subcarrier mapping. The CP length is 20 samples, and 1/2 rate convolutional 

channel coding is used. We have used perfect channel estimation with MMSE equalization.  

To study the influence of d on the performance of PAPR, Fig. 4.17 presents the CCDF 

curves of proposed companding transform for different values of d. By increasing value of d, 

PAPR can be reduced. 

From BER vs d plot of proposed companding transform as presented in Fig. 4.18 it is 

clear that d = 0.7 provides minimum BER. Considering both CCDF and BER plots, d = 0.7 is 

chosen for a trade-off between the BER and PAPR performances. Hence we use d = 0.7 for 

the rest of the simulations. 
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Fig. 4.17. CCDF curves of proposed companding transform for different ‘d’. 
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Fig. 4.18. BER vs d plot of proposed companding transform. 

Fig. 4.19 shows BER vs d plot of absolute exponential companding [93] transform for 

different values of SNR. It can be observed that d = 1.1 provides minimum BER. Fig. 4.20 

shows BER vs µ  plot of µ-law companding [108] for different values of SNR. It can be 

observed that µ = 1 provides minimum BER. 
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Fig. 4.19. BER vs d plot of absolute exponential companding. 
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Fig. 4.20. BER vs µ  plot of µ-law companding. 

The magnitudes of DCT LFDMA signal, µ  law companded signal, and signal companded by 

the proposed transform are plotted in Fig. 4.21. It can be observed that proposed companding 

transform maintains the average power while µ  law companding increases the average power. 
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Fig. 4.21. Magnitude of (a) DCT LFDMA signal (b) µ-law companded signal (c) Signal 

companded by proposed transform. 
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Fig. 4.22. BER versus CR plot of proposed companding + clipping for different values of 

SNR. 

BER vs CR plot of proposed companding transform + clipping for different values of SNR is 

shown in Fig. 4.22. It can be observed that CR values greater than 1.5 doesn’t degrade the 

BER performance. So we consider CR=1.45 and 1.5 for the rest of the simulations. 

Companded and clipped signal magnitudes are presented in Fig. 4.23. When CR = 

1.45 the information loss is more there by degrading BER performance. However when 

CR=1.5, clipping does not degrade BER significantly. 



81 

 

0 50 100 150 200 250 300 350 400 450 500
0

0.2

0.4

0.6

0.8

(a)

 

 

Before Clipping

After Clipping (CR=1.45)

0 50 100 150 200 250 300 350 400 450 500
0

0.2

0.4

0.6

0.8

(b)

 

 

Before Clipping

After Clipping (CR=1.5)

 

Fig. 4.23. Companded and clipped signal magnitudes when (a) CR = 1.45 (b) CR=1.5. 

CCDF plot of various companding transforms is presented in Fig. 4.24. DCT with proposed 

companding transform (DCT-PC) has low PAPR than DCT-μ, DCT SC-FDMA and DFT SC-

FDMA systems. When the companding operation is followed by clipping, PAPR is reduced 

further. DCT with proposed companding followed by clipping (DCT-PC+C) provides low 

PAPR when the clipping ratio is low. PAPR values of various companding transforms at 

CCDF = 10-4 are given in Table 4.9.  

From Table 4.9 it can be observed that DCT-PC provides a PAPR reduction of about 

4.44 dB at CCDF=10-4, while DCT-AEXP provides about 4.71 dB when compared to the 

DFT SC-FDMA system. DCT-PC+C reduces PAPR by about 5.54 dB and 5.34 dB when CR 

= 1.45 and 1.5 respectively. 
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Fig. 4.24. CCDF plot of various companding transforms. 

Table 4.9. PAPR values at CCDF=10-4 

 
DFT DCT DCT-µ 

(µ =1) 

DCT-AEXP 

(d =1.1) 

DCT-PC 

(d =0.7) 

DCT-PC+C 

(CR=1.45) 

DCT-PC+C 

(CR=1.5) 

PAPR (dB) at 

CCDF=10-4 
9.02 9.50 7.83 4.31 4.58 3.48 3.68 

 

BER plot of various companding transforms over AWGN channel considering Solid State 

Power Amplifier (SSPA) with IBO=5 dB and p=2 is presented in Fig. 4.25. Proposed DCT-

PC system’s performance is slightly degraded than DCT system but has better performance 

than DCT-AEXP system. The proposed DCT-PC+C system’s performance is close to that of 

DCT-PC system when CR=1.5 but degraded when CR=1.45. 

BER plot of various companding transforms over Vehicular-A outdoor channel with 

SSPA is shown in Fig. 4.26. It can be observed that the proposed companding technique is 

robust to multipath fading environment also. SNR values at a BER of 10-5 for various 

companding techniques are displayed in Table 4.10. 
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Fig. 4.25. BER plot of various companding transforms with SSPA over AWGN channel. 
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Fig. 4.26. BER plot of various companding transforms with SSPA over Veh-A outdoor 

channel. 
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Table 4.10. SNR at BER=10-5 

 DFT DCT DCT-µ 

(µ =1) 

DCT-AEXP 

(d =1.1) 

DCT-PC 

(d =0.7)  

DCT-PC+C 

(CR=1.45) 

DCT-PC+C  

(CR=1.5) 

AWGN 18.80 12.97 11.17 14.12 13.8 14.98 14.09 

Veh-A 23.60 12.34 10.75 13.91 12.96 14.41 13.41 

 

Table 4.11 presents the values of PAPR reduction at CCDF = 10-4 and additional SNR 

required to maintain a BER of 10-5 over Veh-A channel for various companding schemes 

when compared to the DCT SC-FDMA system. DCT-PC provides a PAPR reduction of about 

4.92 dB but require 0.62 dB excess SNR to maintain BER constant. DCT-PC has better net 

gain than DCT-AEXP. Hybrid system with CR=1.5 has better net gain (PAPR reduction - 

additional SNR). 

Table 4.11. Performance analysis of various techniques 

Companding PAPR Reduction (dB) Additional SNR (dB) Net Gain (dB) 

µ-law 1.67 -1.59 3.26 

AEXP 5.19 1.57 3.62 

PC 4.92 0.62 4.3 

PC+C (CR=1.45) 6.02 2.07 3.95 

PC+C (CR=1.5) 5.82 1.07 4.75 

 

The power spectral density (PSD) plot of various techniques is presented in Fig. 4.27. It can 

be observed that the proposed companding (PC) technique causes lower spectrum side lobes 

when compared to the absolute exponential (AEXP) companding technique and µ-law causes 

in-band distortion.  



85 

 

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
-60

-50

-40

-30

-20

-10

0

Normalized Frequency (π rad/sample)

P
o
w

er
 S

p
ec

tr
al

 D
en

si
ty

 (
d
B

/r
ad

/s
am

p
le

)

16-QAM, LFDMA, SSPA

 

 

DCT

DCT-µ
DCT-AEXP

DCT-PC

 

Fig. 4.27. PSD plot of various techniques with SSPA. 

4.5. Conclusion 

In this chapter, we have approximated the distributions of DFT and DCT SC-FDMA signals 

by using curve fitting and proposed companding transforms based on their distributions. 

Proposed techniques provide better PAPR reduction when compared to µ-law companding 

with a slight degradation in BER performance. Hybrid techniques further improve the PAPR, 

with similar BER performance as that of proposed techniques by carefully choosing clipping 

ratio. 
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Chapter-5 

 

Performance Analysis of Walsh Hadamard Transform 

based SC-FDMA System 

 

5.1. Introduction 

In [18], a new transceiver design for SC-FDMA system based on Discrete Wavelet Transform 

(DWT) has been proposed. DWT based SC-FDMA system has superior BER and PAPR 

performances when compared to DFT SC-FDMA system. Hence we can conclude that DCT 

SC-FDMA system and DWT SC-FDMA system has superior BER performance when 

compared to the conventional DFT based SC-FDMA system. 

In this chapter we propose a new transceiver for SC-FDMA system based on Walsh 

Hadamard Transform (WHT). WHT is the most well-known non-sinusoidal orthogonal 

transform which can be computed using real additions and subtractions [109]. It has gained 

prominence in various digital signal processing applications, as its hardware implementation 

is simple. We study performance of different ordered WHT systems over AWGN and 

multipath fading environments and derive the time domain symbols for different ordered 

WHT systems. We then use exponential companding technique in WHT SC-FDMA system to 

further reduce its PAPR without degrading BER performance. 

5.2. Walsh Hadamard Transform 

Walsh Hadamard Transform of a sequence is given by 

 
1

N N N
N

=X Η x  (5.1) 
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where 
N

Η  is a Hadamard matrix of order N and [ ]1 2 ....
T

N N
x x x=x is an  N×1 matrix. The 

Hadamard matrix of order N (where 2n
N = , n is a positive integer) can be defined 

recursively by using 

 

[ ]

/2 /2

/2 /2
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1 1 1 1 1 1
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1 1 1 1
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 (5.2) 

The WHT can alternatively be defined as 

 
1

,

0

1
( ) ( )( 1) , 0,1,..., 1

N
m u

m

X u x m u N
N

−

=

= − = −∑  (5.3) 

where 

 
1

2

0

, ; log
n

s s

s

m u u m n N
−

=

= =∑  (5.4) 

The terms 
s

u  and 
s

m  are the coefficients of the binary representations of u and m 

respectively. The IWHT is defined as 

 
1

,

0

( ) ( )( 1) , 0,1,..., 1
N

m u

u

x m X u m N
−

=

= − = −∑  (5.5) 

5.2.1. Types of ordering in WHT 

There are three different ordering schemes to compute Walsh Hadamard Transform namely 

Hadamard, Sequency, and Dyadic [110]. The Hadamard-ordered or Natural-ordered 

Hadamard matrix of order 8 is defined by using a recursive relation in (5.2) as 
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( )8
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It is called natural order as Η  is not ordered based on the number of sign changes in each 

row. If Η  is ordered with number of sign changes, then we have sequency-ordered matrix as 

 
( )8

1 1 1 1 1 1 1 1 0

1 1 1 1 1 1 1 1 1
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 (5.7) 

Dyadic ordered matrix can be ordered by using Gray code. The relation between sequency-

ordered and dyadic-ordered Walsh functions is given in Table 5.1. Here ( )b i  represents the 

Gray code-to-binary conversion of i. 

Table 5.1. Relation between sequency-ordered and dyadic-ordered Walsh functions 

i (decimal) i (binary) b(i) (binary) b(i) (decimal) 

0 000 000 0 

1 001 001 1 

2 010 011 3 

3 011 010 2 

4 100 111 7 

5 101 110 6 

6 110 100 4 

7 111 101 5 
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So the Dyadic ordered matrix arranges the sign changes as 0,1,3,2,7,6,4,5 as defined in (5.8) 
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5.3. WHT based SC-FDMA System Model with Exponential 

Companding 

The proposed WHT based SC-FDMA transceiver with exponential companding is depicted in 

Fig. 5.1. Input symbols are encoded and mapped to the complex symbols by any of the 

modulation techniques (BPSK, QPSK, or M‐QAM) and passed through N-point WHT to 

obtain 
N

X . The resultant N symbols are mapped to M subcarriers (M=Q×N, M>N). 

 

Fig. 5.1. WHT SC-FDMA System with Exponential Companding. 

For subcarrier mapping there are two choices namely, Localized FDMA (LFDMA) and 

Interleaved FDMA (IFDMA). In LFDMA, the symbols are mapped over consecutive 

subcarriers and in IFDMA the symbols are spread equidistantly over entire bandwidth with 

zeros in between. 
N

X  are mapped to 
M

Y  (where M = Q×N ) as 

 
M N

=Y MX  (5.9) 
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For localized mapping 

 ( );0
N M N N− ×

 =  M I  (5.10) 

For interleaved mapping 

 1 ( 1) 2 ( 1) ( 1);0 , ;0 ,..., ;0T T T

Q N Q N N Q N− × − × − ×
 =  M u u u  (5.11) 

where 
N

I  is an N×N identity matrix, ( 1)0
Q N− ×  is (Q-1)×N all-zero matrix and ( 1, 2,..., )

l
l N=u  

is unit column vector of length N, with all-zero entries except at l. After subcarrier mapping, 

M
Y  are sent through M-point IWHT to produce time domain signal as given by 

 

1

1

M M M

M M N N

M

M

N

−

−

=

=

y H Y

y H MH x
 (5.12) 

where 

N
x  is an N ×1 matrix of modulated symbols 

N
H  is an N × N WHT matrix 

M  is an M × N matrix describing the subcarrier mapping 

1

M

−
H  is an M ×M  IWHT matrix 

5.3.1. Time Domain Symbols 

Considering Hadamard ordered WHT with N=2, M=4, Q=2 and modulated symbols 

[ ]1 2

T

N
x x=x  we have 

 
1 1 2

2 1 2

( ) / 21 11 1

( ) / 21 12
N N N

x x x

x x xN

+    
= = =     −−     

X Η x  (5.13) 

For localized mapping 

 

1 2

1 2 1 2

1 2

1 0 ( ) / 2

( ) / 20 1 ( ) / 2

( ) / 20 0 0

0 0 0

M N

x x

x x x x

x x

+   
   + −    = = =    − 
   
   

Y MX  (5.14) 
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1

11 2

21 21

1

2

1 1 1 1 ( ) / 2

1 1 1 1 ( ) / 2
4

1 1 1 1 0

1 1 1 1 0

M M M

xx x

xx x
M

x

x

−

−

+     
    − − −     = = =
    − −
    

− −     

y H Y  (5.15) 

 

11 2

21 2

1

2

1/ 4 1/ 4 1/ 4 1/ 4 ( ) / 2

1/ 4 1/ 4 1/ 4 1/ 4 ( ) / 2
4

1/ 4 1/ 4 1/ 4 1/ 4 0

1/ 4 1/ 4 1/ 4 1/ 4 0

M

xx x

xx x

x

x

+     
    − − −     = =
    − −
    

− −     

y  (5.16) 

Hence for localized mapping [ ]1 2 1 2 1 2... ... .... ...
T

M N N N
x x x x x x x x x=y  i.e. 

N
x  will be 

repeated Q times. As the resulting WHT LFDMA symbols simply consists of modulated 

symbols in contrast to that of DFT LFDMA symbols which consists of sum of modulated 

symbols with different complex-weights, the PAPR of WHT LFDMA system will be less 

when compared to DFT LFDMA system. For interleaved mapping 

 

1 2

1 2

1 2 1 2

1 0 ( ) / 2

( ) / 20 0 0

( ) / 20 1 ( ) / 2

0 0 0

M N

x x

x x

x x x x

+   
   +    = = =    − − 
   
   

Y MX  (5.17) 
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11

21 2
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1 1 1 1 ( ) / 2

1 1 1 1 0
4

1 1 1 1 ( ) / 2

1 1 1 1 0

M M M

xx x

x
M

xx x

x

−

−

+     
    − −     = = =
    − − −
    

− −     

y H Y  (5.18) 

Hence for interleaved mapping [ ]1 1 1 2 2 2... ... .... ...
T

M N N N
x x x x x x x x x=y  i.e. 1x  will be 

repeated Q times then 2x  will be repeated Q times and so on 
N

x  will be repeated Q times. As 

the resulting WHT IFDMA symbols simply consists of modulated symbols similar to the DFT 

IFDMA symbols, the PAPR of WHT IFDMA system will be same as that of DFT IFDMA 

system. 

For Sequency ordered WHT we have 



92 

 

 
( )4

1 1 1 1 0

1 1 1 1 1

1 1 1 1 2

1 1 1 1 3

#of sign changes

s

 
 − − =
 − −
 

− − 

H
 (5.19) 

For localized mapping 
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    − − −     = = =
    − −
    
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y H Y  (5.20) 

Hence for Sequency ordered WHT, the time domain signal for localized mapping is given by 

[ ]1 1 1 2 2 2... ... .... ...
T

M N N N
x x x x x x x x x=y  i.e. 1x  will be repeated Q times then 2x  will be 

repeated Q times and so on 
N

x  will be repeated Q times. For interleaved mapping 

 

1

11 2

21

21 2

1

1 1 1 1 ( ) / 2

1 1 1 1 0
4

1 1 1 1 ( ) / 2

1 1 1 1 0

M M M

xx x

x
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xx x

x

−

−

+     
    − −     = = =
    − − −
    

− −     

y H Y  (5.21) 

Hence for Sequency ordered WHT, the time domain signal for interleaved mapping is given 

by [ ]1 2 1 1 1 2... ... .... ...
T

M N N N N
x x x x x x x x x−=y . 

For Dyadic ordered WHT we have 

 
( )4

1 1 1 1 0

1 1 1 1 1

1 1 1 1 3

1 1 1 1 2

#of sign changes

d

 
 − − =
 − −
 

− − 

H
 (5.22) 

For localized mapping 
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y H Y  (5.23) 

Hence for Dyadic ordered WHT, the time domain signal for localized mapping is given by 

[ ]1 1 1 2 2 2... ... .... ...
T

M N N N
x x x x x x x x x=y  i.e. 1x  will be repeated Q times then 2x  will be 

repeated Q times and so on 
N

x  will be repeated Q times. For interleaved mapping 
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1 1 1 1 ( ) / 2

1 1 1 1 0
4

1 1 1 1 ( ) / 2

1 1 1 1 0

M M M

xx x

x
M

xx x

x

−

−

+     
    − −     = = =
    − − −
    

− −     

y H Y  (5.24) 

Hence for Dyadic ordered WHT, the time domain signal for interleaved mapping is given by 

[ ]1 2 1 2 1 2... ... .... ...
T

M N N N
x x x x x x x x x=y  i.e. 

N
x  will be repeated Q times. As all the time 

domain signals are simply the repetition of modulated symbols, PAPR of Hadamard, 

Sequency, and Dyadic ordered WHT systems remain the same. Also, it can be observed that 

H-WHT with localized mapping and D-WHT with interleaved mapping have the same time 

domain signals. Similarly, H-WHT with interleaved mapping, S-WHT and D-WHT with 

localized mapping have the same time domain signals. Hence they tend to offer similar BER 

performance. 

Now, 
M

y  is passed through exponential compander to produce 
M

t  where 

[ ]1 2 ... .
T

M M
t t t=t  The companding operation can be described as 

 ( )
m m

t h y=  (5.25) 

where 
m

y  is the original signal, 
m

t  is the companded signal and ( )h ⋅  is the companding 

function. Exponential companding function [99] is given by 

 

2

2
( ) sgn( ) 1 expd

x
h x x A

σ

  
 = − − 

    

 (5.26) 



94 

 

where ‘d’ controls  the amount of companding and A keeps the average power of output signal 

same as that of input signal. 

 

2

2

2
2

2
1 exp

d

d

E x
A

x
E

σ

 
 
 

  
  =

       − −           

 (5.27) 

Now cyclic prefix (CP) is added to 
m

t  and transmitted over the wireless channel. We do not 

use any decompanding operation at the receiver side. CP is removed at the receiver side and 

passed through M-point DFT for frequency domain equalization (FDE) and then inverted 

back to the time domain by M-point IDFT. Then the corresponding inverse operations like M-

point WHT, subcarrier demapping, N-point IWHT, demodulation, and decoding operations 

are performed to retrieve the source data. 

5.3.2. Complexity Evaluation 

The fast WHT algorithm in [109] has similar computational complexity as that of fast DFT 

[111] algorithm. Just as the discrete Fourier transform, fast WHT requires 2logN N  

arithmetic operations for an N-point sequence. Hence, WHT based SC-FDMA transmitter has 

comparative complexity as that of DFT based transmitter. The receiver’s complexity is a little 

higher than that of the DFT based receiver, as it uses additional DFT and IDFT blocks for 

frequency domain equalization. But as the receiver is a base station in case of uplink 

communications, slightly higher complexity can be acceptable owing to the supremacy of 

WHT based SC-FDMA system. 

5.4. Performance Evaluation 

The efficiency of the proposed system presented in Fig. 5.1 has been evaluated with the 

parameters as given in Table 5.2. 
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Table 5.2. Simulation Parameters 

Parameter Description 

Modulation type 16-QAM 

Channel coding 1/2 rate Convolutional code 

N 128 

M 512 

System bandwidth 5 MHz 

Subcarriers spacing 9.765625 kHz 

Subcarrier mapping Localized, Interleaved 

CP length 20 samples 

Channel model AWGN, Veh-A 

Equalization MMSE 
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Fig. 5.2. Companding distortion attenuation factor of exponential companding scheme. 

Fig. 5.2 presents attenuation factor α  vs d plot for exponential companding scheme. From 

equation (3.31) as α  tends to one, power of companding noise will reduce and hence the 

BER performance of the system will be better. The values of α  for the proposed LFDMA 

and IFDMA systems were evaluated to be 0.9988 and 0.9989 (close to 1) respectively for d = 

1.3. Hence, the proposed method offers very low companding noise when d = 1.3. 
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Figs. 5.3 and 5.4 present the CCDF curves of Hadamard ordered WHT with exponential 

companding for various d values with localized and interleaved mapping respectively. It can 

be observed that as d value increases PAPR has been reduced, in both the cases. 
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Fig. 5.3. CCDF curves of proposed system with LFDMA for different ‘d’. 
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Fig. 5.4. CCDF curves of proposed system with IFDMA for different ‘d’. 
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BER vs d plots of the proposed LFDMA and IFDMA systems for various SNRs are illustrated 

in Figs. 5.5 and 5.6, respectively. It can be noticed that d = 1.3 is the optimum value, which is 

also evident from Fig. 5.2 that companding noise is minimum when d = 1.3. So d =1.3 has 

been chosen for a trade-off between PAPR and BER performances. 

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
10

-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

 d

B
E

R

LFDMA, 16-QAM, WHT-EXP

 

 

H-WHT, SNR=3dB

S-WHT, SNR=3dB

D-WHT, SNR=3dB

H-WHT, SNR=6dB

S-WHT, SNR=6dB

D-WHT, SNR=6dB

H-WHT, SNR=9dB

S-WHT, SNR=9dB

D-WHT, SNR=9dB

 

Fig. 5.5. BER vs d curves of proposed LFDMA system for different SNR. 
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Fig. 5.6. BER vs d curves of proposed IFDMA system for different SNR. 
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CCDF curves of DFT, DCT, Discrete Sine Transform (DST) and WHT based SC-FDMA 

systems for localized and interleaved mapping techniques are shown in Figs. 5.7 and 5.8 

respectively. For localized mapping, we can observe that DCT based system has high PAPR 

and DST based system has low PAPR when compared to DFT based system. The proposed 

WHT based system has low PAPR when compared to DFT, DCT, and DST based systems. 

We can also observe that Hadamard, Sequency, and Dyadic ordered WHT systems provide 

same PAPR as discussed in section 5.3.1. When exponential companding is used in WHT 

based system, PAPR has been further improved. 
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Fig. 5.7. CCDF curves of different systems with localized mapping. 

For interleaved mapping we can observe that DFT, DCT and WHT based systems provide 

same PAPR. From Figs. 5.7 and 5.8, we can also conclude that WHT based system provides 

same PAPR for both localized and interleaved mapping methods. Table 5.3 summarizes the 

values of PAPR for different systems at CCDF=10-4. 
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Fig. 5.8. CCDF curves of different systems with interleaved mapping.

Table 5.3. PAPR values in dB at CCDF=10-4 

 DFT DCT DST H-WHT S-WHT D-WHT H-WHT-

EXP 

S-WHT-

EXP 

D-WHT-

EXP 

LFDMA 8.96 9.39 8.77 3.45 3.45 3.45 2.84 2.84 2.84 

IFDMA 3.45 3.45 8.79 3.45 3.45 3.45 2.84 2.84 2.84 

 

From Table 5.3 it can be noticed that the proposed WHT based system reduces PAPR by 

about 5.51 dB at CCDF=10-4, while WHT-EXP reduces by about 6.12 dB when compared to 

the DFT based system when localized mapping is used. 

The effect of input block size on the PAPR performance of proposed H-WHT-EXP 

based SC-FDMA system with M=512 is presented in Fig. 5.9. It can be noticed that PAPR 

reduces as block size N increases. As a result, improvements in the PAPR performance can be 

achieved by increasing the input block size. 
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Fig. 5.9. CCDF curves of H-WHT-EXP system with different input block sizes. 

The effect of output block size on the PAPR performance of proposed H-WHT-EXP based 

SC-FDMA system with N=128 is presented in Fig. 5.10. It can be observed that as block size 

M increases, PAPR increases negligibly. 
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Fig. 5.10. CCDF curves of H-WHT-EXP system with different output block sizes.  
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Fig. 5.11. BER curves of various LFDMA systems over AWGN channel with SSPA.  
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Fig. 5.12. BER curves of various IFDMA systems over AWGN channel with SSPA. 
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BER performance curves of DFT, DCT, DST and WHT based SC-FDMA systems over 

AWGN channel for localized and interleaved mapping techniques considering SSPA with 

IBO=5 dB and p=2 are shown in Figs. 5.11 and 5.12 respectively. It can be observed that all 

the Hadamard, Sequency and Dyadic ordered WHT systems perform similarly. When 

exponential companding is used in WHT based system, there is a slight degradation in BER 

performance which is almost negligible. 

BER performance curves of different systems over Vehicular-A channel for localized 

and interleaved mapping techniques considering SSPA are shown in Figs. 5.13 and 5.14 

respectively. It can be observed that Sequency and Dyadic ordered WHT based systems 

provide better BER performance with localized mapping, whereas Hadamard ordered WHT 

based system provide better BER performance with interleaved mapping. Also as stated in 

section 5.3.1 H-WHT with localized mapping and D-WHT with interleaved mapping have 

same BER performance. H-WHT with interleaved mapping and S-WHT, D-WHT with 

localized mapping have same BER performance. Table 5.4 shows the required SNR values to 

attain a BER of 10-4 for different systems. 
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Fig. 5.13. BER curves of various LFDMA systems over Veh-A channel with SSPA.  
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Fig. 5.14. BER curves of various IFDMA systems over Veh-A channel with SSPA. 

Table 5.4. SNR in dB required for BER=10-4 

 DFT DCT DST H-WHT H-WHT-

EXP 

S-WHT S-WHT-

EXP 

D-WHT D-WHT-

EXP 

AWGN 

LFDMA 
17.51 11.98 17.50 7.98 7.99 7.98 7.99 7.98 7.99 

AWGN 

IFDMA 
16.86 11.79 17.49 7.98 7.99 7.98 7.99 7.98 7.99 

Veh-A 

LFDMA 
21.83 11.70 16.13 20.71 21.58 9.93 9.95 9.93 9.95 

Veh-A 

IFDMA 
25.96 22.23 26.46 9.93 9.95 21.21 21.78 20.71 21.58 

 

5.5. Conclusion 

In this chapter, an SC-FDMA transceiver based on Walsh Hadamard Transform which offers 

low PAPR and enhanced BER performance when compared to conventional DFT based SC-

FDMA system has been proposed. Time domain symbols for Hadamard, Sequency and 

Dyadic ordered WHT systems have been derived for both localized and interleaved subcarrier 
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mapping schemes. Complexity of the proposed system is similar to the conventional system at 

transmitter side, while receiver complexity is slightly high. Hadamard ordered system 

performs good in case of interleaved mapping and Sequency, Dyadic ordered systems perform 

good in case of localized mapping when multipath fading environment is considered. 

Moreover, all the time domain signals are simply the repetition of modulated symbols, and 

hence PAPR of Hadamard, Sequency and Dyadic ordered WHT systems remain same. 
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Chapter-6 

 

Verification of Proposed Techniques by Considering a 

Real Time Indoor Channel using WARP Hardware 

 

6.1. Experimental Setup 

WARP v3 hardware developed by Mango Communications is used to implement the 

experiments. WARPLab framework [112] allows physical layer algorithms to be prototyped 

by combining the ease of MATLAB with the capabilities of WARP. The WARPLab 

framework allows MATLAB to control the WARP nodes and perform signal processing 

operations. WARP repository [113] contains the necessary MATLAB m-code and FPGA 

code functions required for interaction between MATLAB workspace and WARP nodes. A 

WARP node comprises of two identical RF interfaces: RF A and RF B. Each RF interface has 

a transceiver operating at 2.4/5GHz with an RF bandwidth of 40MHz. RF A is used to 

transmit samples and RF B is used to receive the samples. 

Basic WARPLab setup where a WARP node and host PC are connected via an 

ethernet switch is used to verify the experiments. The baseband samples were constructed in 

MATLAB and the WARPLab framework downloads the samples from the MATLAB 

workspace to the FPGA buffers. A trigger signal is sent from host PC to the WARP node so 

that samples can be transmitted from RF A to RF B. The baseband samples are up-converted 

to RF signal at the transmitter side and down-converted at the receiver side. These down-

converted samples are then stored in buffers before loading them to the MATLAB workspace. 

These are then processed on the host PC by using MATLAB. 

The experimental setup of WARP v3 board is depicted in Fig. 6.1. We have 

considered 1000 SC-FDMA symbols with N=128, M=512, and CP with 32 samples. Initially 
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random data is modulated by using 16-QAM modulation, and corresponding operations of 

SC-FDMA modulator are performed before adding CP. Then, pilot symbols are added and 

passed through square-root raised cosine filter with a roll off factor of 0.3. Later a preamble is 

added and the baseband signal is up converted to 5MHz before transmitting it over the air. 

The received signal is down converted to baseband signal and is correlated with the reference 

signal to detect the preamble sequence. The channel is estimated by using pilot symbols and 

corresponding operations of SC-FDMA demodulator are performed. 

 

 

Fig. 6.1. Experimental Setup using WARP v3 board. 

 

Fig. 6.2 presents BER vs transmit amplifier gain curves of DFT SC-FDMA system and DFT 

SC-FDMA system with µ-law companding, exponential companding and improved 

exponential companding techniques. It can be observed that the performances are relatively 

similar to the simulation case. 
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Fig. 6.2. BER curves of original and companded signals over real time channel. 
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Fig. 6.3. BER curves of original and companded signals over real time channel. 

Fig. 6.3 presents BER vs transmit amplifier gain curves of DFT SC-FDMA system and DFT 

SC-FDMA system with µ-law companding and proposed companding by approximating the 
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distribution of SC-FDMA signal. It can be observed that the performances are relatively 

similar to the simulation case. 

Fig. 6.4 presents BER vs transmit amplifier gain curves of DCT SC-FDMA system 

and DCT SC-FDMA system with µ-law companding, absolute exponential companding and 

proposed companding by approximating the distribution of DCT SC-FDMA signal. It can be 

observed that DCT-PC has better performance than DCT-AEXP in real-time scenario. 
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Fig. 6.4. BER curves of DCT SC-FDMA system and companded signals over real time 

channel. 

BER vs transmit amplifier gain curves of proposed WHT based system and conventional 

system over real time channel for localized and interleaved mapping techniques are presented 

in Figs. 6.5 and 6.6 respectively. It can be observed that all the Hadamard, Sequency and 

Dyadic ordered WHT based SC-FDMA systems perform either better or maintain the 

performance of the conventional SC-FDMA system but does not degrade the performance. 

Sequency ordered WHT based system provide better BER performance with localized 

mapping, whereas Hadamard ordered WHT based system provide better BER performance 

with interleaved mapping. 
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Fig. 6.5. BER curves of original and WHT based LFDMA systems over real time channel. 
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Fig. 6.6. BER curves of original and WHT based IFDMA systems over real time channel. 
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6.2. Conclusion 

In this chapter we have verified the proposed techniques by considering a real time indoor 

channel using WARPLab implementation. All the proposed techniques have relatively similar 

performance in real time scenario also. 
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Chapter-7 

 

Conclusions and Future Scope 

 

7.1. Conclusions 

In this thesis, the research has been oriented mainly into the PAPR reduction of the SC-

FDMA signals. It contains seven chapters, including this as the last chapter.  

In Chapter 1, introduction, background, and motivation factor for carrying out this 

work has been described.  

In Chapter 2, the overview of the traditional SC-FDMA system, introduction to 

PAPR, nonlinearities of power amplifiers, problems associated with high PAPR, and literature 

review of various PAPR reduction techniques have been provided. 

In Chapter 3, the performances of various companding techniques have been 

analysed. Exponential companding provides better PAPR performance with a PAPR 

reduction of about 5.15 dB at CCDF=10-4. Then, an improved exponential companding 

technique with two different companding levels that can offer more flexibility than the 

conventional exponential companding technique has been proposed, with a PAPR reduction 

of about 5.43 dB at CCDF=10-4. Airy companding offers better PSD and BER performances, 

with only 0.67 dB increase in SNR to maintain a BER of 10-4. However, it provides a PAPR 

reduction of 3.12 dB only at CCDF=10-4.  

In Chapter 4, the distribution of the SC-FDMA signal is approximated using a curve 

fitting tool. Then a companding technique that transforms the SC-FDMA signal into uniform 

distribution is proposed to reduce the PAPR without increasing the average power of the 

signal. The proposed technique provides superior PAPR reduction when compared to µ-law 
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companding with a slight degradation in BER performance. The proposed technique provides 

a PAPR reduction of 5 dB with a 0.99 dB increase in SNR to maintain a BER of 10-4 when 

compared to the DFT system without companding. The hybrid technique further improves the 

PAPR, with similar BER performance as that of the proposed technique by carefully choosing 

the clipping ratio. Also, the distribution of the DCT SC-FDMA signal is approximated, and a 

companding technique that transforms the DCT SC-FDMA signal into triangular distribution 

is proposed to reduce the PAPR without increasing the average power of the signal. The 

proposed technique provides a PAPR reduction of 4.92 dB with a 0.62 dB increase in SNR to 

maintain a BER of 10-5 when compared to the DCT system without companding. 

In Chapter 5, an SC-FDMA transceiver based on Walsh Hadamard Transform is 

proposed, which offers low PAPR and enhanced BER performance when compared to 

conventional DFT based SC-FDMA system. The time-domain symbols for Hadamard, 

Sequency, and Dyadic ordered WHT systems have been derived for both localized and 

interleaved subcarrier mapping techniques. The complexity of the proposed system is similar 

to the conventional system at the transmitter side, while receiver complexity is slightly high. 

Hadamard ordered system perform well in case of interleaved mapping and Sequency, Dyadic 

ordered systems perform well in case of localized mapping when multipath fading 

environment is considered. Moreover, all the time domain signals are simply the repetition of 

modulated symbols, and hence PAPR of Hadamard, Sequency, and Dyadic ordered WHT 

systems remain the same. 

In Chapter 6, the proposed techniques have been verified by considering a real-time 

indoor channel using WARPLab implementation. Proposed techniques have relatively similar 

performance in real-time scenario also. 

Applications: SC-FDMA system is currently being used in the uplink communications of the 

third-generation partnership project (3GPP) long term evolution (LTE) standard. Also SC-

FDMA is a candidate for 5G communications [114]. Hence the proposed techniques can be 

used in 4G and 5G systems for uplink communications. Also, the proposed WHT based SC-

FDMA system would be a good candidate for 5G systems instead of traditional DFT based 

system due to its better PAPR and BER performances. 
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7.2. Future Scope 

In this thesis, different PAPR reduction techniques are investigated for SC-FDMA signals. 

Based on this work, many future research works may be performed. Some of these are 

outlined below: 

• Joint ICI cancellation and PAPR reduction in SC-FDMA systems using different 

methods can be investigated. 

• PAPR reduction in SC-FDMA systems for MIMO applications using different coding 

techniques can be investigated. 

• Impact of Carrier Frequency Offset on different PAPR reduction techniques can be 

investigated. 

• Further, there are many aspects of SC-FDMA signals other than PAPR reduction not 

addressed in this thesis that would be worth investigating. 
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