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Abstract
This article presents the quantitative feedback theory (QFT) based multivariable
controller for the vertical and the pitch angle motion of a half-car suspension
system. A coupled half-car system with significant uncertainty, due to sprung
masses variation, poses a challenging control problem. Multi-input multi-output
(MIMO) QFT method is used for this purpose which involves converting the
actual MIMO system into an equivalent single-input single-output (SISO) sys-
tem so that the design problem is carried out using the SISO QFT principles.
The proposed idea is centered on by converting the coupled MIMO system into
a decoupled one using the dynamic decoupler where in controllers are designed
independently based on the equivalent SISO system. The designed QFT-based
controllers with the decoupler use the semiactive suspension strategy (real-
ized using the magnetorheological (MR) damper) to reduce the vibration of
the half-car suspension system (in vertical/pitch angular motion) and hence to
increase the ride comfort and the vehicle road holding. The feedback cost is less
in the proposed design than the sequential QFT design. In this study, the MR
damper dynamics is captured by the first-order model which is realistic, effi-
cient, and simple form. Extensive comparative simulation studies are carried out
to illustrate the effectiveness of the proposed design over the existing methods
such as passive and skyhook control under different road excitation.
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1 INTRODUCTION

The design of a vehicle suspension control system is an important task and has drawn considerable attention for sig-
nificantly improving passenger comfort, safety, and vehicle maneuverability. From the perspective of the control system
design, the vehicle suspension system can be classified as passive, active, and semiactive suspension.1,2 Attenuating the
harmful effects of the vibrations from various road conditions is the primary objective of any type of the suspension system.
To achieve this, the designer has to make a compromise between the road holding and ride comfort requirements which is
a conflicting one. Passive suspension is often inadequate to make this compromise in order to improve the performances.2
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Active suspension can achieve better performances than passive and semiactive with the expense of high energy which
restricts its use for production vehicles.1-5 On the other hand, semiactive suspension deliver the forces which can vary
with respect to the relative motion of the suspension velocity to improve the performance.6,7 And it works without any
extra-large power sources and expensive hardware as in the case of active suspension. This makes the semiactive control
a suitable choice for the industry to adapt it to control the vehicle suspension system as it combines the advantage of both
passive and active suspension system.

The semiactive suspension has been applied over many of practical systems such as road vehicle suspension, seat sus-
pension, lateral suspensions in high speed trains, landing gears in aircraft, suspensions of appliances (such as washing
machines), architectural suspensions (building, bridges), cabin engine mount system.8 This work focuses on road vehi-
cle suspension. In this work, semiactive control of half-car suspension system employed with magnetorheological (MR)
dampers is considered. MR damper-based semiactive suspension system has attracted the researcher’s attention due to its
benefits such as fast response time, low energy consumption, and compact size. And some passenger vehicles with MR
damper suspension are running on the road in practice. A large number of control methodologies exist for the semiac-
tive suspension control. Among them, the most famous one is the skyhook (SH) control strategy.9 The main source of the
uncertainty in the half-car system is the payload (or) no of the passenger which inturn changes the vehicle moment of
inertia. The uncertainty present in the system invites the robust control techniques into the picture to effectively control
the suspension system.

Robust control design methods for the semiactive suspension control system are reported in the literature. For
instance, H∞ controller is designed for the quarter car system with electrorheological damper being modeled as a
first-order system in Reference 6. The MR damper dynamics is modeled using the polynomial method10 and controlled
using the static output feedback H∞ controller in Reference 7. Linear parameter varying (LPV) technique-based semiac-
tive system is introduced in Reference 11 with the help of H∞ control. Apart from the suspension control of the quarter
car system, a number of semiactive control techniques have been investigated for the half-car system. For example, a lin-
ear quadratic Gaussian-based semiactive control is proposed in Reference 12 with the MR dampers as the actuators. In
Reference 13, H∞ control with/without preview control-based semiactive control system is adapted to meet the perfor-
mance comparable to that of the active suspension control. Furthermore, the same authors explored the application of
the linear quadratic regulator with full state and limited state feedback in Reference 14. A novel dual MR dampers-based
controllable suspension system for half-car model is proposed in Reference 15. Recently, LPV-based feedforward control
of semiactive suspensions for the half-car system is proposed in Reference 16 to improve the roll stability. In this work, we
mainly focus on the development of robust control method known as quantitative feedback theory (QFT) for the half-car
suspension system.

The application of QFT to vehicle suspension system is concerned, very few works are available in the literature. To
name them, the cascade QFT design proposed in Reference 17 and the comparative study between the H∞ and QFT
control in Reference 18. However, these were applied to the active suspension system. For semiactive suspension, the work
reported in Reference 19 is the first application of QFT. Recently, the authors proposed a QFT-based novel semiactive
suspension control in Reference 20 to address the problems such as MR damper fault and saturation, and the damping
force tracking problem using the cascade approach in Reference 21. Moreover, so far, the application of QFT to vehicle
suspension control is restricted to the quarter car suspension system. This motivates us to expand the application of QFT
to the challenging multivariable half-car suspension control system.22

The challenges and technical contributions associated with this specific control problem are summarized as follows:

1. An independent single-input single-output (SISO) QFT method with a dynamic decoupler is proposed for the
semiactive control of the half-car suspension system.

2. The presence of the coupling in the multi-input multi-output (MIMO) half-car system poses a challenging control
problem. The dynamic decoupler is introduced to reduce the coupling effects in the half-car system and the resultant
system becomes the diagonally dominant one (decoupled). That is, the coupled MIMO system is converted into the
decoupled MIMO system which is diagonally dominant one.

3. The SISO QFT principle is applied on the diagonally dominant system (equivalent SISO systems) to control the vertical
and the angular pitch motion of the chassis. To the best of author’s knowledge, this work is the first of its kind where
in QFT (with decoupler) being applied to control (semiactive) the half-car suspension system featuring MR dampers.

4. The proposed design results in the less feedback cost (in QFT terms) as compared with the existing sequential design.
The effectiveness of the proposed approach is compared with the skyhook and passive control. It is found to deliver bet-
ter performance (ride comfort, road holding) in terms of acceleration, tyre deflection under different road excitations.

 10991239, 2021, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rnc.5355 by N

ational Institute O
f, W

iley O
nline L

ibrary on [28/11/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



1420 JEYASENTHIL et al.

The proposed approach achieves the smaller peak values in the power spectral density (PSD) of vertical and the pitch
angle accelerations (around 1–2 Hz) as compared with the skyhook control and passive.

The remainder of this article is organized as follows. We start with some background material related to the MR
damper and the half-car suspension model in Section 2. The proposed approach consists of the decoupler and the feed-
back controller design is discussed in Section 3. The relative gain array (RGA) analysis followed by the synthesis of the
decoupler and the controllers are carried out in Section 4. Next, the performance analysis of the proposed design is com-
pared over the existing methods under different road excitation in Section 5. Finally, the outcome of the case study is
drawn as a conclusion in Section 6.

2 BACKGROUND

2.1 MR damper dynamics

The application of MR damper to the semiactive suspension control system significantly depends on the modeling of
the MR dampers which is inherently hysteretic and nonlinear dynamics. The simple way to describe the behavior of MR
damper is by using the first-order dynamics.6,22 Even if some nonlinear effects are neglected, this model is a realistic
approximation of the actual MR damper. The actual damping force (Fi) of the ith MR damper can be modeled as first-order
system given by

𝜏iḞi + Fi = ui, (1)

where, 𝜏i is the time constant of the ith MR damper (i = 1,2) and ui is the desired damping force from the controller.

2.2 Half-car model

In this work, a half-car with MR suspension system is used to evaluate the performance and robustness of the control
system. A half-car model with an MR damper is shown in Figure 1. The dynamics of the half-car suspension system are
given as follows12

z̈c =
−(k1 + k2)

M
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Equations (2) and (3) describes the dynamics of the vertical (zc) and pitch angle (𝜙) of the chassis. The unsprung mass
(wheel assembly zt1, zt2) dynamics is described in Equations (4) and (5).

The state space model for the half-car MR suspension system, from Equations (1)–(5), is written by

ẋ = Ax + Bu + Lzr (6)

and the output equation is y=Cx.
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JEYASENTHIL et al. 1421

F I G U R E 1 Half-car semiactive suspension
model with the magnetorheological dampers

Here, A ∈ 10×10, B ∈ 10×2, C ∈ 2×10, and L ∈ 10×2 are the system matrix, the control input matrix, the output
matrix and the disturbance matrix, respectively. These matrices are given in the appendix.

The state space variables are defined as x = [zc, 𝜙, zt1, zt2, żc, 𝜙̇, żt1, żt2, F1, F2]T . The sprung mass 1 and 2 are
related to the vertical and the pitch angle motion of the chassis by the following relation3

zs1 = zc − b1𝜙, (7)

zs2 = zc + b2𝜙. (8)

In practice, the chassis mass (M) and the moment of inertia (I) are varied by the loading conditions such as the number
of riding person and payload. The time constants (𝜏1, 𝜏2) of the MR dampers is not easy to measure accurately as it depends
on the operating temperature. So, this is also considered as an uncertain parameter, that is, Chassis mass M ∈ [600, 800]
kg, chassis inertia I ∈ [1100, 1300] kgm2, the time constant (𝜏i) ∈ [0.018, 0.022] s. And the unsprung mass values of front
(mt1) and rear (mt2) wheels are 45 and 40 kg; stiffness coefficient of front (k1) and rear (k2) are 24,000 and 20,000 N/m;
tire stiffness coefficient of front (kt1) and rear (kt2) are 240,000 and 200,000 N/m; damping coefficient of front (c1) and
rear (c2) are 600 and 600 Ns/m; tire damping coefficient of front (ct1) and rear (ct2) are 1000 and 900 Ns/m; distances b1,
b2 are 1 and 1.4 m, respectively.

3 PROPOSED APPROACH

The proposed approach involves the two main ingredients such as the decoupler design and then the feedback controller
design. The rationale behind the introduction of the decoupler is to reduce the interaction effect on the actual output in
the MIMO half-car system. After reducing the coupled dynamics of the MIMO system into a decoupled one, the SISO QFT
method is employed to design the feedback controllers to control the sprung masses which in turn reduces the vibration
in the vertical and the pitch angle motion, respectively.

3.1 Decoupler design

The crosscoupling behavior of the half-car system needs to be minimized. There exist a couple of approaches to address
the crosscoupling problem and some of them are the design of the diagonal controller and the nondiagonal controller
matrix using the sequential QFT methods,23 respectively. These methods increase the design complexities24 and involve an
overdesign in the first control loop. Therefore, an independent design approach with the dynamic decoupler is preferred.
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1422 JEYASENTHIL et al.

The dynamic decoupler reduces the crosscoupling present in the actual system and converts it into a diagonally dominant
MIMO system (noninteracting).

The plant transfer function matrix (TFM) for the (2× 2) system is defined as

P(s) =

[
p11(s) p12(s)
p21(s) p22(s)

]
; pij ∈  ; i, j = 1, 2.

The dynamic decoupler1 for the (2× 2) system is given as follows25

De(s) =

[
de11(s) de12(s)
de21(s) de22(s)

]
=
⎡⎢⎢⎣

1 −p120(s)
p110(s)

−p210(s)
p220(s)

1

⎤⎥⎥⎦ . (9)

3.2 Independent SISO QFT method

We apply the independent SISO QFT method23 to design the feedback controller for the decoupled system. The indepen-
dent SISO method works on the system formulated using the on-diagonal element of the MIMO system. For the Half-car
suspension system, this method suits more appropriately as the decoupler makes the actual coupled MIMO system into
a decoupled one and then we apply the SISO QFT principles.

The closed loop output disturbance TFM S, which relates the output Y and the road excitation input Zr, is denoted as
follows:

[I + PG]S = I. (10)

Here, the (n×n) plant transfer matrix is denoted as P = [pij] ∈  with i, j= 1, 2, … , n and G= diag[gii] represents the
(n×n) diagonal controller matrix.

For the decoupled system, the closed loop disturbance TFM becomes

[I + PeG]S = I. (11)

Here, the plant transfer matrix with the decoupler is denoted as Pe =DeP.
The objective is to design a diagonal feedback controller matrix G such that the closed loop is internally stable and

the disturbance rejection specification given as follows satisfied.

|S(j𝜔)| ≤ Bd(𝜔). (12)

In terms of elements, we can write the above as

|sij| ≤ bdij; (13)

where, Bd = [bdij] is the disturbance rejection tolerance matrix.
The QFT bounds are calculated based on the uncertain on-diagonal plant element pii(s) from the MIMO system. The

output disturbance rejection specification for the ith equivalent SISO loop2 is given as|||| 1
1 + peii(j𝜔)gii(j𝜔)

|||| ≤ bdii(𝜔); (14)

And the robust stability margin for the ith equivalent SISO loop is described as

|||| peii(j𝜔)gii(j𝜔)
1 + peii(j𝜔)gii(j𝜔)

|||| ≤ wsii; (15)

1The subscript “0” denotes the nominal plant element.
2The terms SISO loop-i and ith equivalent SISO loop are interchangeably used throughout the article.
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JEYASENTHIL et al. 1423

Here, wsii is the stability margin specification (i.e., M-circle magnitude corresponding to the desired gain and phase
margin).

The proposed idea is based on the simplified decoupling combined with the independent SISO QFT design (non-
sequential). The independent SISO QFT design is carried out on the decoupled plant (diagonal) element as opposed
to the original plant element which has been the approach used in conjunction with the decoupler (remark 8.2 in
Reference 23).

Remark 1. There exist many MIMO QFT methods in the literature such as the sequential design with the diagonal con-
trollers and nondiagonal controllers.26,27 As mentioned in Reference 24, these methods increase the complexity of design
and decrease the accessibility of online calibration. Especially, the nondiagonal controller design is more involved for
the full car suspension (4 × 4 system) control design. The design of decoupler element is not always an easy task as it
is required to lie in the mean value of magnitude and phase of the Bode diagram of expression (8.176 in Reference 23-
Method 2).

Remark 2. In Method 1, the simplified decoupling is used but its design is combined with the diagonal feedback con-
troller (section 8.7 in Reference 23). As mentioned in section 8.7 of Reference 23, the design involved in Method 1 is
somewhat complicated, that is, a redesign in any feedback controller leads to redesign of all the diagonal and off-diagonal
elements of decoupler (subsequent loop). In other words, a decoupler element design is not independent of the feedback
controller.

3.3 Some existing methods

3.3.1 Sequential QFT method

For comparison purpose, if required, we consider the sequential MIMO QFT design methods. In sequential design, the
explicit knowledge of the interactions between the equivalent SISO loops is accounted using the equivalent plant element.
That is, the concept of the equivalent plant takes into account the controllers that were designed in the previous loop
while performing the design in the successive loops.23

The design equation for (2× 2) system,28 such as Half-car suspension, is given as

|y1| = |||||𝜋
1
11zr1 + 𝜋1

12zr2 − 𝜋1
12y2

𝜋1
11 + g11

||||| ≤ bd11(𝜔); (16)

|y2| = |||||𝜋
2
21zr1 + 𝜋2

22zr2

𝜋1
22 + g22

||||| ≤ bd22(𝜔). (17)

Where, P−1 = [𝜋1
ij]; i = j = 1, 2. 𝜋2

21 = 𝜋21g11
𝜋11+g11

; 𝜋2
22 = 𝜋22 −

𝜋21𝜋12
𝜋11+g11

;
The choice of loop selection in sequential design has the great influence on the design conservatism and its ability to

meet the design specifications in the nonclosed loop.

3.3.2 Skyhook control

The SH controller is the simplest control, but very effective in a semiactive control system associated with MR damper.29

The approach is to virtually create an ideal suspension system in which the chassis is “hooked” to a virtual inertial frame
called “sky” by a passive damper Csky, then using the real suspension with a semiactive damper to create the dynamics of
this ideal suspension system.30 The control input of the SH controller (u) is defined as follows

u = Cskyzs,

where Csky is the control gain and zs is the sprung mass position. The control gain is chosen by trial-and-error based on the
magnitude of required damping force. It is the most widely used industrial control strategy which is easy to implement
in the real field.29
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4 SYNTHESIS OF THE DECOUPLER AND THE FEEDBACK CONTROLLER

4.1 RGA analysis

The crosscoupling effect (interaction) of the half-car system is quantitatively analyzed. For this purpose, the RGA is used to
measure the interaction between the sprung mass 1 and 2 connected to the chassis. The RGA provides the comprehensive
measurement for MIMO system behavior at steady state.31 With the nominal values of M0= 800 kg, I0 = 1275 kgm2, 𝜏i =
0.02 s for the half-car system, the RGA matrix was evaluated as follows

RGA =

[
0.5833 0.4167
0.4167 0.5833

]
. (18)

We observe that the gains of the off-diagonal elements are comparable to that of the on-diagonal elements. This implies
that there exists considerable interaction between the sprung masses and inturn vertical and pitch angle motion. Here,
the control loop represents the MR damper 1 and 2 controls the front sprung mass displacement (i.e., F1 → zs1) and rear
sprung mass displacement (i.e., F2 → zs2), respectively.

A decoupler design is carried out on the nominal plant element of the uncertain plant TFM as discussed in Section 3.1.
The elements of the decoupler TFM are given as

−p120(s)
p110(s)

= −s6 − 79.8s5 − 1.142e04s4 − 4.025e05s3 − 2.606e07s2 − 9.265e07s − 1.166e09
s6 + 74.74s5 + 1.149e04s4 + 3.982e05s3 + 2.679e07s2 + 1.049e08s + 1.645e09

, (19)

−p210(s)
p220(s)

= 0.8667s6 + 112.1s5 + 1.282e04s4 + 6.099e05s3 + 2.68e07s2 + 7.77e07s + 1.218e09
s6 + 123.9s5 + 1.48e04s4 + 6.93e05s3 + 3.112e07s2 + 7.92e07s + 9.975e08

. (20)

The decoupled nominal system is denoted as Pe0 =P0De. And, the RGA matrix of the Pe0 becomes

RGA =

[
1 0
0 1

]
. (21)

The noninteracting behavior after applying the decoupler is only guaranteed for the nominal plant, and has only been
checked quantitatively for steady state. None other specific quantitative verification on interaction has been performed
for other frequencies or uncertain plants out of the nominal values, so that a general reference to the achievement of
noninteraction can be made. Indeed, this might be the main drawback of the application of the proposed methodology to
some systems: the resulting “decoupled system” out of the nominal behavior could still present relevant interaction not
to be ignored by direct application of SISO design over the equivalent plant Pe.

The off-diagonal elements of the RGA matrix are zero and it shows that the noninteracting behavior of the MIMO
system with the designed decoupler. Now, the independent SISO QFT design method (discussed in Section 3.2) is applied
to the resulting system in the forthcoming section.

Remark 3. For the system with time delay, the static decoupler is preferred over the dynamic decoupler (due to instability
problem).

4.2 Feedback controller design

The MIMO control structure with the decoupler for the half-car system and its equivalent SISO loops are shown in
Figure 2. The diagonal feedback controller G= diag(g11, g22) is designed using the independent SISO QFT method. For
this, the desired specifications for both SISO loops are given as:

• Robust output sensitivity problem: S= sij = (I +PeG)−1;

|sij(j𝜔)| ≤ bdij(𝜔);
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JEYASENTHIL et al. 1425

F I G U R E 2 Control structure for
the half-car system; (A) decentralized
MIMO with the dynamic decoupler and
(B) an equivalent SISO loops. MIMO,
multi-input multi-output; SISO,
single-input single-output

(A) (B)

T A B L E 1 Comparison of the bound values between the sequential QFT28 and the proposed QFT method

Sequential QFT28 (dB) Proposed method (dB) Difference in bound values (dB)

Frequency (rad/s) Minimum Maximum Minimum Maximum Minimum Maximum

1 (Loop-1) 30.5 31.5 12.25 15.75 18.25 15.75

1.5 23.5 24.6 7.75 13.8 15.75 10.8

2.5 15.6 18.05 9.87 0.97 5.73 17.08

5 3.4 11.75 −13.5 6.9 16.9 4.85

1 (Loop-2) 25.17 26.1 6.2 12.1 18.97 14

1.5 17.6 19.6 0.41 9.75 17.19 9.85

2.5 6.8 12.5 −11.6 7.125 −18.4 5.37

Abbreviation: QFT, quantitative feedback theory.
Note: The bold values indicate the difference between the existing methods and the proposed design.

where the disturbance rejection tolerance is

bd11(𝜔) =
|||| 1.5s
s + 1.2

||||s=j𝜔
; (22)

bd22(𝜔) =
|||| 2.5s
s + 1.2

||||s=j𝜔
; (23)

bdij = 0; i ≠ j.

• Robust stability margins: Gain margin ≥ 5.5 dB, Phase margin ≥60◦ and its corresponding M- circle magnitude is
around 2.5.

|||| peii(j𝜔)gii(j𝜔)
1 + peii(j𝜔)gii(j𝜔)

|||| ≤ 2.5; i = 1, 2. (24)

The design frequency set Ω =[1,1.5,2.5,5,7.5,10 12 20 25 30 40 50 60 150 180] rad/s. To begin with, the compari-
son of the performance bounds generated using the sequential QFT28 and the proposed method is shown in Figure 3
for both SISO loops. The proposed method (represented by B) requires less gain to satisfy the bounds than the sequen-
tial method bounds (denoted as SB) for both loops. As observed in Table 1, the proposed method bounds are better
than the sequential one. For instance, the difference between the proposed and the sequential method bound value
(maximum) is around 15 dB at 𝜔 = 1 for SISO loop-1. Similarly, for SISO loop-2, this difference is around 14 dB. This
illustrates that the proposed method for both the loops requires much less controller gain than the existing sequential
QFT design.
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F I G U R E 3 Comparison of the performance bounds generated using the proposed method (denoted as “B”) and the sequential method
(represented by “SB”) at each performance design frequency; (A) SISO Loop-1 and (B) SISO Loop-2. SISO, single-input single-output [Colour
figure can be viewed at wileyonlinelibrary.com]

4.3 SISO loop-1 (Front sprung mass)

The feedback controller g11 design for SISO loop-1 is carried out using the proposed method in this section. For this pur-
pose, the closed loop specifications (22,24) are translated into a set of bounds on the nominal loop transmission function
(l110) at each design frequency. The feedback controller g11 is designed such that the l110 lies on or above the open bounds
and outside the closed bounds as shown in Figure 4(A). And the designed controller is

g11(s) =
19,537

(
s2

22 +
2×0.85s

2
+ 1

)
s
(

s2

602 +
2×0.85s

60
+ 1

) . (25)

4.4 SISO loop-2 (Rear sprung mass)

Next step in the proposed method is to design the feedback controller g22 for the equivalent SISO loop-2. As shown in
Figure 4(B), the nominal loop transmission function l220 is shaped such that it respects the open performance bounds and
the closed stability margin bounds at each design frequency. The designed controller g22 for the SISO loop-2 is

g22(s) =
−16,206

(
s2

2.52 +
2×0.5s

2.5
+ 1

)
s
(

s2

502 +
2×0.95s

50
+ 1

) . (26)

The frequency domain analysis of the proposed design (both the loops) for the disturbance rejection specification is
shown in Figure 5. The magnitudes (worst case) of the closed loop frequency response of the system satisfies the tolerance
limits (22-23) for both the loops.

4.5 Controller magnitude response comparison

The feedback controller design using the existing sequential QFT design is also carried out for comparison purpose.23,28

The designed controllers for both SISO loops are denoted as Sg11 and Sg22, respectively and given in Table 2. The
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F I G U R E 4 Nominal loop shaping plots for (A) SISO loop-1 and (B) SISO loop-2. Here, B(𝜔) represents the bounds generated using the
proposed method at each performance design frequency. SISO, single-input single-output [Colour figure can be viewed at
wileyonlinelibrary.com]

F I G U R E 5 Frequency domain validation of the proposed
design (worst case) for both the loops [Colour figure can be
viewed at wileyonlinelibrary.com]
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loopshaping plots for the sequential QFT design are omitted for simplicity. Figure 6 compares the controllers frequency
response magnitude of the proposed design and the sequential design. The proposed design achieved the high-frequency
(HF) gain reduction of around 10 and 15 dB over the sequential design for SISO loop 1 and 2, respectively. This implies
that the proposed controllers have low bandwidth and the closed loop system employed with the proposed design is
least sensitive to noise amplification as compared with the existing sequential method. Hereafter, we consider the pro-
posed design for the performance analysis stage and drop the sequential design for further analysis due to its conservative
design.
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Feedback controllers

Method Loop-1 Loop-2

Sequential method28 Sg11(s) = 130,081(0.65,3.84)
s(0.55,90)

Sg22(s) = −104,876.4(0.95,4.454)
s(0.47,90)

Proposed method g11(s) = 19,537(0.85,2)
s(0.85,60)

g22(s) = −16,206(0.5,2.5)
s(0.95,50)

Note: Here, the notation (b, c) for
(

s2

b2 + 2cs
b
+ 1

)
is used.

Abbreviations: QFT, quantitative feedback theory; SISO, single-input single-output.

T A B L E 2 Controllers designed using the
existing sequential QFT method and the
proposed method for both SISO loops
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F I G U R E 6 Comparison of controller magnitudes (Table 2) using the proposed method and the sequential method;28 (A) SISO Loop-1
and (B) SISO Loop-2. SISO, single-input single-output [Colour figure can be viewed at wileyonlinelibrary.com]

5 PERFORMANCE ANALYSIS

The performance of the proposed design for the half-car suspension control system is evaluated under three types of road
excitation, that is, bump, sine, and random excitations. Hereafter, the proposed design denotes the decoupler given in
Equations (19)–(20) and the feedback controller in (25)–(26). The most widely used industrial SH controller (discussed
in Section 3.3) is considered for the comparison purpose with the following semiactuation condition:

Ui =

{
ui, ( ̇zsi − ̇zui) > 0; i = 1, 2.
0, ( ̇zsi − ̇zui) ≤ 0.

(27)

Here, the desired damping force of the ith damper is set as ui =Cskyzsi and the control gain Csky is chosen as 9000 for
both dampers.

5.1 Bump disturbance

The following bump excitation has been widely used to study the transient response characteristic20 and is described by

zr1 = h
2
(1 − cos(𝜔rt)); 0.1 < t < 0.75; (28)

zr2 = h
2
(1 − cos(𝜔rt)); 1 < t < 1.75; (29)
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F I G U R E 7 Bump
responses for the (A) vertical
displacement, (B) pitch angle
displacement, (C) vertical
acceleration, (D) angular
acceleration, (E) front
suspension deflection, and (F)
rear suspension deflection.
The responses denoted by
dash-dot red line, dashed
black line, and blue line
represents the passive control,
Sky hook, and the proposed
control, respectively [Colour
figure can be viewed at
wileyonlinelibrary.com]
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where, h = 0.03 m is the bump height, and 𝜔r = 2𝜋V∕D, the width of the bump (D) is 0.8 m. And, the vehicle travels the
bump with constant velocity (V) of 0.833 m/s. If the vehicle velocity increases, damper will reach the stopper mode due
to maximum stroke increased as passing velocity increases. The “stopper” (high stiffness material) in the damper is used
to avoid the destruction of suspension, that is, if the suspension stroke is larger than maximum stroke, the suspension
stiffness changes (increases) dramatically by the stopper. Furthermore, to verify the pure damper effect only without
considering the effect of stoppers, inevitably lower velocity is adopted, and this setting does not have any issue while
verifying the regulating performance of the controller during the transient.

The minimum and maximum values of each uncertain parameter are considered to generate the plant elements from
the uncertain parameter, that is, 8 plant cases (grid size of 2). The responses of the proposed design are compared with
the uncontrolled (passive) and SH control responses for the considered plant cases. Figure 7(A,B) compares the responses
of the vertical and pitch angular displacements for the suspension system. The proposed design reduces the unwanted
vibration in vertical and in angular motion very well for the eight plant cases. And, the responses due to the proposed
design have smaller peak values as compared with the passive and SH control. The vertical and pitch angle acceleration,
due to the proposed design, is better than the uncontrolled and SH over the time period as shown in Figure 7(C,D).
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F I G U R E 8 Comparison
of the bump responses and
damping forces (worst case);
(A) front tyre deflection, (B)
rear tyre deflection, (C) MR
damper-1, and (D) MR
damper-2. The dash-dot red
line, dashed black line, and
blue line denotes the passive
control, Sky hook, and the
proposed control, respectively.
MR, magnetorheological
[Colour figure can be viewed
at wileyonlinelibrary.com]

Displacement Acceleration Tyre deflection

Methods Vertical Pitch Vertical Pitch Front Rear

Passive 0.0202 0.0114 0.0081 0.0051 0.0029 0.0023

Skyhook 0.0193 0.0109 0.009 0.0045 0.0027 0.0029

Proposed design 0.0085 0.006 0.0042 0.003 0.0021 0.0022

Note: The bold values indicate the difference between the existing methods and the proposed design.

T A B L E 3 Comparison of
the root mean square values
(worst case) of displacement,
acceleration, and tyre
deflection under bump
excitation

Figure 7(E,F) shows the suspension deflection plots for both front and rear tire under different methods. It is seen that
the suspension deflection with the proposed design is less than the suspension limitations (≤0.08 m3) and comparable
to the SH control. The passive suspension at the rear wheel hits the limits and creates the wear and tear to the suspen-
sion over the time period. Another important performance measure is the tire deflection (both front and rear). This is
reduced substantially with the proposed design over the other control strategies as shown in Figure 8(A,B) for the consid-
ered uncertain case. The accelerations and the tire deflections are used to evaluate ride comfort and road holding of the
vehicle (conflicting specification). Thus, the proposed design provides better ride comfort and road holding as compared
with its counterpart. Figure 8(C,D) shows the actual damping force delivered by the MR dampers using the proposed
controllers and the SH control. The root mean square (RMS) values of the displacements, accelerations, and tyre deflec-
tions reveals that the proposed design is better than the SH and passive methods as given in Table 3 for the worst plant
case. For instance, the RMS values of the displacements and the accelerations are reduced by 50 % due to the proposed
design as compared with the existing methods. Furthermore, we compare the output responses in-terms of performance
measure such as integral absolute error (IAE) as given in Table 4 for the all the plant case. The IAE values (minimum and
maximum) of the ride comfort and road holding are less in the proposed design over the SH and passive methods. Next,
the sinusoidal disturbance is considered.
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T A B L E 4 Integral absolute error-based performance comparison under bump excitation

Displacement(min,max) Acceleration(min,max) Tyre deflection(min,max)

Methods Vertical Pitch Vertical Pitch Front Rear

Passive [8.34,15.54] [7.19,8.67] [384.39,672.19] [3.27,3.94] [1.30,2.07] [1.07,1.39]

Skyhook [8.27,13.97] [6.06,8.27] [458.04,716.25] [2.11,3.95] [1.13,1.77] [1.38,2.03]

Proposed design [4.73,6.77] [3.86,4.98] [283.90,399.55] [2.13,3.21] [1.21,1.37] [1.06,1.29]

Note: The bold values indicate the difference between the existing methods and the proposed design.
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F I G U R E 9 Transmissibility for displacement due to sinusoidal disturbance using different methods; (A) vertical motion and (B) pitch
angle. Here, the solid red line, dashed black line, and dashed blue line represents the passive, Sky hook, and the proposed control,
respectively [Colour figure can be viewed at wileyonlinelibrary.com]

5.2 Sine disturbance

The second type of excitation is the sine function described by

zri = Ami sin(𝜔t); i = 1, 2. (30)

Where, 𝜔 is the excitation frequency (0.1–10) Hz and Ami (10 mm) denotes the amplitude. A comparison is made
based on the transmissibility of the vertical and angular pitch displacement as shown in Figure 9. The RMS values (for
all the eight plant cases) of input and output vertical displacements (and angular pitch displacement) are used to obtain
the vertical displacement (and angular pitch displacement) transmissibility in the frequency domain. It is clearly shown,
in Figure 9(A), that the transmissibility of the vertical displacement with the proposed controller has been substantially
reduced in the neighborhood of the body resonance frequency (1–2 Hz) as compared with the SH control. Similarly,
Figure 9(B) shows the transmissibility of the angular pitch displacement under different control strategies (eight plant
case). It is seen that the transmissibility is reduced significantly around the body resonance under the proposed semiactive
control.

5.3 Random disturbance

The effectiveness of the proposed design is assessed by the random disturbance.32,33 Random vibrations are typically
specified as random process32 with a given ground displacement PSD of

Rq(n) = Rq(n0)
(

n
n0

)
−W , (31)
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where n is the spatial frequency and n0 is the reference spatial frequency of n0 = 0.1(1/m); Rq(n0) stands for the road
roughness coefficient; W= 2 is the road roughness constant. Related to the time frequency f , we have f =nV with V for
the vehicle forward velocity. The PSD of ground displacement now becomes

Rq(f ) = Rq(f0)n2
0

V
f 2 . (32)

Then, the PSD of ground velocity is given by

Rq̇(f ) = (2𝜋f )2Rq(f ) = 4𝜋2Rq(n0)n2
0V . (33)

Once the vehicle velocity is fixed, then the ground velocity can be seen as a white-noise signal. Finally, the PSD of
body acceleration can be calculated32 as

Rzs(f ) = |R(j𝜔)|Rq̇(f ) = |R(j𝜔)|4𝜋2Rq(n0)n2
0V . (34)

Fix the vehicle velocity (V) as 30 km/h and we choose the random road roughness coefficient (ISO 2361) as
Rq(n0)= 256× 10−6m3 (Grade D - Poor).

Figure 10 compares the PSD of the vertical and the pitch angle acceleration for different controllers under the Grade-D
road profile. It illustrates that the proposed design improves the ride comfort compared with its counterpart in spite of
the poor road roughness, especially in the body resonance frequency range (1–2) Hz. Furthermore, it is seen that the PSD
of the vertical and the pitch angle acceleration are reduced by more than 50% in the neighborhood of body resonance
frequency range by implementing the proposed control strategy. As given in Table 5, the proposed controller yield smaller
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F I G U R E 10 Comparison of power spectral density using different methods under Class D road profiles; (A) vertical acceleration and
(B) pitch angle acceleration [Colour figure can be viewed at wileyonlinelibrary.com]

Acceleration

Methods Vertical Pitch

Passive 0.0254 0.0137

Skyhook 0.0322 0.0135

Proposed design 0.0177 0.0125

Note: The bold values indicate the difference between
the existing methods and the proposed design.

T A B L E 5 Random excitation: Comparison of the root mean square value of
accelerations
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RMS values for both vertical and pitch angular accelerations than the other methods. This shows the superiority of the
proposed design and its practical implication.

6 CONCLUSION

This article proposed the multivariable QFT design method to control the vertical and the pitch angle motion of a half-car
vehicle model with semiactive MR damper suspension. The uncertainty originated from the payload variation and the
crosscoupling behavior due to the off-diagonal elements posed a significant challenge from the controller design point of
view. The crosscoupling effects between the vertical and pitch angle motion are minimized using the dynamic decoupler
and the overall system becomes diagonally dominant system (noninteracting). On the other hand, the QFT design frame-
work is used to design the robust controller for the decoupled system. The proposed design achieved the HF gain reduction
(feedback cost) of around 10 and 15 dB over the sequential design for both equivalents SISO loop 1 and 2, respectively and
implies that the proposed design is less sensitive to the noise under practical scenario. The proposed design reduces the
vibration very well in the vertical and the pitch angle motions as compared with the passive and SH control under var-
ious road disturbances. For instance, the proposed method reduces the vertical and the pitch angle acceleration PSD by
more than 50% in the neighborhood of body resonance frequency range under random road profile. The displacements
and the accelerations are reduced substantially in the proposed design for the bump disturbance and its RMS values are
atmost reduced by the 50%. These results imply that both ride comfort and steering stability of the half-car system can be
improved significantly by adopting the proposed controller for the semiactive suspension system with MR dampers. As
a future work, the extension of the proposed method to the full car suspension system could be an interesting one and
the experimental validation of the proposed approach on a real car. Furthermore, it is interesting to explore an important
global chassis control (bump disturbance) for automotive safety34 and the steering problem35 to control the overshoot for
sideslip and yaw angles.
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APPENDIX
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