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Abstract 

The technique of harvesting energy from vibration of a structure known as vibration 
energy harvesting is gaining more popularity in recent years. This is achieved by mounting a 
piezoelectric transducer at an appropriate location on the structure.  The amount of energy 
harvested depends on the type and magnitude of excitation on the base structure. The vibration 
levels that excite the harvester vary depending upon the application or the base structure on 
which the harvester is mounted. The vibration can be with single harmonic source, multiple 
harmonic source, a repeating step / ramp excitation or a random vibration with continuously 
varying frequencies in a given frequency range. Although several researches exist on energy 
harvesting from harmonic excitations and few from random excitations of base structure, the 
energy harvested under random excitation as compared to equivalent harmonic excitations is 
not yet well understood. This thesis is devoted to understand this difference and is investigated 
through a cantilever energy harvester (CEH).   
 

Initially, the numerical simulation is carried out on Cantilever energy harvester under 
increasing magnitude of harmonic excitation for different loads. Experiments are conducted for 
same conditions whose results are in good agreement with simulations. Subsequently, the 
performance of this energy harvester is experimentally studied under random excitations. The 
results explain that the harvested power (a) reaches maximum value when the harvester is in 
resonance with base excitation, (b) Irrespective of the type of excitation, increases with increase 
in magnitude of base excitation and (c) increases by 2-14 times in random excitations as 
compared to equivalent harmonic excitations for the same energy input.  
 

Subsequently, in order to have more understanding on the behavior of CEH during its 
practical application, the CEH is mounted inside an airframe section and subjected to separate 
harmonic and random excitations. The results demonstrated that the (a) CEH produces more 
power at lower base excitation frequency bandwidths when acceleration levels are higher and 
load resistances are minimal, (b) energy harvested in the random excitation with minimum 
frequency bandwidth is comparatively higher than that in equivalent harmonic excitation unlike 
the case in which energy harvested under harmonic excitation is more than that under random 
excitation with higher frequency bandwidth.  
 
Keywords: Vibration, piezoelectric transducer, harmonic excitation, random excitation 
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Introduction 

 

1.1. Background 

 
The aerospace vehicle will have specific fuel consumption depending on its payload mass 

to reach the specified destination. If the mass is comparatively more, then either its fuel 

consumption is more or its range of travel will be less. These vehicles carry some systems that 

consume the power in terms of milli or micro Watt. The systems are connected by electrical 

cables to the batteries kept away for these specific requirements. There are certain limitations 

if we go with conventional way of supplying power to the systems. That is (a) charging and 

discharging of batteries regularly, (b) disposal of chemical waste after the shelf life of battery, 

(c) timely replacement of primary batteries, (d) slow rate of installation, and (e) separate cables 

for power and communication to and from the systems. These systems are required to be 

operated only when the flight vehicle is in motion. There was a thought process to (a) check 

whether the mass of the complete vehicle can be brought down to increase the range by resizing 

the existing battery and removing the cables, and (b) to reduce the maintenance time and cost 

of the systems based on battery and electrical cables for power supply and communication.  
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This can be achieved by using the wireless systems. The installation of this system can 

be simple and fast. The configuration can be flexible. All these can be done by tapping the 

energy available in the ambience. The sources for the ambient energies may be vibration, 

temperature, light and fluid flow. 

1.2. Motivation  

As mentioned in the background, the approach is to reduce the mass, maintenance time 

and cost of the aerospace vehicle by replacing part of chemical source of power supply (i.e. 

battery) by tapping energy from ambient temperature and vibration and removing the electrical 

cables. The focus of the present study is on tapping the energy from ambient vibration. The 

aerospace vehicle is subjected to undue structural vibrations mainly due to aerodynamic 

disturbances and its propulsion systems. The aerodynamic disturbances are uncertain depending 

upon the density of air and atmospheric pressure at a particular altitude and hence random in 

nature. The propulsion system may be (a) engine which has a compressor and nozzle that causes 

vibration which is harmonic in nature, and (b) solid and liquid propulsion system that carry fuel 

and oxidizer and once ignited will generate vibrations which are random in nature along with 

thrust.   

 

The literature review revealed that there are very limited studies on behavior of energy 

harvesting structure (EHS) under the influence of random vibration. Even the characterization 

of EHS for maximum power output under random vibration is not yet well understood. Further, 

no literature is available on performance of EHS under the influence of both harmonic and 

random vibrations. These gaps in research motivated not only to quantify the energy harvested 

from random vibrations that are caused due to aerodynamic disturbances and propulsion but 

also tried to consider these undesired vibrations as boon instead of penalty.  

1.3. Objectives  

In order to understand the behavior of EHS under harmonic and random excitations and 

to evaluate the relative performance of EHS under both excitations, studies are carried out using 

a cantilever energy harvester as shown in Figure 1.1 [30].  
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(A: Harvesting structure; B: Rectifying circuit; C: Load) 

Figure 1.1. Line diagram of typical energy harvester 

Where, h, 2c are thickness of piezoelectric material and sub structure respectively, ip and  ie is 

current in circuits, m0 is tip or proof mass, D1, D2, D3 and D4 are diodes, L, C and R are 

inductance, capacitance and resistance respectively. 

The objectives of the present research are as summarized below. 

i. Numerical simulation of an energy harvester (EH) under harmonic excitation. 

ii. Characterisation of EH under harmonic excitation. 

iii. Experimental validation of EH under harmonic excitation and comparison with 

numerical solutions. 

iv. Performance evaluation of EH under both harmonic and random excitations - 

experimental and numerical. 

v. Implementation of the EH in an airframe subjected to individual harmonic and random 

excitations and assessment of the performance. 

1.4. Organization of Thesis  

The thesis starts with the Chapter-1 that elaborates the statement of problem on which 

the investigation has been done followed by literature review in Chapter-2 where the details of 

previous works carried out by different scholars in this field of research is elaborated. The 

Chapter-3 deals with the formulations for the cantilever beam-based energy harvesting system 

with assumptions, governing differential equations, boundary conditions and forcing functions 

depending on the kind of excitation. The equation is solved theoretically and solutions are 

presented for further reference. 
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The Chapter-4 discusses about the Numerical simulation work carried out on bimorph 

cantilever beam-based energy harvesting structure for its characterization and verified with 

literature for obtaining good understanding.  

 

The Chapter-5 elaborates the work carried out for design of cantilever beam-based 

energy harvesting structure based on the hardware available and experiments performed on it. 

 

The chapter-6 extends the experimental procedure on the same harvesting structure under 

random excitation and evaluates the performance of harvesting structure under harmonic and 

random excitation. 

 

The Chapter-7 discusses the performance of energy harvester when mounted in the flight 

airframe section by quantifying the power generated when subjected to random vibrations. The 

complete work is summarized and concluded in Chapter 8.  
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Literature Review 

 

2.1. Introduction 

A study on cantilever energy harvester under harmonic and random excitation is required 

to be carried out in order to understand the characteristics of any typical harvesting structure. 

There is more emphasis on harmonic and random excitations because in physical life these are 

the only excitations to which all the structure are subjected to. This study will path the way to 

application in the field of wireless sensor networks where the challenges like a) charging and 

discharging of batteries regularly, b) disposal of chemical waste after the shelf life of battery, 

c) timely replacement of primary batteries, d) slow rate of installation, and e) separate cables 

for communication to and from the systems, can be addressed. In the process of building 

knowledge, the literature review is a fundamental requirement of all research projects. 

2.2. Techniques of energy harvesting 

Different energy harvesting methods from ambience is referred in [1]. The details are as 

shown in Table 2.1. 
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Table 2. 1. Energy harvesting from ambient surroundings 

S. No. Energy source Example Energy level Conversion 
mechanism 

1 Ambient 
radiation 

RF signal < 1 µW/cm2  Electromagnetic 

2 Ambient light Sunlight, Illumination 100 mW/cm2 
(bright sunlight) 
100 µW/cm2 
(office 
illumination) 

Photovoltaic 

3 Vibration Machine vibration, 
human motion 

4-800 µW/cm3 Piezoelectric 
Electromagnetic 
Electrostatic 

4 Fluid flow Wind, Ventilation, 
Piping, Current wave 

Air: 200-800 
µW/cm3 

Turbine 
(Electromagnetic). 
Piezoelectric Water: 500 

µW/cm3 
5 Thermal  Temperature 

differential 
60 µW/cm2 at 50 C 
difference 

Thermoelectric 
Thermionic 
Thermo-tunneling 

6 Pressure 
variation 

Daily atmospheric 
pressure range 

< 10 µW/cm3 Unclear 

 

2.3. Classifications of vibration energy harvesters 

There are three kinds of transducers [1] that are used for vibration energy harvesting 1) 

Electromagnetic, 2) Electrostatic and 3) Piezoelectric. These electromagnetic and electrostatic 

transducer based energy harvesters are applicable for harvesting energy in the cases of vibration 

that has low frequency range and high amplitude. Whereas the Piezoelectric transducer based 

energy harvesters are applicable for the cases of vibration that has high frequency ranges and 

low amplitude.  
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Figure 2.1. Classification of vibration energy harvesting 

The advantages of piezoelectric vibration energy harvester over other vibration energy 

harvesters are: 

1. Separate voltage source is not required for operation,  

2. Mechanical stops not required, and  

3. Has the highest power density 

The disadvantages are  

1. The fabrication processes are not compatible with standard processes due to their size and  

2. Poor coupling of piezo thin films. 

2.4. Vibration energy harvesting under different excitations 

In general, ambient vibration provides excitation to the energy harvesting system and once 

the excitation frequency is close to the natural system frequency, a maximum output power is 

captured. So, the type, amplitude and frequency or frequency bandwidth of excitation are the 

main inputs to vibration energy harvester. In addition, operating conditions also play a vital role 

in performance of energy harvester [2]. Based on excitation, the input to energy harvester is 

classified into harmonic and random excitation. Harmonic excitation is a sinusoidal external 

force of a certain frequency applied to a system. Random excitation is a non-deterministic 

motion whose future behavior cannot be precisely predicted. The randomness is a characteristic 

of the excitation or input, not the mode shapes or natural frequencies. For harmonic excitation, 

amplitude and excitation frequency is applicable whereas random excitation is characterized by 

amplitude and frequency bandwidth.  
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Ambient vibration is converted to electrical power using MEMS-based energy harvesting 

device that uses piezo-electric effect. The harvesting device here uses structure made up of 

composite cantilever with proof mass made up of nickel so as to bring the resonant conditions 

for low-frequency environmental vibration [3]. One of the application of piezoelectric effect 

where the backpack generates electrical energy from the differential forces between the wearer 

and the pack. This is executed by replacing the strap buckle with a mechanically amplified 

piezoelectric stack actuator [4]. Piezoelectric energy harvester that converts flow induced 

vibration into electrical energy is also explored [5]. This happens by piezoelectric conversion 

with oscillation of a piezoelectric film. Most of the piezoelectric energy harvesters that convert 

harmonic vibration into electrical energy are based on linear mechanical resonators that are 

efficient when excited at resonance. The performance of such energy harvesters under 

wideband vibrations are suboptimal.   

 

The study proposes a nonlinear converter consisting of piezoelectric bimorph on a 

ferromagnetic cantilever that makes use of a magnet for bi-stability and non-linearity to 

improve conversion effectiveness [6]. The configuration and fabrication of a harvesting device 

that converts low frequency vibrations with piezoelectric effect is investigated [7]. In this study, 

PZT (piezoelectric transducer) thin film patterns are arranged in parallel but isolated electrically 

on a cantilever beam. The performance of harvesting device when PZT patterns are connected 

electrically in parallel and in series is investigated and found that same level of power is 

generated in corresponding matched load resistance. The only difference is, in parallel 

connection, lower matched load resistance is required to generate power compared to that in 

series connection. The properties of energy harvesting device that is used to harvest energy 

from the vehicles in traffic, pedestrians and train is studied in [8]. In this study piezoelectric 

bender transducer is used in place of stack transducer. The vibration energy harvesting using 

single and comb shaped piezoelectric beam structures is explored in [9]. Experiments were 

carried out on them in the frequency range of 0 to 3500 kHz. The performance of comb shaped 

beam structure is comparatively better due to more number of natural frequencies in the range 

of frequencies. The performance of PZT diaphragm energy harvester is studied in [10]. The 

harvester is clamped at the periphery that introduces the pre-stress controlling its natural 

frequency. Zhou et al. [11] studied the electrical model that consists of piezoelectric constitutive 

equations. In this study, the energy harvesting by piezoelectric cantilever in shear mode is 

studied by using d15 mode of constitutive equation and single degree of freedom system. Energy 
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harvesting due to strain induced in piezoelectric cantilever due to propagation of radio 

frequency signal is explored in [12]. The piezoelectric cantilever is coupled to radio frequency 

line through a specified gap. When the voltage signal propagates in the line, it sets an alternating 

current in the piezoelectric electrodes on cantilever beam. The current induces mechanical 

strain in the piezoelectric cantilever. The procedure for optimizing topology for designing 

layouts for piezoelectric energy harvesters based on static and dynamic loads and the coupling 

effects between electric parameters and structure is established [13]. The procedure consists of 

determining responses to loads and analyzing the complex sensitivity for various objectives 

related to efficiency of energy. Wang et al. [14] developed an analytical model in which a 

piezoelectric cantilever is proposed with plug type connection between support layer and proof 

mass. This configuration of piezoelectric energy harvester is to ensure that there should not be 

any brittle fracture in it for large amplitudes of vibration. This is achieved by maintaining 

collinearity between the center of gravity of proof mass and the center of gravity of the beam.  

 

Ashtari et al. [15] investigated energy harvester for increasing power generation. The 

configuration includes an array of three piezoelectric bimorph cantilevers with magnetic tuning. 

The advantage of present configuration is its insensitivity to manufacturing tolerances as the 

optimum operation frequency can be tuned after fabrication. Fakhzan et al. [16] presents 

estimate of voltage generated across the load attached to piezoelectric energy harvester when 

exposed to base excitation. In this study, the energy harvester employs the Euler-Bernoulli’s 

beam and analyzed with and without tip mass. An ‘X’ shaped piezoelectric energy harvester 

[17] to generate electric power at low frequencies is explored. This configuration consists of 

four elastic legs from a single centre that is attached to a source of vibration. These four legs 

are symmetric in all the three planes, have same natural frequency and hence same modes of 

vibration. The vibration from source is transferred from center of the energy harvester and is 

equally transmitted to each elastic leg. The piezoelectric energy harvesting [18] in which the 

harvesting structure is in the form of circular cylindrical shell can be simply supported and 

subjected to base excitation. In this case the harvesting structure is laminated with patches of 

piezoelectric material.  

 

Analytical and numerical simulations have been developed [19] and experimentally 

validated the energy harvester from broadband random excitation. For analytical approach, 

distributed-parameter electro-elastic modelling is employed. For numerical approach, Fourier 
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series representation of base excitation and Euler-Maruyama scheme to solve ordinary 

differential equation are used. A method for analysis of piezoelectric energy harvester subjected 

to random base excitation is proposed [20]. The method is based on probabilistic framework. 

The base excitation is simulated by amplitude modulated and white Gaussian noise. Energy 

harvester exposed to random vibrations is developed [21] where the energy harvester has two 

parts (a) electrical circuit and (b) mechanical single degree of freedom system. Both are coupled 

through a piezoelectric element. The electrical system consists of resistance and capacitance. 

The mechanical system consists of linear viscoelastic model. The base excitation is a stationary 

white noise Gaussian process. The response of the system in terms of mean value of electric 

power and covariance matrix of system parameters is determined by covariance approach 

method. 

2.5. Latest trends in vibration energy harvesting 

Vibration energy from ambient acoustic source is converted into electrical power by 

cantilever piezoelectric bimorph. In the study by Hu et al. [22], the power density of the 

harvester is characterized by three non-dimensional parameters i.e.  the non-dimensional end 

mass of the harvesting structure, the non-dimensional aspect ratio (length/thickness) and the 

non-dimensional inductance of the storage circuit. The analyses reveals that the power density 

can be optimized by two ways i.e. by varying the inductance for each fixed aspect ratio with a 

fixed end mass; and by choosing an aspect ratio and the end mass with fixed inductance such 

that the harvesting structure resonates at the frequency of ambient acoustic source. The output 

voltage with respect to mechanical excitation is improved with the harvesting system 

configured with piezoelectric beam coupled with magnets. This forms the bi-stable system in 

response to random vibration. Ferrari et al. [23] studied nonlinear converters realized by screen 

printing low-curing-temperature PZT films on steel cantilevers such that resonant condition is 

maintained with random excitation. The working frequency of a conventional magnetostrictive 

cantilever vibration harvester is often higher than ambient vibration frequency. 

 

Dai et al. [24] proposed a bi-stable iron-gallium alloy vibration harvester with 

displacement amplification mechanism. This harvester is tuned to suit the ambient vibration. 

Wang et al. [25] investigated the nanowires as building blocks of nano-generators and applied 

for harvesting mechanical energy from high frequency acoustic waves and low frequency 

vibrations for recovering energy from respiration by using piezoelectric polymer thin films. 
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Shen et al.  [26] presented a self-powered vibration damping technique that does not just 

dissipate energy but harvest the energy from the vibrations and supply the power to electronic 

systems. Liu et al. [27] proposed two piezoelectric energy harvesting system based on micro-

electro-mechanical systems (MEMS). These harvesting systems can operate with frequency 

range of wideband operation and is capable of converting low frequency and random vibrations 

to high frequency oscillations. The first one is incorporated with high resonant frequency 

cantilever and the second one is added with straight cantilever that makes the low frequency 

vibration further downward and the voltage and power are improved. Chen et al. [28] analyzed 

broadband characteristics of one dimensional phononic piezoelectric cantilever beams. This is 

done for widening the resonant bandwidth of energy harvester and is based on phonic band gaps 

and the vibration band gap. The current studies were focused only on applications in self-

powered wireless sensors and low-power electronics. Zuo et al. [29] provided a comprehensive 

review on the large-scale vibration energy harvesting from long bridges, tall buildings, vehicle 

systems and ocean waves.  

2.6. Research gaps 

The following research gaps were identified from existing literature on vibration energy 

harvesting under harmonic and random vibrations.   

 Behavior of energy harvester under the influence of random vibration of different frequency 

bandwidth is not well understood.  

 Characterization of energy harvester for maximum power output when subjected to random 

vibration is not available. 

 Relative performance of an energy harvester under the influence of harmonic and random 

excitations is not clear.  

 



 

 

 

 

 

 

 

3 
 

Formulations for Vibration Energy Harvesting 

 

3.1. Introduction to cantilever energy harvester  

The vibration energy harvesting from both unimorph and bimorph cantilever beams as 

shown in Figure 3.1 are formulated here to quantify the energy that can be harvested from both 

harmonic and random vibrations. Erturk et al. [30] explained the derivation of piezoelectric 

energy harvested when subjected to vibrations. The beam in harvester is subjected to a base 

excitation in terms of force g(t) and moment h(t), which causes the beam to vibrate, inducing 

an alternating voltage.  

 

(a) Unimorph beam 

(b) 

Bimorph beam 

Figure 3.1. Schematic diagram of cantilever piezoelectric power generators 
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The charge and then voltage generated by the piezoelectric material can be used to power 

a device directly or to charge a rechargeable battery. In the case of a unimorph cantilever beam, 

a layer of piezoelectric element is glued to a metallic layer, whereas in a bimorph configuration, 

a metallic layer is sandwiched between two piezoelectric material layers. In both the cases, a 

tip mass is attached at the free end to increase the strain as well as tune the natural frequency of 

structure according to base excitation. 

3.2. Assumptions 

 The length of the cantilever energy harvester (i.e. the beam) is more relative to its depth 

and width. Thus, the stresses developed through the depth and width are negligible 

compared to the longitudinal normal stresses.  

 The beam cross section is constant along its length. 

 The beam is symmetrical about the lateral axes, resulting in no twisting and torsion.  

 Deformations are small. 

 The material follows Hooke’s law. 

 Plane sections remain plane before and after loading i.e. exciation. 

 A rigid bond behaviour is assumed between the original beam and PZT substrate. 

3.3. Governing equations  

The energy harvester studied here is based on a cantilever beam configuration as 

explained in Figure 3.1. The beam resembles a composite structure (of perfectly bonded 

isotropic) and follows Euler- Bernoulli beam assumptions. In order to quantify the power output 

and voltage generated from cantilever energy harvester subjected to a base vibration, the 

cantilevered beam is depicted as a symmetric bimorph with three layers consisting of a metallic 

substructure sandwiched between piezoelectric layers.  

 

Let the transverse displacement of beam at an arbitrary point x and at time t along the 

neutral axis be denoted by w(x, t). The equation of motion for free vibration in the fixed frame 

of reference if the beam is assumed undamped, can be written as 

 

0
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2

4

4










t

txw
m

x

txw
EI                                                    (1) 

with the following boundary conditions     
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where EI = bending stiffness in terms of the elastic modulus E and the second moment of area 

of the cross section I  of the layers; m = mass per unit length of the beam; and L = length of the 

beam. 

 

From [31], the absolute transverse displacement of the beam (i.e. the transverse 

displacement relative to the fixed reference frame) can be written as  

),(),(),( txwtxwtxw relb                                                      (3)   

where wrel (x,t) is the transverse tip displacement of beam relative to the clamped end of the 

beam and wb (x,t) is the base displacement given by 

)()()()(),( 21 thxtgxtxwb                                                 (4) 

wherein δ1(x) and δ2(x) are the displacement influence functions for the transverse base 

displacement g(t) and small base rotation h(t) of the beam, respectively and 
tjeWtg 

0)(  ; 

tjeth 0)(  . For the cantilever beam, δ1(x) =1 and δ2(x) =1. Substituting Eq. (3) into Eq. (1), 

we get 
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The boundary conditions are: 
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3.4. Solutions under harmonic excitation 

The solution of Eq. (5) considering the two boundary conditions in Eq. (6) can be 

represented as a convergent series of Eigen functions. The method of separation of variables is 

used to solve Eq. (5) by separating the spatial and temporal functions as 






1
)()(),(

rrel txtxw                                                   (7)             

Substituting Eq. (7)  into Eq. (5) gives 
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                                             (8) 

The left hand side of Eq. (8) is dependent on x while right hand side depends on t  and both are 

independent variables. According to the  method of separation of variables both sides of 

equation must be equal to the same constant γ. 

Therefore, 
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which gives 
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2
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Let γ = ω2, then the solution forms of Eqs (10a) and (10b) will be 
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   tFtEt  sincos)(                                          (11b) 

where,  

EI

mL4
24                                     (11c) 

in which ω is the natural circular frequency and A, B, C,D, E, and F are unknown constants. 

Applying the boundary conditions mentioned in Eq. (6) and solving the Eigen value problem 
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in Eqs (11a-b) considering that the Eigen value of the rth vibration mode is λr and the rth Eigen 

function is Φr(x), we get, 
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4
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in which fr  is rth natural frequency.  The mass normalized form of Eigen functions ϕr (x) satisfies 

the orthogonality conditions. Using Eq. (5) with boundary conditions in Eq. (6a-b) and 

orthogonality conditions, the partial differential equation of motion can be reduced to an infinite 

set of ordinary differential equation of the form 
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                            (14) 

where, ηr  = modal parameter, V(t) = voltage,   ζr = damping factor,  ωr = natural frequency, Fr 

(t) is the forcing function given as 
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and θr is the modal electro-mechanical coupling parameter which is given by 

𝜃௥ = ቐ
𝑒ଷଵ𝑏ℎ௣௖

ௗ∅ೝ(௫)

ௗ௫
ቚ
௫ୀ௅

2𝑒ଷଵ𝑏ℎ௣௖
ௗ∅ೝ

ௗ௫
ቚ
௫ୀ௅

 for series and parallel connections, respectively.                         (16)   

Here, b is the width of the beam and hpc = 0.5(hp+hs) where, hp is thickness of piezoelectric 

layer and hs is the thickness of the substructure. The only source of mechanical strain is the 

axial strain in piezoelectric material due to bending of harvesting structure. For the given 

electrode configuration, the tensorial representation of piezoelectric constitutive equation is 

given by 

3331313 ESeD S                                                       (17) 

where, D3 is the electric displacement component,  e31 is the piezoelectric stress constant,  S1 is 

the elastic compliance at constant electric field, ε33
s is the  permittivity component at constant 

strain, and E3 is the electric field in the direction of thickness. As the external circuit admittance 
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across the electrodes is 1/R where R is the load resistance, the electric current output can be 

obtained from Gauss’ law as  

 
R

tV
ndAD

dt

d )(
.                                                      (18) 

where, D is the electric displacement and n is the unit outward normal; and integration is done 

over electrode area A. 

Substituting D and electric field E3 = -V(t)/hp into Eq. (17) and Eq.  (18), we get, 

                                                                                                                             
                                                                                       

(19)  
 

where,
p

S
eq
p h
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C 33

  = internal capacitance. 

Voltage V(t) can be obtained by solving the Eqs (14) and (19), as given below. 





















1 22

2~

1 22

~

2

1

2
)(

r
rrr

req
p

r
rrr

rr

j

j
Cj

R

j

Fj

tV







                                  (20) 

and the power output is given as  

R

tV
P

)(
   .                                                     (21) 

 

3.5. Solutions under random excitations 

Let us consider the random base excitation to be Gaussian white noise signal. The 

Gaussian white noise signal has a constant amplitude of power spectral density (PSD) of ‘S0’ 

throughout the frequency bandwidth. The analytical solution for the expected (mean) power 

can be derived using this property of the excitation along with the voltage frequency response 

function (FRF) derived in the previous section. Further, V(t) can be written as  

     tjtj eeW   0
2

0
2                                           (22) 

 where voltage output – to – translation base acceleration FRF is given as 
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and voltage output – to – rotational base acceleration FRF is given as 
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If the base is assumed to be not rotating i.e. h(t)=0 and θ0 = 0 in equation (22), but translating 

with 
tjeWtg 

0)(  , the voltage in Eq. (22) becomes ))(( 0
2 tjeW    and modal mechanical 

forcing function becomes 0
2WF rr  . 

We know that the electrical power output is
R

tV )(2

 then the expected value of the power output 
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 Therefore, the analytical solution for the expected power output is 
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which is the exact representation considering the excitation of harvester in the entire frequency 

bandwidth. The analytical solution of the expected power for the fundamental vibration mode 

is estimated from 
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where, α(ω) is voltage output- base acceleration single mode FRF and is given as 
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Substituting Eq. (28) in (27), we get 
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3.6. Summary 

 In the present chapter, the schematic diagram is explained for unimorph and bimorph 

cantilever beam for piezoelectric energy harvesting. The voltage across the circuit and power 

generated during the process is derived by considering Euler-Bernoulli’s equation. The 

derivations are carried out for the beam when it is subjected to simple harmonic motion and 

random vibrations. Equations (20), (21) derives the voltage across the circuit and power 

generated in case of harmonic excitation whereas, Equation (26) represents the analytical 

solution for the expected power output in case of random excitation. 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

4 

 

Numerical Simulation of Energy Harvester under 
Harmonic Excitation 

 
 

4.1. Introduction  

The energy harvester analyzed in this study consists of a piezoelectric bimorph with steel 

substructure clamped at one end of the vibrating source such as a machinery or a vehicle, with 

a proof mass mounted on its other end as shown in Figure 4.1. In order to establish the finite 

element analysis (FEA) simulation procedure, COMSOL Multiphysics 5.0 [32] software tool is 

used. 

4.2. Part-1: Characterization of Bimorph CEH and its validation  

4.2.1. Geometry and material parameters 

The considered cantilever energy harvester (CEH) structure as shown in Figure 4.1 has 

the dimensions: length = 21 mm, width = 14 mm and thickness = 0.16 mm.  
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Figure 4.1. Cantilever type energy harvester showing the major components 

 

The structure is made of structural steel of thickness 0.04 mm with Young’s modulus E 

= 200 GPa and Poisson’s ratio υ = 0.28. This structure is sandwiched between top and bottom 

layers of piezo-electric material PZT-5A of thickness 0.06mm. The base of this harvester is 

mounted on a machine that is vibrating at 1g. The mechanical and physical properties of piezo-

electric material PZT-5A used in simulation are taken from [33] and is given in Table 4.1. 

Table 4. 1. Properties of PZT-5A 

Property Value Unit 

Density (ρ) 7750 kg/m3 
Elastic compliance matrix (S) 

⎣
⎢
⎢
⎢
⎢
⎡
𝑆ଵଵ 𝑆ଵଶ
𝑆ଶଵ 𝑆ଶଶ

𝑆ଵଷ 𝑆ଵସ
𝑆ଶଷ 𝑆ଶସ

𝑆ଵହ 𝑆ଵ଺
𝑆ଶହ 𝑆ଶ଺

𝑆ଷଵ 𝑆ଷଶ
𝑆ସଵ 𝑆ସଶ

𝑆ଷଷ 𝑆ଷସ
𝑆ସଷ 𝑆ସସ

𝑆ଷହ 𝑆ଷ଺
𝑆ସହ 𝑆ସ଺

𝑆ହଵ 𝑆ହଶ
𝑆଺ଵ 𝑆଺ଶ

𝑆ହଷ 𝑆ହସ
𝑆଺ଷ 𝑆଺ସ

𝑆ହହ 𝑆ହ଺
𝑆଺ହ 𝑆଺଺⎦

⎥
⎥
⎥
⎥
⎤

 

 

 

 
1/Pa 

Coupling matrix (e) 

ቈ
𝑒ଵଵ 𝑒ଵଶ 𝑒ଵଷ
𝑒ଶଵ 𝑒ଶଶ 𝑒ଶଷ

𝑒ଵସ 𝑒ଵହ 𝑒ଵ଺
𝑒ଶସ 𝑒ଶହ 𝑒ଶ଺

𝑒ଷଵ 𝑒ଷଶ 𝑒ଷଷ 𝑒ଷସ 𝑒ଷହ 𝑒ଷ଺
቉ 

 

 

 
C/m2 

Relative permittivity (e) 
[e11 e22 e33] 

 
[919.1    919.1    826.6] 

 

 

4.2.2. FE model setup 

The harvester is discretized in finite element domain with tetrahedral elements having the 

size range of 0.0063 to 1.41 mm with element growth rate of 1.3. 
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4.2.3. FEA under harmonic excitations  

4.2.3.1. Performance of harvester without a proof mass 

The FEA of the energy harvester is carried out with fixed load resistance of R = 12 kΩ 

and quantified the power output P and voltage V as a function of vibrating frequencies as shown 

in Figure 4.2.  This harvester exhibits maximum power and voltage outputs at the natural 

frequency of around 218 Hz for the given R.  

 
 
 
 
 
 
 
 

 
 

 

 

 

 

Figure 4.2. Frequency response: power output and voltage 

 

Further, the load resistance R is varied from 100 Ω to 100 kΩ with base excitation 

matching the natural frequency of the harvester fr = 218 Hz and quantified the power output and 

voltage as a function of electrical load as shown in Figure 4.3.  The power output increases with 

R up to about 12kΩ and afterwards decreases gradually. The voltage increases asymptotically 

with R and its increase is steep between about 2kΩ and 50 kΩ.  
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Figure 4.3. Load dependence: power output and voltage 

4.2.3.2 Comparison of results  
 

In order to validate the simulation procedure and to extend it for further studies, the 

simulation is repeated with a proof mass of say 740 mg on harvester. The performance of this 

basic harvester is shown in Figure 4.4 and is compared with Lefeuvre [33]. 

 

 

(a) Dependence on excitation frequency 
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(b) Dependence on load resistance 

Figure 4.4. Power and voltage outputs from basic harvester with a proof mass 

 

The power and voltage outputs increase steadily with base excitation, reach their maxima 

at excitation close to the natural frequency of 76.5 Hz of harvester and afterwards decrease to 

their initial values. These outputs are symmetrical on both sides of natural frequency excitation 

as shown in Figure 4.4(a). The load dependence of this harvester outputs shown in Figure 4.4(b) 

are similar to that in Figure 4.3. However, the generated voltage output increases steadily up to 

about 20 kΩ and afterwards exhibits constant output irrespective of any increase in load 

resistance. The maximum power is generated for a load resistance of about 3 kΩ as shown in 

Figure 4.4(b). The present results from FEA simulation of this basic harvester are compared 

with the results available in [33] and a perfect agreement is found between them as shown in 

Figure 4.4. 

 

Thus, the presently validated FEA simulation procedure is used to further characterize 

the performance of this energy harvester. 

4.2.4. Characterization of cantilever energy harvester (CEH) under 
harmonic excitation 

The FEA procedure is extended to characterize the performance of CEH. The harvester 

is discretized into tetrahedral elements of size ranging between 0.0063 to 1.41 mm with element 

growth rate of 1.3. The harvesting structure is fixed at one end and subjected to harmonic base 

excitation. The harmonic analysis is carried out with different magnitudes of harmonic 
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vibrations, different proof masses and different widths of structure for natural frequency, power 

and stresses. 

4.2.4.1. Characteristics under increasing base accelerations 

The characteristics of this energy harvester are analyzed under influence of different 

loading and geometric conditions and are explained in this section. 

 

(a) Power and voltage outputs w.r.t. base acceleration 

 

(b) Stress distribution at 25g excitation 

Figure 4.5. Effect of base acceleration on basic harvester 

 

The power output and the voltage developed in basic harvester at the resonant frequency 

of 76.5 Hz  is analyzed under different base accelerations ranging from 1g to 25g and the results 

are shown in Figure 4.5(a).  The power output increases almost exponentially from minimum 
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to a maximum of 700 mW as the  base acceleration increase from 1g to 25g whereas the voltage 

generated increases almost linearly and reaches about 130V at 25g. The von-Mises stress (Pa) 

distribution in harvester is shown in Figure 4.5(b) at a base acceleration of 25g. 

4.2.4.2. Effect of proof mass and width of beam on natural frequency of basic harvester 

The maximum power output occurs when excitation matches the natural frequency of the 

structure as evidenced in the aforementioned studies. The natural frequency of any structure 

depends on its mass and stiffness and hence the characteristic studies are carried out to quantify 

the natural frequency and power output with the variation of proof mass Mt at tip and width of 

the beam. The harvester is analyzed by varying the proof mass from 0 to 1000 mg and the beam 

width from 10 to 20 mm.  The results are shown in Figure 4.6. As the proof mass is varied from 

0 to 1000 mg, the natural frequency monotonically follows the decreasing trend irrespective of 

the beam width. It is also observed that the natural frequency of structure with a particular proof 

mass is lower for a lower beam width and higher for higher beam width. Whereas, the power 

output of the structure with proof mass from 0 to 200 mg increases with increase in width and 

after 200 mg the power output increases with decrease in width. 

 

 

(a) Natural frequency w.r.t proof mass and beam width 
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(b) Power output w.r.t proof mass and beam width 

Figure 4.6. Natural frequency and power output of the structure as a function of proof mass 
and beam width 

 

Different studies were carried out for quantifying the power output and voltage from 

cantilever energy harvester by varying the proof mass and beam width when exposed to a simple 

harmonic motion under 1g acceleration. In all these studies, it is essential to see that the induced 

stresses in the beam substrate and PZT layers and the interfacial stresses between the interfaces 

must be within the permissible limits. They are analyzed in this section. 
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(a) Maximum bending stress in PZT-5A w.r.t proof  mass and beam width 

 

 

(b) Maximum bending stress in steel substructure w.r.t proof mass and beam width 
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(c) Shear stress in mid-adhesive layer w.r.t. proof mass and beam width 

Figure 4.7. Stresses induced in harvesting structure w.r.t. proof mass and beam width 

 

The stresses that are predominant are bending stresses (σb) in PZT-5A layer and structural 

steel, and shear stress (τ) in mid-adhesive plane. Euler-Bernoulli beam theory is used for 

calculating maximum bending stress. The results are shown in Figure 4.7. The stresses are 

increasing linearly with respect to increase in proof mass and reduction in beam width. For a 

given proof mass, the maximum bending stress is induced in the structure having lesser beam 

width. From Figures 4.7(a-b), the maximum bending stress in PZT and steel substructure of 

harvesting structure with beam width of 10 mm and proof mass of 1000 mg are 4.8 MPa and 

2.0 MPa, respectively. It is to be noted that the PZT-5A patches are glued to the steel 

substructure by adhesives. These adhesives are weak in shear. Shear stress in mid-adhesive 

plane is calculated for harvesting structure with different proof mass and beam width. Figure 

8(c) shows that the shear stress in mid-adhesive plane is increasing linearly with respect to proof 

mass and reduction in beam width. The maximum shear stress in mid-adhesive layer is found 

in the harvesting structure for a beam width of 10 mm with a proof mass of 1000 mg. The 

maximum bending stress in PZT-5A and steel as well as shear stress in adhesives are compared 

with respective yield strengths. The average value of modulus of rupture (MOR) for PZT-5A 

as 81.8 MPa [34]. The allowable strength for steel substructure is 240 MPa and shear strength 

of adhesive is 12 MPa. The induced stresses are all well within these allowable limits and hence, 

the structure is safe under the present loading conditions thus analyzed. 
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4.2.4.3 Studies on energy harvester with beam width of 10 mm 

Based on the characteristic studies thus conducted and discussed above, it is found that 

the cantilever energy harvester with a beam width of 10 mm generates maximum power of 0.08 

mW, 0.38 mW, 0.9 mW, 1.05 mW, 1.7 mW and 2.9 mW when attached respectively with proof 

masses of 0 mg, 250 mg, 500 mg, 750 mg and 1000 mg when excited at its natural frequencies 

of 216 Hz, 103.5 Hz, 77.5 Hz, 75 Hz, 64 Hz and 56 Hz, respectively. These are the observations 

when the harvester is exposed to 1g base acceleration. Therefore, further studies are done to 

obtain the response of the harvester having a beam width of 10 mm and again with a proof mass 

varying from 0 to 1000 mg. The harvester is subjected to a base acceleration starting from 1g 

to 30g. The results are shown in Figure 4.8. Figure 4.8(a) indicates that there is a limitation on 

the subjected base acceleration on this beam for higher proof mass at tip. The limitation comes 

from the MOR of PZT-5A which is at 81.8 MPa, which means that the bending stress in PZT-

5A, a part of beam along with any proof mass and exposed to base acceleration should not 

exceed 81.8 MPa. The feasible options for maximum power output and voltage within the limits 

of MOR of PZT-5A are summarized in Table 4.2 based on the response shown in Figure 4.8(a). 

Table 4. 2. Feasible options for maximum power output and voltage 

Option No. Proof mass (mg) Base acceleration (g) 
1 0 - 1000 1 - 15 
2 0 - 750 20 
3 0 - 500 25 - 30 

 

 

(a) Maximum bending stress in PZT-5A w.r.t  proof  mass and base acceleration 
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(b) Maximum bending stress in steel w.r.t proof  mass and base acceleration 

 
(c) Shear stress in mid-adhesive plane w.r.t proof mass and base acceleration 

 
Figure 4.8. Stresses induced in harvesting structure of 10 mm beam width w.r.t proof mass 

and base acceleration 

 
Except the above limitation on the induced bending stresses in the PZT layer, the stresses 

are well below the permissible limits in steel substructure and the adhesive layer as shown in 

Figures 4.8(b-c). Based on the feasible options of proof mass and base acceleration mentioned 



32 
 

in Table 2, the power output and voltage generated by energy harvester is quantified and shown 

respectively in Figures 4.9(a-b).   

 

(a) Power output with different proof masses w.r.t  base acceleration 

 

(b) Voltage developed in harvester with different proof masses w.r.t base 
acceleration 

Figure 4.9. Feasible outputs from cantilever energy harvester based on proof mass and base 
acceleration 
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These characteristic studies show that the cantilever energy harvester with a proof mass 

of 500 mg when subjected to a base acceleration of 30 g, generates the maximum power output 

of 880 mW at a maximum voltage of 140 V as evidenced from Figure 4.9.  

4.3. Part-2: Characterization of Unimorph CEH  

The studies on CEH performed and mentioned in the previous sections gave sufficient 

understanding on performance of harvesting structure under harmonic excitation and procedure 

for carrying out the finite element analysis as well. During these studies, the reference for 

geometry and material is taken from literature in which the harvesting structure and 

piezoelectric material are so that they are not physically available in the market. In order to 

carry out experimental investigations for validation of numerical results, the numerical 

simulation of such a geometry and material is executed which is readily available in market.  

4.3.1. Geometry and material properties  

The CEH consists of a piezoelectric unimorph. The piezoelectric material used in present 

study is a semi-crystalline PVDF (Polyvinylidene fluoride), LTD4-28K/L of 40 µm thickness 

and bonded over an aluminium alloy AA2014 base cantilever beam of dimensions 171x22x2 

mm as shown in Figure 4.10(a) in which the geometry of the harvesting structure with 

piezoelectric layer is shown in red color and aluminum substrate in grey color.  A ϕ6 mm hole 

is provided at the fixed end of this harvester for clamping with the base exciting structure. The 

piezoelectric material is bonded to the aluminium substructure by cyanoacrylate adhesive 

Mbond 200. The actual configuration of the harvester is shown in Figure 4.10(b). The properties 

of PVDF taken from manufacturer’s data sheet are given in Table 4.3 which are used as inputs 

in FEA simulations.  

 
(a) Geometry of cantilever energy harvester (all dimensions in mm) 
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(b) Physical configuration   

Figure 4.10. Unimorph cantilever energy harvester 

 

Table 4. 3. Properties of PVDF 

S. No. Property Value Unit 

1 Density 1780 kg/m3 

2 Piezoelectric strain constant (𝑑ଷଵ) 23 x 10-12  C/N 

3 Piezoelectric strain constant (𝑑ଷଷ)  -33 x 10-12  C/N 

4 Piezoelectric stress constant (𝑔ଷଵ) 216 x 10-3  Vm/N 

5 Piezoelectric stress constant (𝑔ଷଷ)  -330 x 10-3  Vm/N 

6 Electromechanical coupling factor (𝑘ଷଵ)  12.0% - 

7 Electromechanical coupling factor (𝑘௧)  14.0% - 

8 Young's modulus of elasticity (𝐸) 4.0 GPa 

9 Capacitance (𝐶)  11.0 nF 

 

4.3.2. FEA model setup 

A simplified geometric model of CEH as shown in Figure 4.11(a) is modeled in ANSYS 

18.1 Workbench Space claim [35]. The FEA model with piezoelectric material properties is 

prepared in PiezoAndMEMS extension module. This model is made up of three parts a) 

aluminum alloy base structure, b) piezoelectric material i.e. PVDF, and c) resistor. The PVDF 

is attached to the aluminum substructure using a bonded connection i.e. a rigid bond behavior.  

All three components of CEH are discretized for FEA. Aluminum alloy substructure is 

discretized by 356 elements and PVDF by 60 elements. Both are discretized by 20 node 

tetrahedron elements having translational nodal degrees of freedom in x, y and z directions. The 

CIRCU 94 element is chosen to simulate basic linear electric circuit components that can be 
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directly connected to the piezoelectric FEA domain. Since resistor is being used as load, the 

keyopt (1) = 0 with resistance 102 kΩ is chosen. This resistor component is one dimensional 

and discretized with single 1D element which has two nodes, each node having voltage as the 

degree of freedom.  

 

The meshed FE model of the CEH with boundary conditions is shown in Figure 4.11(b). 

The material properties for piezoelectric material, aluminum alloy substructure, and resistor are 

assigned for the FEA model as per the values provided in Tables 4.2 and 4.3. Polystyrene 

material available in database [36] is assigned to the resistor with a resistance value of 102 kΩ. 

The voltage degree of freedom at nodes 1 and 2 of resistor are coupled with the terminals of 

PVDF.  

Table 4. 4. Properties of aluminum alloy AA2014 material 

S. No. Properties Value 
1 Density (kg/m3) 2650 

2 Modulus of elasticity (MPa) 70000 
3 Poisson’s ratio 0.3 

 

4.3.3. Numerical simulation under 1g with different load resistances 

Initially, in the first stage, modal analysis was carried out for the CEH considering a 

damping coefficient of 0.02, as shown in Figure 4.11(a-b) and predicted a fundamental natural 

frequency of 27.5 Hz as shown in Figure 4.11(c).  

 
a) Geometry of FEA model  

 
 

   
(b) Discretised FE model with boundary condition 

(all displacement components ux = uy= uz = 0 at left end) 
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(c) First mode shape (at 27.5 Hz) 

 
Figure 4.11. FEA model set up and first mode shape of unimorph cantilever energy harvester 

 

Subsequently, in the second stage, numerical simulations were carried out on CEH 

subjected to a harmonic base structural excitation at the fixed end with an acceleration level of 

9.8 m/s2 i.e.  at 1g with a frequency varying from 10 Hz to 50 Hz under a load resistance of 102 

kΩ.  The plots for the voltage, current and power generated with respect to the excitation 

frequency are shown in Figure 4.12. It is observed that the energy harvested is maximum when 

the base excitation matches the CEH’s natural frequency. The corresponding maximum voltage, 

current and power harvested are 0.32 V, 3.15 μA and 1.04 μW, respectively.  It can be noted 

here that although the modal analysis of CEH resulted in 27.5 Hz (as seen in Figure 4.11c) as 

the fundamental natural frequency which was also used for exciting the base structure 

harmonically, the maximum response of voltage, current and power occurred at 26.5 Hz, i.e. 1 

Hz before the computed natural frequency. The reduction of 1 Hz in present simulation is due 

to the inclusion of load resistors which was not considered in the first stage of analysis i.e. 

modal analysis. As the harvested energy is maximum only at resonant frequencies, it can be 

concluded based on predicted response that the fundamental frequency of CEH including load 

resistors is 26.5 Hz only. 
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(a) Voltage output 

 

(b) Current (μA) and power output (μW) 

Figure 4.12. Energy harvested from CEH for R=102 kΩ under harmonic excitation 

 

In the third stage, the simulations were repeated twice with two more additional resistances 

of 150 kΩ and 260 kΩ with frequency of excitation varying from 10 Hz to 50 Hz and at 1g 

acceleration level to understand the performance with increase in load resistances. The 

predictions reveal that the harvested energy is always maximum when CEH is excited at its 

natural frequency, irrespective of the magnitude of the load resistance. As the load resistance is 

increased, the voltage output increases and the current generated decreases. Maximum voltages 
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of 0.32 V, 0.37 V and 0.49 V and maximum currents of 3.15 μA, 2.45 μA, and 1.85 μA were 

generated, respectively at load resistances of 102 kΩ, 150 kΩ and 260 kΩ as shown in Figures 

4.13(a-b). On the other hand, as the load resistance is increased, the power generated decreases 

but the decrease is only marginal or negligible at 150 kΩ and 260 kΩ. The power generated is 

1.04 μW at 102 kΩ and it is only 0.93 μW at 150 kΩ and 260 kΩ as shown in Figure 4.13(c). 

This demonstrates that the power generated is almost constant beyond 150 kΩ of load resistance 

when base is excited with 1g acceleration.  

 

(a) Voltage output 

 

(b) Current output  
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(c) Power output 

Figure 4.13. Predicted frequency response of harvested energy for different load resistances 
under harmonic excitation 

 

4.3.4. Numerical simulation under 1g-10g with different load resistances 

 Further, simulations were carried out by exciting the base structure of CEH 

harmonically at natural frequency and at different acceleration levels varying from 1g to 10g 

with load resistance as 102 kΩ. This is repeated with two more additional load resistances of 

150 kΩ and 260 kΩ to investigate the harvested energy at increasing acceleration levels and 

increasing load resistances. All excitations were carried out at natural frequency in order to 

quantify the maximum possible energy output. Figures 4.14(a-c) respectively show the plots of 

maximum voltage, current and power generated by the CEH at three different load resistances 

with respect to increasing base acceleration. As the load resistance is increased, the voltage 

output increases and the current and power generated decreases at any given acceleration level 

but the voltage, current and power generated increases with the increase in base acceleration. It 

is to be noted that the decrease in power output when load resistances are increased is 

predominantly visible only at higher acceleration levels as seen in Figure 4.14(c). On contrary, 

this decrease with increase in load resistance beyond 150 kΩ is negligible at 1g level of base 

acceleration as seen in Figure 4.13(c).  
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(a) Voltage output 

 

(b) Current output 
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(b) Power (µW) 

Figure 4.14. Predicted acceleration response of energy harvester for different load resistances 
under harmonic excitation 

  

The increase in voltage output is from 0.32 V to 1.44 V with increase in base acceleration from 

1g to 10g at 102 kΩ of load resistance. The corresponding increase is from 0.38 V to 1.65 V 

and 0.5 V to 2.07 V, respectively at load resistances of 150 kΩ and 260 kΩ as shown in Figure 

4.14(a). The increase in current output is from 3.1 μA to 14.1 μA, 2.5 μA to 11.0 μA and 1.9 

μA to 7.9 μA, respectively at load resistances of 102 kΩ, 150 kΩ and 260 kΩ as shown in Figure 

4.14(b). The increase in power output is from 1.0 μW to 20.3 μW, 0.96 μW to 18.15 μW and 

0.96 μW to 16.5 μW, respectively at load resistance of 102 kΩ, 150 kΩ and 260 kΩ with 

increase in base acceleration from 1g to 10g as shown in Figure 4.14(c). 

4.4. Summary  

The following conclusions can be drawn from the studies discussed in this chapter.  
 

 The harvested energy is maximum when the harvester is in resonance with base 

excitation. 

 The harvested energy increases with increase in magnitude of base accelerations. 

 The voltage across the circuit, current and power generated by energy harvester increases 

with increase in base acceleration. 
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 Under increasing load resistance at any given base acceleration, the harvested voltage 

increases and the current and power decrease. 

 The decrease in power harvested with increase in load resistance under harmonic 

excitation is predominantly distinguishable with increasing base acceleration. 

 When the proof mass is increased from 0 to 1000 mg, the natural frequency monotonically 

follows a decreasing trend irrespective of beam width. The natural frequency with a given 

proof mass is lower for lower beam width and higher for higher beam width whereas the 

power output increases with decrease in beam width when the proof mass is increased 

from 200 mg to 1000 mg. 

 The stresses that are predominant when the harvester is exposed to acceleration are 

bending stresses in PZT-5A and structural steel, and shear stress in mid - adhesive plane. 

These stresses increase linearly with respect to proof mass and reduction in beam width 

(Figure 4.7). These are well within the permissible limits at 1g base acceleration.  

 The feasible options analyzed for maximum performance of the harvester reveals that the 

harvester generates a maximum power output of 880 mW and a maximum voltage of 140 

V at a load of 12 kΩ when the beam width = 10 mm, proof mass = 500 mg, and   resonant 

frequency of structure = 77.5 Hz, when exposed to the base acceleration of 30 g. 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

5 

Experimental Validation of FEA Simulations under 
Harmonic Excitations 

 

5.1. Introduction 

The studies on CEH performed and mentioned in the previous chapter gave sufficient 

understanding on performance of harvesting structure under harmonic excitation and procedure 

for carrying out the finite element analysis as well. During those studies, the reference for 

geometry and material is taken from literature in which the harvesting structure and 

piezoelectric material are not physically available in the market. In order to carry out 

experimental investigations for validation of numerical results, the numerical simulation of such 

a geometry and material is executed which is readily available in market. The same CEH is 

experimented by subjecting its base to a harmonic excitation with increasing levels of 

accelerations, individually at three different load resistances of 102 kΩ, 150 kΩ and 260 kΩ. 

5.2. Experimental setup  

The experimental setup is established as per the block diagram shown in Figure 5.1(a). 

Actual experimental setup is shown in Figure 5.1(b) and the details of CEH mounted over the 

vibration Shaker is shown in Figure 5.1(c). An accelerometer is mounted over the Shaker for 



44 
 

controlling the input excitations in closed loop. The equipment employed in experimental set 

up is briefly described here.  

 
(a) Block diagram of experimental setup 

 

 
(b) Actual experimental setup 

 

   
(c) Energy harvester mounted over shaker with an accelerometer for control 

Figure 5.1. Experimental set-up 

 

Shaker with controller: The vibration shaker with inbuilt controller is used for imparting the 

specified vibration. The shaker is electrodynamic type in which the vibrations are generated 

from electricity influencing the magnetic flux generated in armature. The details of vibration 

shaker are make: Sdyn, model: SEV 360, and capacity: 3.5 tonnes. 

 

Energy harvester: It consists of a piezoelectric unimorph. The piezoelectric material used in 

present study is a semi-crystalline PVDF (Polyvinylidene fluoride), LTD4-28K/L of 40 µm 
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thickness and bonded over an aluminium alloy AA2014 base cantilever beam of dimensions 

171x22x2 mm as shown in Figure 4.10(a) in which the geometry of the harvesting structure 

with piezoelectric layer is shown in red color and aluminum substructure in grey color.  A ϕ6 

mm hole is provided at the fixed end of this harvester for clamping with the base exciting 

structure. The piezoelectric material is bonded to the aluminium substructure by cyanoacrylate 

adhesive Mbond 200. The actual configuration of the harvester is shown in Figure 4.10(b). The 

properties of PVDF taken from manufacturer’s data sheet are given in Table 4.3. The properties 

of aluminum alloy used for substructure is mentioned in Table 4.4. The energy harvester is a 

cantilever type.  The piezoelectric material is PVDF of 40 µm thickness bonded over an AA 

2014 beam of 171mm x 22mm x 2mm dimensions. 

 

Data acquisition system (DAS): The DAS is employed to measure the voltage across the circuit 

and record the same when the CEH is subjected to specified vibrations. The details of DAS are 

make: HBM make, model: MX1601B.  

5.3. Experiments   

The experiments were carried out in two stages under harmonic excitations to validate 

the corresponding numerical simulations discussed in Section 4.3 in Chapter-4.  In the first 

stage, CEH was subjected to a harmonic base structural excitation at the fixed end with an 

acceleration level of 1g at a frequency varying from 10 Hz to 50 Hz with a load resistance of 

102 kΩ.  The fundamental natural frequency of 26.5 Hz was obtained for the CEH from the 

measured frequency response. In the second stage, experiments were carried out by exciting the 

base of CEH harmonically at natural frequency with different acceleration levels varying from 

1g to 10g with load resistance as 102 kΩ. This was repeated with two more additional load 

resistances of 150 kΩ and 260 kΩ to experimentally investigate the harvested energy at 

increasing acceleration levels and increasing load resistances. 

5.3.1. Harmonic excitation at 1g with a load resistances 

The CEH was mounted over the vibration table on top of the Shaker. The vibration table 

acts as a base structure for the CEH. An accelerometer was additionally mounted on top of the 

vibration table away from CEH as shown in Figure 5.1(c). This was mounted to feedback and 

control the achieved vibration level in a closed loop control system. The terminals of PVDF on 

unimorph CEH were connected to the two equal load resistors of Ra = Rb = 51 kΩ and (R=Ra 

+ Rb) and then to the DAS as shown in Figure 5.2, which in turn was connected to the Computer. 
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At 1g level of acceleration, the Shaker was programmed and provided a harmonic excitation to 

the vibration table starting from 10 Hz until 50 Hz. This range was finalized based on predicted 

fundamental natural frequency from numerical simulations, discussed in Sec-4.3.3 in Chapter-

4. This frequency range covered the base excitation of approximately ±20 Hz with respect to 

the natural frequency of 27.5 Hz of the CEH.  

 
 

Figure 5.2. Experimental measurement setup for harvested voltage 

 

The voltage generated in CEH across the two channels V1 and V2 were recorded. From the 

recorded voltages, the current ‘i’, was calculated through Ohm’s law as 
aR

V
i 2 .  The power P 

was calculated as RiP 2 . The voltage across the circuit, current and power generated from 

CEH are plot in Figures 5.3(a-b).   

 

(a) Voltage output 
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(b) Current (μA) and power output (μW) 

Figure 5.3. Energy harvested from simulation versus experiment for R=102 kΩ under 
harmonic excitation 

 

5.3.2. Harmonic excitations from 1g-10g with three different load 
resistances   

  The results of aforementioned simulations (Chapter-4) and experiments have shown that 

the harvested energy is maximum when the harvesting structure is in resonance with base 

excitation. Therefore, the experiments were carried out by exciting the base structure of CEH 

harmonically at 27.5 Hz i.e. at natural frequency with different acceleration levels varying from 

1g to 10g with load resistance R = 102 kΩ. The voltages generated across two channels V1 and 

V2 were measured and recorded. Similar to the procedure mentioned in Sec-5.3.1, the current 

and power generated from each acceleration level of excitation were computed. This 

experiment was repeated with two more additional load resistances of 150 kΩ and 260 kΩ 

individually to experimentally investigate the harvested energy at increasing acceleration levels 

and increasing load resistances.  The voltage, current and power harvested from CEH under 

increasing acceleration levels from 1g to 10g for three load resistances 102 kΩ (Ra= Rb = 51 

kΩ), 150 kΩ (Ra= Rb = 75 kΩ) and 260 kΩ (Ra= Rb =130 kΩ) are showed in Figures 5.4(a-c).  
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(a) Voltage output 

 

 

(b) Current output 



49 
 

 

(c) Power (µW) 

Figure 5.4. Effect of base acceleration on harvested energy under harmonic excitation for 
three different load resistances 

 

5.4. Comparison of experiments and simulations 

The results from numerical simulations and experiments on CEH under base structural 

harmonic excitation are compared here. Initially, the frequency response of CEH under 

harmonic excitation ranging from 10 Hz to 50 Hz at an acceleration level of 1g for a load 

resistance of 102 kΩ are compared in Figures 5.3(a-b). Although the experimental results were 

closely matching with results of numerical simulations, the numerical simulations slightly over 

predicted the maximum responses occurred at resonance for the load resistance. Even the 

fundamental natural frequency of CEH including load resistors predicted from simulation is 

26.5 Hz against the experimentally determined value of 27.5 Hz. This difference of 1.0 Hz in 

experimental value of natural frequency may be attributed to slight difference in mass of CEH 

due to wire terminals connecting the CEH to the DAS and mass of resistors in the circuit. Due 

to the same reason, there is a slight reduction in maximum harvested energy at resonance in 

experiments. However, it can be observed that the area under the curve of power generated from 

experiment and simulation shown in Figure 5.3(b) remains almost same which represents that 

the energy harvested is same irrespective of the above said differences between experiment and 

simulation in terms of maximum harvested energy and natural frequency.  
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Secondly, the acceleration response of CEH in terms of voltage, current and power under 

harmonic excitation varying from 1g to 10g for different load resistances 102 kΩ, 150 kΩ and 

260 kΩ is compared in Figures 5.4(a-c). The experimental results have very good agreement 

with numerical simulation results. The plots show that as the load resistance increases, the 

voltage across the circuit increases whereas the current and generated power decreases. 

However, the reduction in power generated is insignificant beyond 150 kΩ load resistance as 

shown in Figure 5.4(c). All results clearly show that the harvested energy increases with 

increase in base acceleration levels. However, the trend in increase in voltage and reduction in 

generated current and power with the increase in load resistances are same as observed in 1g 

acceleration level. The decrease in power output with increase in load resistance is 

predominantly visible with increase in base acceleration levels as seen in Figure 5.4(c).     

5.5. Summary 

The experimental investigations were carried out to validate the results of numerical 

simulation. The experiment employed the vibration Shaker of capacity 3.5 tons, energy 

harvester and data acquisition system. The experiments were carried out by subjecting the CEH 

connected to different loads to harmonic excitation. Initially, the investigations were carried out 

for frequency response of CEH connected to 102 kΩ and subjected to 1g excitation for the 

frequencies ranging from 10-50 Hz in which the experimental results closely matched the 

results of numerical simulations. The natural frequency of CEH along with load resistors 

predicted from simulation was 26.5 Hz against the experimentally determined value of 27.5 Hz. 

This difference of 1.0 Hz in experimental value of natural frequency may be attributed to slight 

difference in mass of CEH due to wire terminals connecting the CEH to the DAS and mass of 

resistors in the circuit. Due to the same reason, there is a slight reduction in maximum harvested 

energy at resonance in experiments. However, it can be observed that the total power generated 

from experiment and simulation remains almost same.  

 

Further, investigation on acceleration response of CEH was carried out where it was 

subjected to different harmonic excitations ranging from 1g to 10g at its natural frequency 27.5 

Hz. The experimental results of CEH connected to different load resistances exhibited very 

good agreement with that of numerical results. It is inferred from the investigation that, with 

the increase in load resistance, the voltage across the circuit increases whereas the current and 

generated power decreases. The decrease in power output with increase in load resistance is 
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predominantly visible with increase in base accelerations, and with increase in base 

accelerations, the voltage, current and power increases.  

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

6 

Performance evaluation of CEH under harmonic and 
random excitations 

6.1. Introduction 
 

 Sufficient understanding on energy harvesters subjected to harmonic excitation is obtained 

from the work done in the previous chapters. The relative performance of the cantilever energy 

harvester under harmonic and random excitations is not yet well understood in literature and a 

very limited work is carried out on energy harvesters under random excitations. This chapter 

focuses on the behavior of energy harvester under the influence of random vibration, 

characterization of the energy harvester for maximum power output and evaluation the 

performance of same energy harvester under the influence of harmonic and random vibrations.  

 

6.2. Experimental setup  
 

The experimental setup is established as per the block diagram shown in Figure 5.1(a). It is 

same as the one used for studies of energy harvester under harmonic excitation. The actual 

experimental setup is shown in Figure 5.1(b) and the details of CEH mounted over the vibration 

Shaker is shown in Figure 5.1(c). An accelerometer is mounted over the Shaker for controlling 

the input excitations in closed loop. The equipment employed in experimental set up is same as 

the ones described in Sec-5.2.  



53 
 

6.3. Experiment on CEH under random excitations  

The CEH was experimented by subjecting its base to a random excitation with frequency 

bandwidth ranging from 10 Hz to 100 Hz with acceleration spectral density ranging from 0.011 

g2/Hz to 0.71 g2/Hz. The range of adopted acceleration spectral density corresponds to an 

increasing level of equivalent accelerations (root mean square, i.e. RMS) ranging from 1grms to 

8grms. The frequency bandwidth is selected to cover up to at least three times the measured 

fundamental natural frequency of 26.5 Hz.  The experimental setup, the method of 

measurement, recording of voltages and computation of generated current and power from 

recorded voltages are same as adopted in previous experiments under harmonic excitation 

explained in Chapter 5. The experiments were conducted individually at each acceleration level 

(1gRMS to 8gRMS) at a load resistance of 102 kΩ. This experiment was repeated with two more 

additional resistances of 150 kΩ and 260 kΩ.  

 

The results generated from random excitation are shown in Figures 6.1(a-c). The voltage 

across the circuit, current and power generated increases with the increase in the base excitation 

i.e. base acceleration level for any given load resistance. When the load resistance increases, 

the voltage and power generated increase and the current generated decreases.  

 

(a) Voltage output gRMS 
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(b) Current output 
 

 

(c) Power output 

Figure 6.1. Effect of base acceleration on harvested energy under random excitation for three 
different load resistances 

 

6.4. Comparison of harvested energy under random and 
harmonic vibrations 

 
The experimentally harvested energy from CEH under harmonic and random vibrations 

(i.e. base excitations) with increase in base acceleration levels for three different load 

resistances are shown in Figures 6.2(a-c).  The range of harvested energy (voltage, current and 
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power) with the increase in acceleration levels under both excitations for three load resistances 

are shown in Table 6.1.  These comparisons clearly demonstrate that the equivalent random 

excitation yields higher energy output and the harvested energy increases almost parabolically 

with increase in base accelerations as compared to linear increase in harvested energy in the 

case of harmonic excitation. 

 

(a) Voltage output 

 

(b) Current output 
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(c) Power output 

Figure 6.2. Harvested energy under random versus harmonic excitations for three different 
load resistances, under increasing base acceleration 

 

Table 6. 1. Range of harvested energy under harmonic and random excitations under 
increasing acceleration levels from 1g to 10g from experiments 

S.No. 
Load 
(kΩ) 

Harmonic excitation Random excitation 

Voltage 
(V) 

Current 
(μA) 

Power 
(μW) 

Voltage 
(V) 

Current 
(μA) 

Power 
(μW) 

1 102 0.30 – 1.20 2.90 – 11.70 0.88 – 14.11 0.40 – 3.60 4.1 – 35.0 1.70 – 127.0 
2 150 0.34 – 1.40 2.40 – 9.30 0.86 – 13.06 0.60 – 4.80 4.0 – 32.0 2.40 – 154.0 
3 260 0.46 – 1.70 1.70 – 6.50 0.81 – 11.11 0.80 – 6.60 3.0 – 24.0 2.46 – 157.0 

 
 

6.5. Summary 

The work in this chapter investigated the cantilever energy harvester made of PVDF and 

aluminum in unimorph configuration. The relative performance of harvester in terms of amount 

of energy harvested when subjected to random vibration and equivalent harmonic motion is 

clarified here which was not well understood in literature. The performance of this energy 

harvester was experimentally studied under random excitations. The following important 

conclusions can be drawn from this chapter.   

 The harvested energy increases with increase in magnitude of base excitation irrespective 

of the type of excitation. 
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 Under increasing load resistance at any given base acceleration, the harvested voltage 

increases and the current and power decrease in the case of harmonic excitation, whereas 

the harvested voltage and power increase and the current decreases in the case of random 

excitation. 

 The power harvested is 2-14 times higher in random excitations when compared with that 

of equivalent harmonic excitations, with increase in equivalent base accelerations ranging 

from 1g to 8g for three different loads adopted in experiments.  

 This cantilever energy harvester is recommended to be used in aerospace industry 

especially in structures where random vibration is predominant. 
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Implementation of CEH in an airframe section subjected 
to broadband random vibrations 

 

7.1. Introduction 

Considerable amount of research has been carried out on cantilever energy harvester in 

stand-alone mode in the past when subjected to harmonic and random excitations [15, 16, 19, 

36, 37, 38, 39, 40, 28]. Few researchers [38, 39] have developed computational models to study 

the performance of CEH subjected to random excitation. But the performance of this CEH is 

unknown when this harvester is subjected to different bandwidth of random excitations at the 

base. In this chapter, experiments have been carried out to investigate the influence of frequency 

bandwidth of the random base excitation on the output of the CEH when the harvester is 

mounted inside an airframe section. The schematic diagram of CEH mounted in an airframe is 

shown in Figure 7.1. Further, the harvesters’ performance is studied at different loads at each 

frequency bandwidth and under different acceleration levels.  
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 Note: R = load resistance; X(t)= base excitation 

Figure 7.1. Schematic diagram of an airframe section with CEH under base excitation 

7.2. Properties of CEH and airframe section 

The configuration of CEH in the present study is similar to that of the one studied in 

previous chapters. The energy harvester consists of a cantilever beam structure with 

piezoelectric patch glued to the upper surface. The piezoelectric patch used is a PVDF having 

Part No. LTD4-28K/L. The patch has a thickness of 40 µm. It is glued to the aluminum alloy 

material (AA2014) cantilever beam whose dimensions are shown in Figure 5.2(a). In the figure, 

the piezoelectric material is indicated by red colour and the aluminium alloy beam is indicated 

by grey colour.  The base kind of structure is provided to the beam so that the beam can be 

clamped to the vibration table and airframe section using M6 fastener. Mbond 200 is used for 

gluing PVDF to aluminium alloy beam. The hardware of the CEH is shown in Figure 5.2(b). 

The Table-5.1 and 5.2 in Chapter-5 gives the details of the properties of piezoelectric material 

that is provided by manufacturer and the aluminium alloy material. 

 

Further, the CEH is mounted in airframe section. The airframe section is made up of 

aluminium alloy AA2014. The dimensions of airframe section and configuration for experiment 

are detailed in Figure 7.2(a) and 7.2(b) respectively. The properties of AA2014 is shown in 

Table 6.1. The CEH is mounted in airframe section using M6 fasteners at its front bulkhead.  
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(a) Dimensions of airframe section 

 
 
 

(b) CEH mounted on FBH of airframe  
  

Figure 7.2. Airframe section with CEH 

 

Table 7. 1. Properties of aluminum alloy (AA2014) 

S. No. Property Value Unit 

1 Density 2650 kg/m3 

2 Young's modulus of elasticity (E) 70 GPa 

3 Poisson’s ratio 0.3 - 

 

7.3. Experiment on CEH under harmonic and random 
excitations 

The experiments are performed in three stages viz. (i) study of CEH in stand-alone mode 

under harmonic excitations, (ii) study of CEH mounted in an airframe section and subjected to 

harmonic excitation, and (iii) study of CEH mounted in an airframe section and subjected to 

random excitation. In stage-1, the energy harvester in stand-alone mode is subjected to a 

harmonic excitation of 1g at the fixed end.  The frequency is swept from 10 Hz to 40 Hz without 

any load. The first natural frequency of the energy harvester is determined from its frequency 

response. In stage-2, the experiments are performed by mounting CEH in airframe section and 

excited the airframe structure at its base, at natural frequency of the energy harvester. Here, the 

airframe section is subjected to simple harmonic motion ranging from 1g to 5g with 0 Ω, 100 

kΩ, 1000 kΩ and 10000 kΩ loads. In stage-3, keeping the setup same as in stage-2, the 

excitation is changed to random from harmonic. The frequency bandwidths for this excitation 
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are chosen so that the fundamental frequency of CEH lie within the selected range. The 

experiment is conducted at vibration levels from 1 gRMS to 5 gRMS. 

7.3.1. Experimental setup 

The block diagram as shown in Figure 7.3(a) is taken as a reference for setting up the 

experiment.  The setup for experiments on CEH with airframe is shown in Figure 7.3(b). The 

Figure 7.3(c) shows the mounting details of CEH in airframe.  

 

 
(a) Block diagram for experiment 

 

 
(b) Experimental set up 
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(c) CEH in airframe during experiment 

Figure 7.3. Airframe on shaker 

 

The vibration levels to the airframe during experiments is controlled by using an accelerometer. 

It is mounted on the vibration fixture. The various equipment used during the experiment are 

mentioned below.  

 

Shaker with controller: The vibration shaker with inbuilt controller is used for imparting the 

specified vibration. The Shaker is an electrodynamic type in which the vibrations are generated 

from electricity influencing the magnetic flux generated in armature. The details of vibration 

shaker are make: Sdyn, model: SEV 360, and capacity: 3.5 tonnes. 

 

Data acquisition system (DAS): The DAS is employed to measure the voltage across the circuit 

and record the same when the CEH is subjected to specified vibrations. The details of DAS are 

make: HBM make, model: MX1601B.  

 

The two resistors with Rl value are connected in series to measure the voltages V1 and V2 across 

the circuit, as shown in Figure 7.4.  The value V2  i.e. the voltage across the single resistor is 

used for calculation of power and current. 
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Figure 7.4. Electric circuit in CEH 

 

7.3.2. Harmonic excitation of CEH in stand-alone mode at 1g without 
load.  

 
The energy harvester is mounted on the Shaker. The Shaker simulates the source of base 

excitation for the energy harvester. An accelerometer is mounted on the shaker on its top near 

to base of CEH to measure and control the base excitation so that the specified vibration levels 

could be transmitted to the CEH. The details are shown in Figure 7.5.  

 

Figure 7.5. Accelerometer on Shaker 

 

The piezoelectric material which is glued to the harvesting structure is connected to DAS as 

shown in experimental set up. The energy harvester is subjected to simple harmonic motion 

from 10 Hz to 40 Hz with a magnitude of 1g. It is inferred from the results of simulations and 

experiments in Chapters 4 and 5 that the energy harvester is effective when the harvesting 

structure is excited at its natural frequency. In the present study the harvester is effective at 34.5 

Hz. The voltage across the circuit in CEH is recorded and is shown in Figure 7.6. 
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Figure 7.6. Comparison of voltage across CEH 

 

7.3.3. Harmonic excitations of CEH mounted in airframe from 1g-5g 

Further, the CEH is mounted in the airframe and the airframe in turn is mounted on the Shaker 

with the help of head expander as shown in Figure 7.3(c). The airframe section assembly is 

subjected to simple harmonic motion from 10 Hz to 40 Hz with a magnitude of 1g. The voltage 

generated across the channel V1 was measured, recorded and compared with that of CEH in 

stand-alone mode as shown in Figure 7.6. Based on the results of the experiments performed 

here as well as in the previous section, the airframe was base excited harmonically from 1g to 

5g at 34.5 Hz i.e. at natural frequency of CEH with 100 kΩ for generating maximum power. 

The voltage V1 across the circuit is measured and recorded. The current ‘i’ is calculated through 

Ohm’s law as 
lR

V
i 2  and if R= 2Rl then the power RiP 2 . The voltage across the circuit and 

power generated by CEH are plotted in Figures 7.7(a-c). The procedure is repeated with two 

more resistances of 1000 kΩ and 10000 kΩ to investigate the harvested energy at different 

acceleration levels and loads.  The voltage across the circuit, current and power generated from 

CEH at different values of excitation varying from 1g to 5g for three different loads 100 kΩ 

(Rl=50 kΩ), 1000 kΩ (Rl=500 kΩ) and 10000 kΩ (Rl=5000 kΩ) are shown in Figures 7.7(a-c).  

 



65 
 

 

(a) Voltage across CEH 

 
(b) Current output 
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(c) Power generated 

Figure 7.7. Acceleration response (Harmonic excitation) of CEH mounted in airframe 

 

7.3.4. Random excitation of CEH mounted in airframe from 1 gRMS – 5 

gRMS  

The airframe section with CEH is further studied by conducting more experiments in which the 

assembly is subjected to base random excitation with four frequency bandwidths ranging from 

20 - 50 Hz, 20 - 250 Hz, 20 - 500 Hz and 20 - 800 Hz with acceleration magnitudes ranging 

from 1 gRMS to 5 gRMS. The input to the vibration table is in terms of acceleration spectral density 

(ASD). The magnitude of ASD for the same magnitude of excitation in terms of gRMS changes 

for different bandwidths. The calculation is shown in Eq. (7.1) and the values are mentioned in 

Table-7.2. 

ASDBWgRMS                                                      (7.1) 

       
BW

g
ASD RMS

2

                                                            (7.2) 

where ASD is expressed in g2 / Hz, BW is the frequency bandwidth in HZ, and gRMS is the 

acceleration in terms of g. 
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Table 7. 2. ASD from gRMS 

S. No. Frequency 
bandwidth (Hz) 

Magnitude of 
excitation (gRMS) 

Acceleration spectral 
density (g2 /Hz) 

 
1 

 
20-50 

1 0.030 
3 0.300 
5 0.830 

 
2 

 
20-250 

1 0.004 
3 0.039 
5 0.100 

 
3 

 
20-500 

1 0.002 
3 0.018 
5 0.052 

 
4 

 
20-800 

1 0.001 
3 0.010 
5 0.030 

 

The bandwidth of frequencies is chosen to consider the frequencies of all the vehicles that move 

in air, water and land. Frequencies in the range of 20-50 Hz, 20-250Hz, 20-500Hz and 20-800 

Hz are experienced by automobiles and ships, helicopters, aero planes and missiles respectively. 

The procedures mentioned in the section 7.3.3 on “harmonic excitations of CEH mounted in 

airframe” is adopted for measuring voltage, calculation of current and power from voltages 

with same experimental setup for the studies. Here, the airframe section assembly is subjected 

to different values of excitation (1gRMS, 3gRMS and 5gRMS) connected to a load of 100 kΩ in a 

frequency bandwidth 20-50 Hz. The process is repeated with another two loads of 1000 kΩ and 

10000 kΩ in above mentioned frequency bandwidths. The acceleration response of CEH from 

random excitation are shown in Figures 7.8 (a-c) and frequency bandwidth response of CEH 

are shown in Figure 7.9 (a-c). The power generated increases with the increase in magnitude of 

vibration levels irrespective of loads. The voltage across the circuit increases, the current and 

power generated decreases with increase in load. This trend is observed in all the frequency 

bandwidths but the magnitude of power generated is relatively high in low frequency bandwidth 

with low magnitude that is 20-50Hz.   
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(a) Voltage across CEH 

 

(b) Output Current 
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(c) Power generated 

Figure 7.8. Acceleration response (random excitation) of CEH mounted in airframe 

 

 

 
(a) Voltage across CEH 
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(b) Output Current 

 

 
(c) Power generated 

 

Figure 7.9. Frequency bandwidth response (random excitation) of CEH mounted in airframe 
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7.4. Comparison of harvested energy under harmonic and 
random vibrations 

The power generated by CEH mounted in airframe section under the influence of 

harmonic and random vibrations and connected to three different loads are recorded. It is to be 

noted that the random excitation is given to the system at four bandwidths that is 20-50Hz, 20-

250Hz, 20-500 Hz and 20-800Hz. The comparison of energy harvested during random 

excitation in bandwidths of 20-50Hz and 20-800 Hz which are smallest and largest in the 

experiment with harmonic excitation are shown in Figures 7.10(a-c) and 7.11(a-c). These 

comparisons clearly demonstrate that random excitation with small frequency bandwidth yields 

higher power output as compared to that in the case of large frequency bandwidth. It is also 

demonstrated that the power generated in the former case is comparatively higher than that in 

harmonic excitation unlike the latter case in which power generated in harmonic excitation is 

more than that in the case of random excitation.  

 

The Figure 7.12 (a) and (b) shows the power ratio of random excitation in lowest 

frequency bandwidth – to – equivalent harmonic excitations and largest frequency bandwidth 

– to – equivalent harmonic excitations for three loads. The power generated during random 

vibration in lowest bandwidth is 2.6-12 times higher for 100 kΩ, 3.2-9 times higher for 1000 

kΩ and 1.6-3 times higher for 10000 kΩ as compared to that under equivalent harmonic base 

excitation where as in largest bandwidth the power generated during harmonic excitations is 

2.38-2.78 times higher for 100kΩ and 4.16-5.88 times higher for 10000 kΩ compared to that 

under random excitation. This demonstrate that maximum power can be generated when the 

energy harvester is installed on structures experiencing random as well as harmonic vibrations 

depending on the frequency bandwidths. Lower the frequency bandwidth, higher the power 

generated in random vibration and higher the frequency bandwidth higher the power generated 

in harmonic vibration. The values of voltage across the circuit, current and power generated by 

CEH when subjected to harmonic and random vibration is summarized in Tables 7.3 and 7.4 

with increasing load resistances and base accelerations.  
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(a) Voltage across CEH 

 

 

(b) Output Current 
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(c) Power generated 

Figure 7.10. Comparison of acceleration response of CEH in airframe under harmonic and 
random (20-50Hz) excitations 

 

 
(a) Voltage across CEH 
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(b) Output Current 

 
 

 
(c) Power generated 

 

Figure 7.11. Comparison of acceleration response of CEH in airframe under harmonic and 
random (20-800Hz) excitations 
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(a) Power ratio of random and equivalent harmonic excitation in 20-50Hz frequency 
bandwidth 

 

(b) Power ratio of random and equivalent harmonic excitation in 20-800Hz frequency 
bandwidth 

Figure 7.12. Power ratio of random and equivalent harmonic excitations 
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Table 7. 3. Energy harvested under harmonic and random excitations: Acceleration -1g to 5g; 
Frequency bandwidth: 20-50 Hz 

S.No. 
Load 
(kΩ) 

Harmonic excitation Random excitation 
Voltage 

(V) 
Current 

(μA) 
Power 
(μW) 

Voltage 
(V) 

Current 
(μA) 

Power 
(μW) 

1 100 0.48 – 1.16 5.6 – 13.5 2.6 – 15.6 0.78 – 4.06 9.06 – 47.2 7.0 – 191.0 
2 1000 1.4 – 3.7 1.40 – 3.8 2.0 – 14.2 2.5 – 11.17 2.6 – 11.6 6.6 – 129.7 
3 10000 2.35 – 8.2 0.2 – 0.8 0.56 – 6.9 2.96 – 6.60 0.3 – 1.5 0.9 – 21.9 

 

Table 7. 4. Energy harvested under harmonic and random excitations: Acceleration-1g to 5g; 
Frequency bandwidth: 20-800 Hz 

S.No. 
Load 
(kΩ) 

Harmonic excitation Random excitation 
Voltage 

(V) 
Current 

(μA) 
Power 
(μW) 

Voltage 
(V) 

Current 
(μA) 

Power 
(μW) 

1 100 0.48 – 1.16 5.6 – 13.5 2.6 – 15.6 0.3 – 0.7 3.6 – 8.1 1.1 – 5.7 
2 1000 1.4 – 3.7 1.40 – 3.8 2.0 – 14.2 1.0 – 2.7 1.0 – 2.8 1.0 – 7.5 
3 10000 2.35 – 8.2 0.2 – 0.8 0.56 – 6.9 1.15 – 3.4 0.1 – 0.35 0.13–1.18 

 

7.5. Summary 

This chapter investigated the performance of CEH mounted in airframe section subjected 

to harmonic and random excitations. The airframe assembly was subjected to random excitation 

in four different frequency bandwidths which are having same amplitude of acceleration (gRMS). 

In this study, more clarity is obtained about the amount of power generated under the influence 

of random excitation as compared to that in equivalent harmonic excitations which was not 

understood in literature. The present research highlighted the work carried out for quantification 

of energy harvested under harmonic excitations at natural frequency of CEH and random 

excitation in different frequency bandwidths. This is done by conducting experiments on CEH 

by subjecting it to the increasing values of excitation (1g to 5g) for different loads 100kΩ, 1000 

kΩ and 10000 kΩ. Subsequently, the experiments on CEH are extended to study the relative 

performance under harmonic and equivalent random excitations in different frequency 

bandwidths. The following important conclusions can be drawn from the present chapter.  

 The results indicate that the voltage and power generated is maximum when the frequency 

of base excitation matches with the natural frequency of CEH (34.5 Hz) whether it is in 

stand-alone mode or assembled to any structure. The natural frequency of airframe and 

CEH are 876 Hz and 34.5 Hz respectively. 
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 The voltage generated by CEH is relatively high when excited in stand-alone mode than in 

assembled condition. The loss of voltage across CEH in assembled condition may be 

attributed to the damping properties of airframe structure. 

 The voltage across CEH increases with increase in load resistance and the harvested current 

and power decrease with increase in load resistance irrespective of type of excitation. 

 The voltage across CEH, output current and power generated is relatively higher when it is 

subjected to random excitation in a smaller bandwidth with low frequencies (20-50Hz) 

compared to larger bandwidth with high frequencies (20-800Hz). 

 The increase in power generated by CEH connected to different loads under the influence 

of increasing magnitude of random vibration in smaller frequency bandwidth is relatively 

higher than in simple harmonic excitation which is recorded as 1.6-12 times. 

 The increase in power generated by CEH connected to different loads and subjected to 

increasing magnitude of harmonic motion is comparatively higher than that during random 

excitation in larger frequency bandwidth and quantified as 2.4-5.8 times. 

 It is recommended that the cantilever energy harvester can be used for aerospace 

applications like missiles and rockets in smaller frequency bandwidth that includes its own 

natural frequency. 
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Summary, Conclusion and Future Work 

 

8.1. Introduction 
 

Considerable understanding has been obtained from the work done in previous chapters. 

The feasibility of energy harvester for the application in aerospace industry is studied. This 

chapter summarizes the studies discussed in this thesis, conclusions drawn from the complete 

work and scope of work for the future.  

 

8.2. Summary 

Relying on batteries that generate power from electro-chemical reactions have significant 

limitations in terms of their maintenance and use in aerospace applications. Few of the 

limitations can be (a) charging and discharging of batteries regularly, (b) disposal of chemical 

waste after the shelf life of battery, (c) timely replacement of primary batteries, (d) slow rate of 

installation, and (e) separate cables for communication. These systems are required to be 

operated only when the flight vehicle is in motion. The mass of the complete vehicle can be 

brought down to increase the range by resizing the existing battery and removing the cables. 

There is also a binding need to reduce the maintenance time and cost of the systems based on 

battery and electrical cables for power supply and communication. This can be achieved by 
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using the wireless systems. The installation of these systems can be simple and fast. The 

configuration can be flexible. All these can be done by tapping energy available in the 

ambience. The sources for the ambient energies may be vibration, temperature, light and fluid 

flow. The focus of the present study is on tapping the energy from vibration.  

 

The aerospace vehicle is subjected to undesired vibrations mainly due to aerodynamic 

disturbances and its propulsion systems. The aerodynamic disturbances are uncertain depending 

upon the density of air and atmospheric pressure at a particular altitude and hence random in 

nature. The propulsion system can induce base excitations due to (a) engine which has a 

compressor and nozzle that causes vibration which is harmonic in nature, and (b) solid and 

liquid propulsion systems which the carry fuel and oxidizer. The solid and liquid propulsion 

engines will generate vibrations which are random in nature along with thrust.  There existed a 

research gap on behavior of energy harvesting structure (EHS) under the influence of random 

vibration and on the characterization of EHS for maximum power output under random 

vibration. In addition, there is no literature available on performance of EHS under the influence 

of both harmonic and random vibration. These gaps in research motivated not only to quantify 

the energy harvested from random vibrations that are caused due to aerodynamic disturbances 

and propulsion but also tried to consider these undesired vibrations as boon instead of penalty. 

In order to understand the behavior of EHS under random excitation and to evaluate the 

performance of EHS under random and equivalent harmonic excitations with same energy, 

studies are carried out by using a cantilever energy harvester.  

 

The procedure for numerical simulation of cantilever energy harvester was established 

and compared with results from literature. This has been subsequently extended for the actual 

problem. The difference between the problem taken for reference during initial studies and 

actual problem is the geometry of the harvesting structure. The configuration and specification 

of piezoelectric material used in literature are not available in market and hence the actual 

problem was solved using the piezoelectric material available in market. Initially, the studies 

were carried out numerically on CEH subjected to harmonic motion and validated the procedure 

using experiments. Investigated the behavior of energy harvester when connected to different 

resistive loads and subjected to different magnitudes of excitations. It was explored that the 

available FEM tools does not have the module where the CEH can be subjected to random 

vibrations. Therefore, the experiment on CEH under the influence of harmonic excitation was 
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validated by numerical results whereas the experimental procedures were extended to study the 

behavior of CEH under random excitation. The behavior of CEH was studied when it was 

connected to different resistive loads and subjected to different magnitudes of vibration. After 

understanding the behavior of CEH in stand-alone mode under different conditions of harmonic 

and random vibrations, studies were extended on CEH mounted in an airframe section, a 

practical application and subjected to harmonic and random excitation. The conclusion from 

studies on CEH in terms of numerical simulation and experiments are mentioned in the next 

section. 

8.3. Conclusions 
 

The harvested energy is maximum when the harvester is in resonance with base 

excitation. The harvested energy increases with increase in magnitude of excitations. The 

voltage across the circuit, current and power generated by energy harvester increases with 

increase in base acceleration. Under increasing load resistance at any given base acceleration, 

the harvested voltage increases and the current and power decrease. The decrease in power 

harvested with increase in load resistance under harmonic excitation is predominantly 

distinguishable with increasing base acceleration. When the proof mass is increased from 0 to 

1000 mg, the natural frequency monotonically follows a decreasing trend irrespective of beam 

width. The natural frequency with a given proof mass is lower for lower beam width and higher 

for higher beam width whereas the power output increases with decrease in beam width when 

the proof mass is increased from 200 mg to 1000 mg.  

 

The stresses that are predominant when the harvester is exposed to acceleration are 

bending stresses in PZT-5A and structural steel, and shear stress in mid - adhesive plane. These 

stresses increase linearly with respect to proof mass and reduction in beam width. These are 

well within the permissible limits at 1 g base acceleration.  The feasible options analyzed for 

maximum performance of the harvester reveals that the harvester generates a maximum power 

output of 880 mW and a maximum voltage of 140 V at a load of 12 kΩ when the beam width 

= 10 mm, proof mass = 500 mg, and   resonant frequency of structure = 77.5 Hz, when exposed 

to the base acceleration of 30 g. It is inferred from the investigation that, with the increase in 

load resistance, the voltage across the circuit increases whereas the current and generated power 

decreases. The decrease in power output with increase in load resistance is predominantly 

visible with increase in base accelerations, and with increase in base accelerations, the voltage, 

current and power increases.  
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The harvested energy increases with increase in magnitude of base excitation 

irrespective of the type of excitation. Under increasing load resistance at any given base 

acceleration, the harvested voltage increases and the current and power decrease in the case of 

harmonic excitation, whereas the harvested voltage and power increase and the current 

decreases in the case of random excitation. The increase in power harvested is 2-14 times higher 

in random excitations as compared to equivalent harmonic excitations, with increase in 

equivalent base accelerations ranging from 1g to 8g for three different loads adopted in 

experiments. The cantilever energy harvester is recommended to be used in aerospace structures 

where random vibration amplitude is higher, to harvest more energy. The results indicate that 

the voltage and power generated is maximum when the frequency of base excitation matches 

with the natural frequency of CEH (34.5 Hz) whether it is in stand-alone mode or assembled to 

any structure. The natural frequency of airframe (Structure) and CEH are 876 Hz and 34.5 Hz 

respectively. Unlike aerospace vehicles, the cars and boats generate low frequency range and 

high amplitude vibrations for which the Electromagnetic and Electrostatic transducer based 

energy harvesters are best suited.  

 

The voltage generated by CEH is relatively high when excited in stand-alone mode than 

in assembled condition. The loss of voltage across CEH in assembled condition may be 

attributed to the damping properties of airframe structure. The voltage across CEH increases 

with increase in load resistance and the harvested current and power decrease with increase in 

load resistance irrespective of type of excitation. The voltage across CEH, output current and 

power generated is relatively higher when it is subjected to random excitation in a smaller 

bandwidth with low frequencies (20-50Hz) compared to larger bandwidth with high frequencies 

(20-800Hz). The increase in power generated by CEH connected to different loads under the 

influence of increasing magnitude of random vibration in smaller frequency bandwidth is 

relatively higher than under harmonic excitations which is recorded as 1.6-12 times. The 

increase in power generated by CEH connected to different loads and subjected to increasing 

magnitude of harmonic excitation is comparatively higher than that during random excitation 

in larger frequency bandwidth and quantified as 2.4-5.8 times.  

 

The following important conclusions can be summarized from this thesis. 

 The harvested energy is maximum when the harvester is in resonance with the base 

excitation. The harvested energy increases with increase in base accelerations. 
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 Under increasing load resistance at any given base acceleration, the harvested voltage 

increases and the current and power decrease in the case of harmonic excitation, whereas 

the harvested voltage and power increase and the current decreases in the case of random 

excitation. 

 The voltage generated by CEH is relatively high when excited in stand-alone mode than in 

assembled condition. 

 The voltage across CEH, output current and power generated is relatively higher when it is 

subjected to random excitation in a smaller bandwidth with low frequencies (20-50Hz) 

compared to larger bandwidth with high frequencies (20-800Hz). 

 It is recommended that the cantilever energy harvester can be used for aerospace 

applications like missiles and rockets in smaller frequency bandwidth that includes its own 

natural frequency. 

 

8.4. Future Work 
 

The following suggestions can be considered for the future extension of research. 
 

 The aerospace vehicle is exposed to random vibration with frequency bandwidth lying 

between 20–2000 Hz. Studies on energy harvester configured with multiple cantilever 

beams may be carried out in such a way that each beam can be featured  with or without 

proof/tip mass such that the natural frequency of beams fall within 20 - 2000 Hz.  

 In the present study the CEH provides AC supply leading to AC current and power. 

According to the literature, rectification circuit may be designed and implemented in the 

CEH in order to have regulated DC supply that is mostly used for physical applications. 

 Concept of super capacitor is not explored and may be studied for storing the energy 

harvested from CEH. 

 Life studies of CEH may be explored. 
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