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Abstract An analysis is performed to study transient free
convective boundary layer flow of a couple stress fluid over
a vertical cylinder, in the absence of body couples. The solu-
tion of the time-dependent non-linear and coupled governing
equations is carried out with the aid of an unconditionally
stable Crank–Nicolson type of numerical scheme. Numeri-
cal results for the steady-state velocity, temperature as well
as the time histories of the skin-friction coefficient and Nus-
selt number are presented graphically and discussed. It is
seen that for all flow variables as the couple stress control pa-
rameter, Co, is amplified, the time required for reaching the
temporal maximum increases but the steady-state decreases.

Keywords Couple stress fluid · Natural convection · Verti-
cal cylinder · Finite difference method

1 Introduction

In many engineering applications, especially in the glass
and polymer industries, hot filaments, which are considered
as vertical cylinders, are cooled as they pass through the
surrounding environment. Some of these natural convec-
tion flows related to the Newtonian fluid flows past vertical
bodies especially cylinders are cited here. Similar problem
was analysed by Minkowycz and Sparrow [1] using the non-
similarity method and for arbitrary Prandtl number, Fujiii
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and Uehara [2] analyzed the local heat transfer results. Then
Lee et al. [3] investigated the power-law variation in the wall
temperature for natural convective laminar boundary layer
flow along slender vertical cylinders and needles. While
the above studies deal only with the steady flows, the tran-
sient natural convection flow past thin wires was studied by
Dring and Gebhart [4]. Then Velusamy and Garg [5] studied
the transient natural convection over heat-generating verti-
cal cylinders of various thermal capacities and radii, with the
emphasis on the rate of propagation of the leading edge ef-
fect. The behaviour of unsteady wake for the flow past an
inline arrangement of square cylinders confined in a chan-
nel was paid attention by Patil and Tiwari [6]. Rani and
Kim [7] investigated the temperature-dependent viscosity
and thermal conductivity for the transient free convection
flow over an isothermal vertical cylinder. Recently, Zakaria
and Gamiel [8] studied both the linear and nonlinear stability
conditions of a viscous falling film around a vertical moving
cylinder.

With the growing importance of non-Newtonian fluids
in modern technology and industries, the investigations on
such fluids are desirable. Stokes [9] generalized the classi-
cal Newtonian model to include the effect of couple stresses
in a way different from that of Eringen [10]. This is one
among the several non-Newtonian fluid theories that are de-
veloped in the twentieth century. In his theory Stokes consid-
ered a body enclosing a volume without considering the mi-
crostructures of the infinitesimal fluid volume element. The
set of all forces acting on an infinitesimal volume element
is, in general, assumed to be equivalent to a single resul-
tant force together with a resultant couple. The moment of
the couple is assumed to be of non zero value. With this
assumption Stokes has proposed the theory of couple stress
fluids allowing for the sustenance of couple stresses in addi-
tion to the usual stresses. Also, in his theory, curvature twist
rate tensor is proposed based on the pure kinematic aspects
of rotation vector and couple stress is defined in terms of this
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curvature twist rate tensor. Accordingly, in the balance of
linear momentum of the couple stress flow model, fourth or-
der derivatives of velocities are involved and, hence, separate
angular momentum equation need not be considered. These
fluids can also sustain the existence of body forces as usual
and in addition by body couples as well. The stress tensor
is no longer symmetric in this theory. The fluids consisting
of rigid, randomly oriented particles suspended in a viscous
medium, such as blood, lubricants containing small amount
of polymer additive, electro-rheological fluids and synthetic
fluids are some of the examples for these couple stress fluids.
This couple stress model has been widely used because of its
great mathematical simplicity compared to that of the other
models developed for the polar fluids. Recently, the study of
couple stress fluid flows has been the subject of great interest,
due to its widespread industrial and scientific applications as
in the case of micropolar fluids. Important field where cou-
ple stress fluids have applications includes squeezing and lu-
brication [11–14], bio-fluidmechanics [15, 16], MHD flows
and synthesis and plasticity of chemical compounds. An-
other interesting application was studied by Umavathi and
Malashetty [17] for the flow and heat transfer characteristics
of Oberbeck convection of a couple stress fluid in a vertical
porous stratum. Srinivasacharya and Kaladhar [18] investi-
gated the hall and ion-slip effects on fully developed elec-
trically conducting couple stress fluid flow between vertical
parallel plates in the presence of a temperature dependent
heat source. Recently, Rani et al. [19] obtained the numer-
ical solution for the transient free convective couple stress
fluid flow past a vertical cylinder.

It can be noted, from the past studies, that the unsteady
natural convection flow of a viscous incompressible couple
stress fluid over a uniformly heated vertical cylinder has been
paid very little attention. Hence, in the present study it is
aimed to study the boundary layer region developed by a
isothermal vertical cylinder, which is kept in a couple stress
fluid. The surface temperature of the cylinder is consid-
ered to be higher than that of the ambient fluid temperature.
The non-dimensional unsteady non-linear partial differential
equations which govern the momentum and heat transfer are
solved numerically with the help of Thomas and pentadiag-
onal algorithms. The transient effects of the couple stress
fluid based on the flow profiles with time for different non-
dimensional numbers are analyzed and compared with those
of the Newtonian fluids.

2 Mathematical modelling

A couple stress viscous incompressible fluid flow over a uni-
formly heated semi-infinite vertical cylinder of radius r0 is
considered as shown in Fig. 1. The axial (x) and radial (r)
coordinates of the cylinder are measured vertically upward
and perpendicular to the axis, respectively, from the lead-
ing edge where the boundary layer thickness is zero. The
surrounding stationary fluid temperature is assumed to be of
ambient temperature, say, T ′∞. Initially, i.e., at time t′ = 0,

it is assumed that the cylinder and the fluid are of the same
temperature, T ′∞. As time increases (t′ > 0), the temperature
of the cylinder is amplified to T ′w(> T ′∞) and is kept constant
there afterwards. It is assumed that the effect of viscous dis-
sipation is negligible in the energy equation since the flow
velocity magnitude is expected to be small.

Fig. 1 Physical model and coordinate system

2.1 Governing equations

Based on the above assumptions and Boussinesq’s approxi-
mation, the flow of an incompressible couple stress fluid in
the absence of body couple, the boundary layer equations
along with the energy equation are as follows:

(1) Conservation of mass

∂(ru)
∂x
+
∂(rv)
∂r
= 0; (1)

(2) Conservation of momentum

ρ
(
∂u
∂t′
+ u
∂u
∂x
+ v
∂u
∂r

)
= ρgβT

(
T ′ − T∞′

)

+
1
r
∂

∂r

(
μr
∂u
∂r

)
− η∇4u; (2)

(3) Energy equation

∂T ′

∂t′
+ u
∂T ′

∂x
+ v
∂T ′

∂r
=
α

r
∂

∂r

(
r
∂T ′

∂r

)
, (3)

where u and v are the velocity components parallel to x and r
coordinates, respectively, g is the acceleration due to gravity,
βT is the volumetric coefficient of thermal expansion, ρ is the
density and α is the thermal diffusivity.

The constitutive equations concerning the force stress
tensor ti j and the couple stress tensor mi j that arises in the
theory of couple stress fluids are given by [9]

ti j = (−p + λ∇ ·UUU)δi j + 2μdi j

−1
2
εi jk(m,k + 4ηωk,rr + ρck), (4)

mi j =
1
3

mδi j + 4η′ω j,i + 4ηωi, j. (5)
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In the above Eqs. (4)–(5), UUU is the velocity vector,

ωωω(=
1
2
∇ × UUU) is the spin vector, ωi, j is the spin tensor, di j

is the rate of deformation tensor, m(= m11 +m22 +m33) is the
trace of the couple stress tensor mi j, p is the fluid pressure, δi j

is the kronecker delta, εi jk is the Levi–Civita symbol and ρck

is the body couple vector. Comma in the suffixes denotes co-
variant differentiation andωk,rr stands forωk,11+ωk,22+ωk,33.

The quantities λ and μ are the viscosity coefficients and
η, η′ are the couple stress viscosity coefficients. These ma-
terial constants are constrained by the following inequalities
as

μ � 0, 3λ + 2μ � 0, η � 0, |η′| � η. (6)

The corresponding initial and boundary conditions are
given by

t′ = 0 : u = 0, v = 0, T ′ = T ′∞, for all x and r,

t′ > 0 : u = 0, v = 0, T ′ = T ′w, at r = r0,

u = 0, v = 0, T ′ = T ′∞, at x = 0,

u→ 0, v→ 0, T ′ → T ′∞, as r → ∞.

(7)

It can be noted that for couple stress fluids, the vorticity of
the fluid on the boundary is equal to the rotational velocity

of the boundary [20], i.e., Curl UUU = 0 ⇒ ∂u
∂r
=
∂v
∂x

at r = r0

and as r → ∞.
Now, the following non-dimensional quantities are in-

troduced

X = Gr−1
T

x
r0
, R =

r
r0
,

U = Gr−1
T

ur0

ν
, V =

vr0

ν
,

t =
νt′

r2
0

, T =
T ′ − T∞′

Tw
′ − T∞′

,

GrT =
gβT r3

0(T ′w − T ′∞)

ν2
, Pr =

ν

α
,

Co =
η

μr
2

0

,

(8)

where ν is the reference kinematic viscosity, GrT , Pr, and
Co denote the Grashof number, the Prandtl number, and the
couple stress parameter, respectively.

By introducing the above non-dimensional quantities
into the Eqs. (1)–(3), they are reduced to the following form

∂U
∂X
+
∂V
∂R
+

V
R
= 0, (9)

∂U
∂t
+ U
∂U
∂X
+ V
∂U
∂R
= T +

(
∂2U
∂R2
+

1
R
∂U
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)

−Co
( 1
R3

∂U
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− 1

R2

∂2U
∂R2
+

2
R
∂3U
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+
∂4U
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)
, (10)

∂T
∂t
+ U
∂T
∂X
+ V
∂T
∂R
=

1
Pr

(
∂2T
∂R2
+

1
R
∂T
∂R

)
(11)

with initial and boundary conditions

t = 0 : U = 0, V = 0, T = 0, for all X and R,

t > 0 : U = 0, V = 0, T = 1, at R = 1,

U = 0, V = 0, T = 0, at X = 0,

U → 0, V → 0, T → 0, as R→ ∞.

(12)

∂U
∂R
=

1

Gr2
T

∂V
∂X
, at R = 1 and as R→ ∞.

In order to solve the unsteady coupled non-linear governing
Eqs. (9)–(11) an implicit finite difference scheme of Crank–
Nicolson type has been employed. The region of integration
is considered as a rectangle composed of the lines indicat-
ing Xmin = 0, Xmax = 1, Rmin = 1, and Rmax = 20, where
Rmax corresponds to R = ∞ which lies very far from the mo-
mentum and energy boundary layers. The mesh density has
been varied so that the computed solutions represent the real
flow physics. A series of grid independence tests was con-
ducted to determine the optimal mesh. The steady-state ve-
locity and temperature values obtained with the grid system
of 100 × 500 differ in the second decimal place from those
with the grid system of 50 × 250, and in the fifth decimal
place from those with the grid system of 200×1 000. Hence,
in the present analysis, for more accurate results, which is
close to the physically meaning full results, the fine grid size
100×500 was selected as the optimal mesh for all subsequent
analyses, with mesh size in X and R direction are taken as
0.01 and 0.038, respectively. Also, the time step size depen-
dency has been carried out, from which 0.01 yielded a reli-
able result. The steady-state solution is assumed to have been
reached when the absolute difference between the values of
velocity as well as temperature at two consecutive time steps
is less than 10−5 at all grid points.

3 Results and discussion

To corroborate the current numerical procedure, the profiles
of simulated flow variables for the case of Newtonian flu-
ids (Co = 0.0) are compared with those of the steady-state
isothermal results of Lee et al. [3]. The comparison results,
which are shown in Fig. 2, are found to be in good agree-
ment. These results substantiate the validity and accuracy of
the present numerical solution.

The simulated results are presented to outline the gen-
eral physics for different values of control parameters, Pr
(= 0.7 (gases), 7.0 (molten salts), and 30.0 (inorganic liq-
uids)) [21] and Co (= 0.0, 1.0 and 3.0). The simulated tran-
sient behaviour of the dimensionless velocity, temperature
and average skin-friction and heat transfer coefficients are
discussed in detail in the succeeding subsections.

3.1 Flow variables

To analyze the transient behavior of the simulated flow vari-
ables, such as velocity and temperature, their values are de-
picted at different locations, which are close and distant to
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Fig. 2 Comparison of the velocity and temperature profiles with
Lee et al. [3]

the cylinder wall. The steady-state velocity and temperature
profiles are shown against the radial coordinate at X = 1.0.
The above details are discussed with respect to the control
parameters and their behavior is discussed. It is observed
that the time taken to reach the steady-state increases with
augmenting Pr or decreasing Co. It is observed that the
convection contribution initially increases with time, attains
the temporal maximum and subsequently reaches the steady-
state asymptotically.

3.1.1 Velocity

The obtained transient dimensionless velocity (U) profiles at
two different locations, namely, (1, 2.98) and (1, 4.5) for dif-
ferent Pr and Co are graphically represented in Fig. 3 against
the time, t. Figures 3a and 3b represent the velocity pro-
files that are considered at the proximity and distant from
the hot wall, respectively. It is observed that at all the lo-
cations the velocity increases with time, reaches a temporal
maximum, then decreases and at last reaches the asymptotic

steady-state. For example for the case of couple stress fluids
(Co > 0) and Pr = 7, the wall velocity upsurges with time
monotonically, reaches the temporal maximum, then slightly
decreases and at last becomes asymptotically steady. It is ob-
served that in the early hours (i.e., t � 1), the heat transfer
is dominated by conduction. Shortly later, there exists a pe-
riod where the heat transfer rate is influenced by the effect
of convection with the increasing upward velocities. Prior to
the end of transient period or just before reaching the steady-
state, there exist overshoots of the velocities. As noted in
Figs. 3a and 3b, the magnitude of this overshoot of the ve-
locities decreases as Pr is augmented, since the increasing
Pr leads to the increase in size of the term of velocity diffu-
sion (refer Eq. (10)) and there is a less resistance to the fluid
flow in the region of the temporal maximum of velocity. The
time required to reach the temporal maximum of the veloc-
ity and the steady-state increases with augmenting Pr. Also,
as the couple stress control parameter, Co, is amplified, the
time required for reaching the temporal maximum increases
but the steady-state decreases. Similar trend is observed for
the Newtonian fluids also. The transient characteristics of
temperature that are similar to the velocity are detailed in
Fig. 5 and will be discussed elsewhere. From Fig. 3a it is ob-
served that when Pr is small (i.e., Pr = 0.7) the transient
velocity values of the couple stress fluid is less than that of
the Newtonian fluid but for increasing Pr (= 7, 30) this trend
is opposite. While for all values of Pr the transient velocity
of the couple stress fluid is greater than that of the Newto-
nian fluid as shown in Fig. 3b. This fluctuating behavior of
velocity with respect to Pr will be justified with the aid of
Fig. 4 in the succeeding paragraph.

Figure 4 shows the simulated steady-state velocity pro-
files against R at X = 1.0. From this figure it is observed that
the velocity profile start with the no-slip value at the wall,
reach their maximum and then monotonically decrease to
zero along the radial coordinate for all values of t, thus satis-
fying the far-away boundary conditions. Also in the vicinity
of the wall the magnitude of the axial velocity is rapidly

Fig. 3 The simulated transient velocity (U) against time (t) for different values of Pr and Co at the point: a (1, 2.98); b (1, 4.5)
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Fig. 4 The simulated steady-state velocity (U) profiles against R at
X = 1.0 for different values of Pr and Co

Fig. 5 The simulated transient temperature (T ) against time (t) at
the point (1, 1.34) for different values of Pr and Co

increasing as the radial coordinate grows from Rmin (= 1).
Also, it can be noted that the time to reach the steady-state
increases with augmenting Pr or decreasing Co. The veloc-
ity decreases with the increasing Pr due to the fact that the
effect of velocity diffusion gets increased for high values of
Pr. When Pr is increased, the thermal convection is confined
to a region near the hot wall, while the momentum diffusion
is propagated far from the hot wall and hence the high ve-
locity profiles are observed in the proximity of the hot wall.
Similar decreasing trend of velocity profiles is observed for
increasing values of Co.

The deviation of velocity profiles from the hot wall is
more for the couple stress fluids in comparison with that of
the Newtonian fluids. Also it can be observed that in the
vicinity of hot wall the magnitude of velocity for the Newto-
nian fluids is higher than that of the couple stress fluids while
far away from the hot wall this trend reverses. For example,
when Pr = 0.7 the velocity profiles of the Newtonian fluids
shows higher values than those of the couple stress fluids in
the region, 1 < R < 3.6 while the opposite trend is observed

for R > 3.6. Similar observation is already noted in Figs. 3a
and 3b. Thus, it can be concluded that the transient velocity
profiles for the couple stress fluids flow differ from those of
the Newtonian fluids flow.

3.1.2 Temperature

The obtained transient temperature profiles for different val-
ues of Pr and Co values are shown at the point (1, 1.34)
against the time in Fig. 5. The oscillatory nature of the tem-
perature profiles are observed until it reaches the steady-state
values. The transient temperature profiles increase with time,
reach a temporal maximum, decrease and again after slightly
increasing attain the steady-state asymptotically. The tem-
perature at other locations also exhibits somewhat similar
transient behavior. During the initial period, the nature of
the transient temperature profiles with respect to Pr is par-
ticularly noticeable. For the values of amplified Pr the tran-
sient temperature profiles of the couple stress fluid initially
coincide with that of the Newtonian fluid and then get devi-
ated after some time. For example, when Pr = 7 the tran-
sient temperature of a couple stress fluid deviates from that
of the Newtonian fluid at time t = 4.14. As seen before,
during the initial time period, the couple stress fluid follows
the characteristics of Newtonian fluid for Pr = 7 and 30,
but the concurrence period of the temperature profiles be-
tween the couple stress fluid and Newtonian fluid increases
with the increasing Pr. Hence, it can be said that during the
initial period the temperature profiles for both couple stress
fluid and Newtonian fluid exhibit similar behavior. The time
required for attaining the temporal maximum of the temper-
ature demands the high values of Pr or Co. The maximum
peak value of the temperature decreases with the increasing
Pr and also as Pr increases the transient temperature values
of the couple stress fluid is greater than that of the Newtonian
fluid. It is also observed that for fixed values of Pr, as the Co
amplifies the maximum peak temperature value increases.

The simulated steady-state temperature profiles at X =
1.0 against the R-coordinate are shown in Fig. 6 for differ-
ent values of Pr and Co. The temperature profiles start with
the hot wall temperature (T = 1) and then monotonically
decrease to zero along the radial coordinate for all time. It
is related to the fact that the effect of velocity diffusion gets
increased for high Pr, which allows higher velocity in the
vicinity of the hot wall. Also, for increasing Pr values the
time taken to reach the steady-state increases. While for in-
creasing Co the opposite trend is observed. The boundary
layer becomes thicker as the values of Co increases. Larger
Pr values give rise to thinner temperature profiles, since a
larger Pr value means that the thermal diffusion from the
wall is not prevailing while the velocity diffusion tries to
move away from the wall. Also from Fig. 5 it is observed
that the transient temperature profiles for the couple stress
fluid differ from those of the Newtonian fluids. Similar ob-
servation is noticed in Fig. 6. Also it is observed that as Pr
increases the deviation of the transient temperature profiles



654 H. P. Rani, et al.

from the hot wall for a couple stress fluid is much more than
that of the Newtonian fluid. Thus, it can be concluded that
the transient temperature profiles for the couple stress fluid
differ from those of the Newtonian fluid.

Fig. 6 The simulated steady-state temperature (T ) profiles against
R at X = 1.0 for different values of Pr and Co

3.2 Average momentum and heat transport coefficients

Knowing the unsteady behavior of velocity and temperature
profiles from the solution of the Eqs. (9)–(11) along with
the initial and boundary conditions Eq. (12), it is worth
to study the average skin-friction coefficient and the aver-
age heat transfer rate (Nusselt number). The increased skin-
friction is generally a handicap in many technical applica-
tions, while the increased heat transfer can be exploited in
some applications such as heat exchangers, but should be
avoided in others such as gas turbine applications, for in-
stance. The non-dimensional average skin-friction coeffi-

cient and Nusselt number are given by Cf =

∫ 1

0

(
∂U
∂R

)
R=1

dX

and Nu = −
∫ 1

0

(
∂T
∂R

)
R=1

dX, respectively. The derivatives

are evaluated by using a five-point approximation formula
and then the integrals are evaluated by using the Newton–
Cotes closed integration formula. The simulated average
non-dimensional skin friction and heat transfer coefficients
for Newtonian and couple stress fluids have been plotted
against the time in Figs. 7 and 8, respectively, for different
Pr and Co values.

The effects of Pr and Co on the simulated average skin-
friction coefficient (Cf) are shown in Fig. 7. From Fig. 7 it is
observed that for all values of Pr and Co the Cf increases
with time, attains the maximum value and, after slightly de-
creasing, becomes asymptotically steady. It is also observed
from Fig. 7 that for increasing values of Co or Pr the Cf de-
creases. This result lies in the same line with the velocity
profiles plotted in Fig. 4. In particular it is observed that as
Pr increases the Cf of a couple stress fluid is decreased in
comparison with that of the Newtonian fluid.

Fig. 7 The simulated average skin friction (Cf) for different values
of Pr and Co

In Fig. 8 the effects of Pr and Co on the simulated av-
erage heat transfer rate (Nu) are shown. Figure 8 reveals
that an increase in the value of Pr leads to an increase in the
values of the Nu. Also as Pr increases the Nu of a couple
stress fluid is decreased compared to that of the Newtonian
fluid. Increasing Pr speeds up the spatial decay of the tem-
perature field near the heated surface, yielding an increase in
the rate of heat transfer. Also, for fixed Pr, the Nu decreases
with the increasing values of Co. From Figs. 7 and 8 it is ob-
served that the Cf and Nu of a couple stress fluid differ from
those of the Newtonian fluids.

Fig. 8 The simulated average Nusselt number (Nu) for different
values of Pr and Co

3.3 Comparison between couple stress and Newtonian fluids

Figure 9 illustrates the steady-state U and T contours for
couple stress and Newtonian fluid flows with fixed Pr =
0.71. It can be noticed that from Figs. 9a and 9b, the ve-
locity of the couple stress fluid flow is much less compared
to that of the Newtonian fluid flow, while the opposite trend
is observed for the temperature. This is due to the fact that in
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couple stress fluid flow there are additive diffusion terms (bi-
harmonic term) compared with that of the Newtonian fluid
flow (refer Eq. (10)). Also, from Figs. 9a and 9b it is ob-

served that the steady-state temperature contours for the cou-
ple stress fluid are somewhat different, with thicker temper-
ature layer, from those of the Newtonian fluid.

Fig. 9 Steady-state velocity (U) and temperature (T ) contours with Pr = 0.71 for a couple stress fluid (Co = 1.0); b Newtonian fluid
(Co = 0.0)

4 Conclusions

In this paper, the unsteady natural convective couple stress
viscous incompressible fluid flows over a semi-infinite
heated vertical cylinder are studied numerically. The gov-
erning equations are normalised based on the length depen-
dent effect introduced by the couple stress fluid. A Crank-
Nicolson type of implicit method is used to solve the gov-
erning unsteady, non-linear and coupled equations. The re-
sulting system of equations is solved by using the Thomas
and Pentadiagonal algorithms. The computations are carried
out for different values of the Pr and couple stress parame-
ter (Co). It is observed that the time elapsed for the velocity
and temperature profiles to reach the steady-state increases
with increasing Pr. While the reverse trend is observed for
Co. For Pr > 1, initially, the unsteady behaviour of the flow
characteristics for the couple stress fluid coincides with, then
deviates from, that of the Newtonian fluid, and they reach the
steady-state asymptotically. When Pr < 1, a higher veloc-
ity is observed in a region near the wall, and further increase
in Pr leads to an increase in the average heat transfer rate
and a decrease in the average skin-friction. As Pr increases
both the average skin-friction coefficient and average heat
transfer rate of a couple stress fluid are notably decreased

compared to those of the Newtonian fluid. It is also noticed
that as Co increases, both the average skin-friction and av-
erage heat transfer rate decrease. In couple stress fluid flow
the deviation of the position of peak velocity for the transient
flow from the hot wall is much more than that for the Newto-
nian fluid flow. Particularly, this study reveals that the results
pertaining to the couple stress fluid differ significantly from
those of the Newtonian fluid.
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