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Abstract

Rausch space truss theory (1925) is the earliest theory to predict the torsional response of RC members subjected to pure torsion.
Softened truss theory proposed by Hsu considering the softening effect of concrete fairly estimates the torsional strength of the mem-
bers under pure torsion. These theories consider the member to be a cracked one, so that the truss action activates. This assumption
reduces the initial torsional stiffness of the cross-section. However the model proposed by Hsu considering the softening effect of
concrete fairly estimates the ultimate torque carrying capacity of the RC member. Fiber reinforced concrete is a better option in
the construction of blast resistant and earthquake resistant structures. Relatively little research has been reported on the analytical
studies of SFRC members subjected to pure torsion. Thus in this paper an attempt has been made to develop an analytical model for
predicting the torque-twist response of SFRC members subjected to pure torsional loads considering the softening effect of concrete.

Experimental validation was also presented in this paper.
© 2004 Published by Elsevier Ltd.
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1. Introduction

Steel fiber reinforced concrete (SFRC) is a better en-
ergy absorbing and impact resisting material attracting
many engineers to use it in several construction projects.
SFRC functions well in beam column joints, where it
imparts more rotational ductility to the members for
better redistribution of moments. Torsion of rein-
forced/SFRC structures gained importance in the design
of concrete structure due to

(1) Critical safety factors used in limit state design
and slender section arrived using high strength
concretes.
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(i) Rapid developments in digital electronic computing
facilities at low cost, allowing to consider more
design forces and

(iii) Large torsional moments induced in structures due
to modern architectural forms.

Behaviour of plain and reinforced SFRC members
under pure torsional loads and combined loads were
studied by several researchers [2-9,11]. However, most
of the studies are made on plain FRC members or rein-
forced members subjected to combined bending and tor-
sion or combined bending and shear. The torsional
stiffness, as indicated by the slope of the torque—twist re-
sponse of the corresponding member, is an important
parameter in the three dimensional analysis of frames.
In this paper an attempt has been made to propose a
simple model to predict the torque-twist response of
SFRC members subjected to pure torsional loads. The
torque-twist response of the SFRC beams obtained
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using the proposed analytical model was compared with
the SFRC members tested under pure torsion.

2. Analytical model

Softened truss model proposed by Hsu [5] is generally
used for predicting the twist, strains in different rein-
forcements and concrete of RC members for a given tor-
que under pure torsion. However for SFRC members
softened truss theory is to be modified as SFRC func-
tions better in resisting tensile stress and possesses resid-
ual tensile strength compared to ordinary concrete. The
torsional stiffness of the member in pre-cracking range
has been taken equal to that of plain fibrous concrete
beam. This is justified due to the fact that the reinforce-
ment present in the beam gets activated only after crack-
ing. In studying the post-cracking behaviour of
reinforced fibrous beams the softened truss theory pro-
posed by Hsu has been used considering the tensile
strength of SFRC.

2.1. Pre-cracking torsional stiffness

Plain fibrous beams behave like an elastic material in
the initial stages of loading i.e., prior to micro cracking
of the beam. Hence to predict the torque—twist response
of the member in the pre-cracking range St. Venant’s
classical solution has been adopted. Rigidity Modulus
(G) of the SFRC was taken as

ch
G=—— 1
2(1+v) (m)

E.;, modulus of elasticity of the composite; v, Poisons
ratio taken as 0.2 as it is almost not effected by the fibers
[13].

Modulus of Elasticity of the composite was deter-
mined using law of mixtures as

Ee = Ec(1 —vp) + Er(vr)n,m (2)

where vg, volume fraction of fiber; E., modulus of elas-
ticity of concrete taken as 5000./f.; Er, modulus elastic-
ity of the fiber = 1.95 * 10° MPa; 1,, orientation factor
0.405; n,, length factor of the fibers taken as 0.5.

o and n; are the efficiency factors as proposed by
Romualdi and Mandel [13].

Torsional stiffness of the member in the pre-cracking
stage was obtained using the formula

r_Gog 5
where
Co = kb’d 4)

where k, 0.229 (for rectangular section with b/d ratio
0.5); b, smaller dimension of the cross-section; d, larger
dimension of the cross-section.

In the analytical model the plain torsional strength of
the member was considered as the cracking torque of the
reinforced SFRC member and the same was taken [3] as

T = (0.5 —0.223 g) db’f, (5)
where f; is the effective tensile strength of SFRC.
Jeu * fe
= 6
U (©

where f., cylinder compressive strength of the mix and
fe» split tensile strength of the mix.

2.2. Post-cracking torsional stiffness

A detailed procedure has been presented here to find
the torque-twist response of SFRC beams under pure
torsion, in the post-cracking range. When SFRC beam
is subjected to torsion diagonal cracks form all around
the beam. So the beam can be idealized as a space truss
as shown in Fig. 1.

The circulatory shear ‘¢’ acting uniformly along the
thickness ‘¢4’ resists the external torque ‘7. The element
‘A’ is subjected to a shear stress of equal to ¢/t4.

2.2.1. Equilibrium equations
Consider a small element ‘4’ on the beam. The equi-
librium condition results the following equations.

c4cos’o + ah _ (7)
Lapy

agsin’o + af _ 0 (8)
148

ogsinocoso =1t 9)

where g4, uniform compressive stress acting along the
diagonal; o, inclination of the diagonal strut with the

-
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Fig. 1. Cracked beam due to pure torsion.
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longitudinal axis; a;, longitudinal reinforcement spaced
uniformly along the perimeter of the reinforcing cage;
ay, transverse reinforcement with uniform spacing along
the length of the beam; £, tensile stress in the longitudi-
nal reinforcement; f;, tensile stress in the transverse rein-
forcement; s, spacing of the transverse reinforcement.

Equilibrium equation relating shear stress (t) and tor-
que (7) reduces to

T = 2A()ldT (10)

where A, area enclosed by the center line of shear flow.

2.2.2. Compatibility equations
In plane deformations of the element ‘4’ should sat-
isfy compatibility equation

g+e =¢6 +& (11)

g, strain in longitudinal steel; g, strain in transverse
reinforcement; ¢4, strain in concrete diagonal (d-direc-
tion); &, strain in r-direction.

From Mohr circle of strains, it can be observed
that

tanty = 2% (12)
St - 8d
2(81 — 8d>
=—" 13
Y1t tan o (13)

According to thin wall tube theory, relationship between
shear strain (y;) and rate of twist can be written as

_ P (Vh)
=== 14
When a non-circular cross-section is subjected to tor-
sion, warping in the walls of member takes place, which
in turn bends the concrete diagonal in the shape of
hyperbolic paraboloid shape. Thus the concrete diago-
nal is subjected to bending, the curvature (¥) of which
can be related to the rate of twist as

Y = @ sin 2u (15)

Variation of stresses and strains in the concrete diagonal
are shown in Fig. 2

ta/3

«—>r—>

Fig. 2. Variation of bending stress across the thickness of the diagonal
strut.
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Fig. 3. Constitutive relationship of softened concrete under
compression.

€

=% (16)
la

where &35, maximum bending compressive strain at the

surface the diagonal strut. Constitutive relationship for

SFRC under compression was presented in Fig. 3. The

ascending portion of the curve is as

a=ﬁ.ﬁ{2§—<1/ﬂ>(§)z} (17)

where f; is the cylinder compressive strength of concrete,
& = — 0.0020.

The descending portion of the curve is as

e — Pe,
A (18)
B, softening coefficient which depends on the strain in r-
direction (&) and is proposed by Vecchio and Collins [2].
1

=—— 19

p 0.7 + 180¢, (19)

&ds
tg = % (20)

2.2.3. Constitutive law for SFRC under tension

The idealized tensile stress—strain variation of con-
crete is shown in Fig. 4 (f, split tensile strength of fi-
brous concrete; oy, reduced tensile strength of the
SFRC matrix).

(o}

@ (i)

Fig. 4. Constitutive law for SFRC under axial tension: (i) stress—strain
variation of SFRC in tension, (ii) idealized stress—strain variation of
SFRC in tension.
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The expression for the reduced tensile strength of the
SFRC matrix was given by Mansur [6].

O = NNVt (21)

ar
where /, length of the fiber; d, diameter of the fiber; 7,
bond stress.

Bond stress was taken as 8\55 [12]. Where d,, is
the diameter of the bar used for to obtain the bond
stress.

Total force in the diagonal per unit width is the alge-
braic sum of the compressive force and the tensile force.
The tensile force assumed to act over a depth of #4/3
below the neutral axis as shown in Fig. 3.

tg [T ta

Tf=— ode + oy = (22)
gds 0 3

Hence the net average stress in the diagonal is

1 &ds O

v =— de +— 23
g ! ade + 3 (23)
This total force acts a distance k»tq from the extreme
compression fiber of the strut. k, value varies between
0.4 and 0.5. To simplify the model it can be assumed
as 0.5. Over a thickness of 0.5¢4, the net average stress

04 acts uniformly.

2.2.4. Constitutive law for reinforcement
The idealized stress—strain relationship of reinforcing
bars is shown in Fig. 5.

2.2.5. Rearrangement of equations
The rearrangement of Egs. (9) and (10) reduces to

T = —o4t4Ay sin 20 (24)

Rearranging Egs. (14)-(16) reduces to

<y, sin 20 (25)

)

P £
&y
Fig. 5. Idealized stress—strain variation of longitudinal reinforcement

and web reinforcement under direct tension.

Substituting Egs. (13), (14) and (16) in Eq. (15),

2tdp0

Y (&1 — &q)c08’a (26)

Eds = —

Substituting the value of cos’x from (7) in (26),

Aoo-d

& =é& + € 27
=t 27)
In the same way the ¢ can be obtained as
AOO'dS
& = &4 + € 28
T N adp, (28)

To obtain the complete torque-twist response of SFRC
members the following iterative procedure is to be fol-
lowed. Data required for developing torque-twist re-
sponse of SFRC beams are

. Breadth of the beam, b.

. Depth of the beam, d.

. Cylindrical compressive strength of concrete, f..

. Tensile strength of concrete, f.

. Yield strength of longitudinal and web reinforcement,
Jiy and fiy.

. Cross-sectional area of longitudinal reinforcement, «.

. Cross-sectional area of transverse reinforcement, a;.

8. Spacing of transverse reinforcement, s.

WD\ W=

~ N

The stepwise procedure for obtaining the torque-
twist response of the SFRC member is as follows.

Step 1: Take the maximum strains in concrete as
egs = — 0.0001 and g4 = &44/2

Step 2: Assume the thickness of concrete diagonal ‘74
and softening coefficient f.

Step 3: Determine the values of A4, and p,.

Ao = (b—t4)(d — 1)

po=[(b—ta) + (d - 1a)]2

Step 4: Calculate a4 for gqs from the constitutive rela-
tionship of SFRC and softening coefficient f.
Step 5: Calculate the value of ¢, assuming f; = fiy.

A g4
=41 °
. { - aifiy }8d

E, modulus of elasticity of longitudinal reinforcement;
ﬁ =¢g*E.
Step 6: Calculate &, assuming f; = fiy

Aosad}
g=<1+ — &
' { atfty ¢
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2
&4 g5 04A,Seq
& = E +4/+

4 Eap,

Si=E &
Step 7: Calculate the value of ¢, using the equation,
& = & + & — &g.

Step 8: Determine the inclination of crack angle,

_ — flalpo
o = tan 1{1 [m}

Step 9: Find the value of ¢4 as

tq = —{alﬁ +a—tft}/0'd
Do s

Compare this value with initially assumed value. If the

% error is more than 1% up date the value 74 as

(tq t tq1)/2 and repeat steps from 2 to 9.

Step 10: Calculate ¢ and the softening coefficient, f
using Egs. (5) and (12).

Compare this softening coefficient f with initially as-
sumed softening coefficient. If the percentage error is
above 1%, update the f value and repeat the procedure
from step 2 to step 10.

Step 11: Calculate the torque using equation

T = —og4t44, sin 2a
Step 12: Calculate cracking torque T, using Eq. (4).
Step 13: Calculate the twist using expression if T, < T

_ 28d
T tgsin2a

Otherwise, calculate twist using equation

Tl

¢ =——
GC,

Co = k1b’d

Step 14: For complete torque—twist response repeat the
procedure from step 1 to step 12 giving suitable
increments to ¢4 from 0.0001 to 0.0035.

3. Validation

Using the presented analytical model, 15 SFRC rect-
angular beams of size 100mm X 200mm and length
2000mm have been designed, cast and tested to vali-
date the presented analytical model. A typical sketch
showing the reinforcement details was presented in the
Fig. 6. The percentage fraction of the fiber content in
the beams varied from 0.0% to 1.2% at regular intervals
of 0.3%. The longitudinal reinforcement and transverse
reinforcement in the beams varied in three categories.

i

<>
100mm

Fig. 6. Details of the test specimen.

In the first category of beams high amount of longitudi-
nal reinforcement (1.01%) and transverse reinforcement
(1.68%) was provided. The beams of this were desig-
nated by the letter “C”. In the second category of beams
high longitudinal reinforcement (1.53%) and medium
amount of transverse reinforcement (0.89%) was pro-
vided. The beams of this were designated by the letter
“L”. In the second category of beams medium amount
of longitudinal reinforcement (0.52%) and high quantity
of transverse reinforcement (1.52%) was provided. The
beams of this were designated by the letter “T”’. Each
beam is designated by specifying amount reinforcement
present in it (L, T and C), grade of concrete (40 MPa)
and volume fraction of fiber (P-0%, F1-0.3%, F2-0.6%,
F3-0.9%, and F4-1.2%). Hence a beam having a designa-
tion of R40L-F2 refers to a reinforced concrete beam
with M40 grade concrete partially over reinforced with
respect to longitudinal reinforcement with 0.6% of fibers
in the concrete mix. Reinforcement details of the beams
tested were presented in Table 1.

53 Grade Ordinary Portland cement having compres-
sive strength of 53MPa and fine aggregate satisfying
the requirements mentioned in ASTM-C33 were used
in the entire investigation. Crushed granite aggregates
of maximum size 12mm were used. 41 mm long Galva-
nized Iron wires of diameter 0.546 mm were used as fi-
bers, maintaining an aspect ratio of 75. The aspect
ratio of the fiber was maintained constant throughout
the investigation. The details of reinforcement in each
series of the beam, along with Compressive strength
and split tensile strength of the mix are presented in
Table 1.

3.1. Testing of the beams

The beams were tested under pure torsional loading
up to the ultimate torque. During the testing one end
of the beam was supported on rollers, while the other
end was supported on rigid support. This type of test
setup facilitates free rotation of the beam on roller
end. Specially made twist arms are placed at either sup-
ports of the beam having an arm length of 1.5m. Load
on the twist arm was applied through a mechanical
screw jack. Absolute care has been taken, such that,
the plane of loading and twisting arm were perpendicu-
lar to the longitudinal axis of the beam. This avoids any
possibility of bending of the beam instead of twisting.
Thus the beam between the two supports was subjected
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Table 1

Reinforcement details of the reinforced SFRC beams
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Beam designation

Longitudinal reinforcement

Hoop reinforcement

Cylinder compressive
strength (MPa)

Split tensile
strength (MPa)

R40C-P 4 No of 8mm dia. Two legged 8 mm dia. @90mm c/c 39.74 2.83
R40C-F1 4 No of 8mm dia. Two legged 8mm dia. @90mm c/c 40.05 3.46
R40C-F2 4 No of 8mm dia. Two legged 8 mm dia. @90mm c/c 41.06 3.61
R40C-F3 4 No of 8mm dia. Two legged 8mm dia. @90mm c/c 41.98 3.82
R40C-F4 4 No of 8mm dia. Two legged 8 mm dia. @90mm c/c 43.26 4.10
R40L-P 4 No of 10mm dia. Two legged 6mm dia. @100mm c/c 40.16 291
R40L-F1 4 No of 10mm dia. Two legged 6mm dia. @100mm c/c 41.28 3.14
R40L-F2 4 No of 10mm dia. Two legged 6mm dia. @100mm c/c 42.16 3.27
R40L-F3 4 No of 10mm dia. Two legged 6mm dia. @100mm c/c 43.37 3.53
R40L-F4 4 No of 10mm dia. Two legged 6mm dia. @100mm c/c 44.06 4.07
R40T-P 4 No of 6mm dia. Two legged 8 mm dia. @100mm c/c 40.21 2.88
R40T-F1 4 No of 6mm dia. Two legged 8 mm dia. @100mm c/c 41.47 3.46
R40T-F2 4 No of 6mm dia. Two legged 8mm dia. @100mm c/c 42.81 3.62
R40T-F3 4 No of 6mm dia. Two legged 8mm dia. @100mm c/c 43.06 3.85
R40T-F4 4 No of 6mm dia. Two legged 8mm dia. @100mm c/c 43.87 4.09

to pure torsion. To avoid local crushing of concrete near
the supports, neoprene pads were placed between the
sides of the beam and the steel plates of the twisting
arms. The complete test-setup [3] has been presented
in the Fig. 7. Load was applied at an eccentricity of
1.47m from the longitudinal axis of the beam. Load

Neoprene
Pad

West East
Face Face

Fig. 7. Test setup with different views.

measurement was monitored with the help of a proving
ring. At the restraining end also a proving ring was
placed to verify the reaction torque. Twist meters spe-
cially prepared in structures laboratory were used to
measure the twist of the beam. The companion cubes
and cylinders were tested for compressive strength and
split tensile strength.

3.2. Discussion on test results

The theoretical and experimental torque-twist re-
sponses of the 15 beams tested were presented in the
Fig. 8(a)—(c). From the torque—twist curves of these
members it is observed that the torque-twist response
of the SFRC members principally consists of three dis-
tinct zones. They are namely pre-cracking zone, where
in torque—twist relationship is linear, Post-cracking zone
with non-linear behaviour with respect torque—twist re-
sponse of the member and the Transition Zone. Study
of the behaviour of the member in the transition zone re-
quires micro level observation and it depends on the sev-
eral mechanical properties of the fiber and concrete, like
bond, slip, friction etc. The ultimate torque, cracking
torque, pre-cracking torsional stiffness, post-cracking
torsional stiffness and torsional toughness (as indicated
by the area under the torque—twist response of the cor-
responding beam) of the beams tested under pure tor-
sional loading were presented in Table 2. From these
results it is understood that pre-cracking torsional stiff-
ness of the steel fiber reinforced concrete beams increase
with the addition of fibers. The pre-cracking torsional
stiffness of the members depends more on the content
of the fibers present in it rather than the content of the
reinforcement present in the beams. This statement is
justified due to the reason that reinforcement present
in the beams gets activated only in the post-cracking
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Torque Twist Response of R40C Series members
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Fig. 8. (a) Torque-twist response of R40C-Series of beams, (b) torque-twist response of R40T-Series of beams and (c) torque-twist response of

R40L-Series of beams.

stage of the beam. Cracking torque of the SFRC mem- tion of the fiber content in the

beam. This

is

bers increased with the increase in the percentage frac- appropriate as the presence of fibers in the matrix,
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Table 2
Experimental results of reinforced fibrous beams
Designation of Cracking torque Ultimate torque Post-cracking torsional Initial stiffness Torsional toughness
the beam (kKN'm) (kKN'm) stiffness (kN'm?) (kN'm?) (KN'm/m)
R40C-P 1.982 5.516 45.654 525.855 0.521
R40C-F1 2.389 5.558 45.501 529.062 0.585
R40C-F2 2.489 5.687 45.501 577.159 0.593
R40C-F3 2.627 5.729 49.165 641.287 0.609
R40C-F4 2.809 5.815 46.897 651.543 0.629
R40L-P 2.036 4.062 37.578 548.941 0.578
R40L-F1 2.189 4.105 40.161 602.810 0.596
R40L-F2 2277 4.190 36.611 615.536 0.627
R40L-F3 2.449 4.233 36.611 654.113 0.642
R40L-F4 2.795 4.233 34.607 666.939 0.673
R40T-P 2.016 3.763 36.726 538.681 0.505
R40T-F1 2.396 3.848 30.945 577.158 0.587
R40T-F2 2.504 3.934 35.966 641.287 0.601
R40T-F3 2.651 3.976 34.367 654.113 0.610
R40T-F4 2.806 4.019 29.036 679.765 0.642
Table 3
Comparison of the experimental results with analytical results
Beam designation Torsional stiffness (kNm?)
Pre-cracking range Post-cracking range
Experimental Analytical Experimental Analytical
R40C-P 525.855 601.504 45.654 47.983
R40C-F1 529.062 604.294 45.501 47.631
R40C-F2 577.159 612.265 45.501 48.154
R40C-F3 641.287 619.441 49.165 48.452
R40C-F4 651.543 629.089 46.897 49.983
R40L-P 548.942 604.674 37.578 44.591
R40L-F1 602.810 613.469 40.161 47.486
R40L-F2 615.536 620.351 36.611 52.661
R40L-F3 654.113 629.502 36.611 53.974
R40L-F4 666.939 634.796 34.607 54311
R40T-P 538.681 605.050 36.726 28.063
R40T-F1 577.158 614.874 30.945 31.016
R40T-F2 641.287 625.081 35.966 32.149
R40T-F3 654.113 627.272 34.367 33.422
R40T-F4 679.765 633.446 29.036 34.938
Table 4
Comparison of the experimental results with analytical results
Beam designation Ultimate torque (kNm) Torsional toughness (kN m/m)
Experimental Analytical Experimental Analytical
R40C-P 5.472 5.629 0.521 0.596
R40C-F1 5.558 5.456 0.585 0.604
R40C-F2 5.686 5.514 0.593 0.621
R40C-F3 5.729 5.565 0.609 0.638
R40C-F4 5.814 5.580 0.629 0.674
R40L-P 4.061 4.271 0.578 0.589
R40L-F1 4.104 4.284 0.596 0.618
R40L-F2 4.190 4.381 0.627 0.627
R40L-F3 4.232 4.428 0.642 0.642
R40L-F4 4.232 4.456 0.673 0.677
R40T-P 3.762 3.602 0.505 0.567
R40T-F1 3.848 3.638 0.587 0.599
R40T-F2 3.933 3.933 0.601 0.616
R40T-F3 3.976 3.981 0.610 0.622

R40T-F4 4.019 4.021 0.642 0.634
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delays the propagation of the cracks and improves the
cracking torque of the beam. It is observed that the
improvement in the ultimate torque carrying capacity
of the member with the addition of fibers is very mar-
ginal. Thus addition of steel fibers in SFRC members
improves the cracking torque to a larger extent, and ulti-
mate torque capacity to a smaller extent. Torsional
toughness of the SFRC members also found to increase
with the addition of the steel fibers. The pre-cracking
torsional stiffness, post-cracking torsional stiffness and
torsional toughness of the beams tested under pure tor-
sional loading were compared with the values arrived at
using the proposed analytical model. The comparison of
the experimental results with analytical results was pre-
sented in Tables 3 and 4. This comparison reveals that
the proposed analytical model can reasonably assess
the characteristics of steel fiber reinforced concrete
members under pure torsion.

4. Conclusions

1. The proposed analytical model fairly estimates the
torsional strength of the steel fiber reinforced con-
crete members satisfactorily.

2. Torque—twist response of SFRC members under pure
torsion consists of three distinct zones namely pre-
cracking zone, Post-cracking zone and the Transition
Zone.

3. Addition of steel fibers in SFRC members improves
the pre-cracking torsional stiffness of the member
under pure torsional loading.

4. Addition of steel fibers in SFRC members improves
the first cracking load of the member to a greater
extent and ultimate load to a little extent.
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