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Abstract: In this paper, mixed convection flow of couple stress fluid in circular annulus is studied. First order
chemical reaction, Soret and Dufour effects are taken into consideration. The governing partial differential equa-
tions are transformed into a system of ordinary differential equations and solved by Homotopy Analysis Method
(HAM). The effects of Soret number, Dufour number, chemical reaction parameter and couple stress parameter on
the dimensionless velocity, temperature and concentration are analyzed graphically.
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1 Introduction

Mixed convection heat transfer and fluid flow in an
annulus between two vertical concentric cylinders is
the focus of investigation over the past years due to its
wide range of practical applications. These applica-
tions include electrical machineries where heat trans-
fer occurs in the annular gap between the rotor and
stator, growth of single silicon crystals, heat exchang-
ers, cooling systems for electronic devices, solar col-
lectors and other rotating systems [1, 2]. Several stud-
ies on the flow between two circular cylinders coupled
with heat and mass transfer have appeared in the lit-
erature [3, 4, 5]. All the above mentioned attempts
describe the flow analysis without chemical reaction.

Chemical reactions can be codified as either het-
erogeneous or homogeneous processes. This depends
on whether they occur at an interface or as a single
phase volume reaction. In most cases of chemical re-
actions, the reaction rate depends on the concentra-
tion of the species itself. In many materials processing
systems chemical reaction effects may exert a signif-
icant role. These include co current buoyant upward
gas-liquid flow in packed bed electrodes [6], Sodium
Oxide-Silcon dioxide glass melt flows [7], electro-
chemical generation of elemental bromine in porous
electrode systems [8] and the manufacture of intumes-
cent paints for fire safety applications [9]. Further,
research on combined heat and mass transfer with
chemical reaction and thermophoresis effect can help
to design for chemical processing equipment, forma-
tion and dispersion of fog, distribution of tempera-

ture and moisture over agricultural fields as well as
groves of fruit trees, damage of crops due to freezing,
food processing, cooling towers, chemically-reactive
vapour deposition boundary layers in optical materi-
als processing, catalytic combustion boundary layers,
chemical diffusion in disk electrode modeling and car-
bon monoxide reactions in metallurgical mass transfer
and kinetics. Several investigators have examined the
effect of chemical reaction on the flow, heat and mass
transfer through channels [10, 11], past a flat plate
[12, 13, 14] and through concentric cylinders [15].

In all the above studies Soret and Dufour ef-
fects are neglected on the basis that they are of a
smaller order of magnitude than the effects described
by Fourier’s and Fick’s laws. However, when chem-
ical species are introduced at a surface in fluid do-
main, with different (lower) density than the surround-
ing fluid, both Soret (thermo-diffusion) and Dufour
(diffusion-thermal) effects can be influential. In com-
bined heat and mass transfer processes, the thermal
energy flux resulting from concentration gradients is
referred to as the Dufour or diffusion thermal effect.
Similarly, the Soret or thermo-diffusion effect is the
contribution to the mass fluxes due to temperature gra-
dients. These effects are considered as second or-
der phenomena and may become significant in areas
such as hydrology, petrology, geosciences, etc. The
Soret effect, for instance, has been utilized for iso-
tope separation and in mixture between gases with
very light molecular weight and of medium molecular
weight. The Dufour effect was found to be of order
of considerable magnitude such that it cannot be ne-
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glected [16]. Dursunkaya and Worek [17] studied the
diffusion-thermo and thermal-diffusion effects in tran-
sient and steady natural convection from a vertical sur-
face, whereas Kafoussias and Williams [18] examined
the same effects on mixed convective and mass trans-
fer steady laminar boundary layer flow over a vertical
flat plate with temperature dependent viscosity. Sev-
eral authors have studied the effects and importance
of cross diffusion on free convection heat and mass
transfers from a vertical surface in a newtonian fluids
and non-Newtonian fluids. Awad and Sibanda [19]
studied the Dufour and Soret effects on heat and mass
transfer in a micropolar fluid in a horizontal channel.
Jha and Ajibade [20] considered the Dufour effect on
free convection heat and mass transfer flow in a verti-
cal channel.

The study of non-Newtonian fluids has attracted
much attention because of their practical applications
in engineering and industry, and particularly in the ex-
traction of crude oil from petroleum products. Among
these, couple stress fluids introduced by Stokes [21]
have distinct features, such as the presence of couple
stresses, body couples and non-symmetric stress ten-
sor. The main feature of couple stresses is to introduce
a size dependent effect. Classical continuum mechan-
ics neglects the size effect of material particles within
the continua. This is consistent with ignoring the ro-
tational interaction among particles, which results in
symmetry of the force-stress tensor. However, in some
important cases such as fluid flow with suspended par-
ticles, this cannot be true and a size dependent couple-
stress theory is needed. The spin field due to micro-
rotation of freely suspended particles set up an antisy-
metric stress, known as couple-stress, and thus form-
ing couple-stress fluid. These fluids are capable of
describing various types of lubricants, blood, suspen-
sion fluids etc. The study of couple-stress fluids has
applications in a number of processes that occur in
industry such as the extrusion of polymer fluids, so-
lidification of liquid crystals, cooling of metallic plate
in a bath, and colloidal solutions etc. Stokes [21] dis-
cussed the hydromagnetic steady flow of a fluid with
couple stress effects. An excellent treatise on cou-
ple stress (polar) fluid dynamics can be seen in [22].
Recently, Srinivasacharya and Kaladhar [23] studied
mixed convective flow of couple stress fluid in an an-
nulus with Hall and Ion-Slip effects.

The homotopy analysis method was first pro-
posed by Liao [24] in 1992, is one of the most effi-
cient methods in solving different types of nonlinear
equations such as coupled, decoupled, homogeneous
and non- homogeneous. Also, HAM provides us a
great freedom to choose different base functions to ex-
press solutions of a nonlinear problem [25]. The ap-
plication of the Homotopy Analysis Method (HAM)

in engineering problems is highly considered by sci-
entists, because HAM provides us with a convenient
way to control the convergence of approximation se-
ries, which is a fundamental qualitative difference in
analysis between HAM and other methods. Later
Liao [26] presented an optimal homotopy analysis ap-
proach for strongly nonlinear differential equations.
HAM is used to get analytic approximate solutions for
heat transfer of a micropolar fluid through a porous
medium with radiation by Rashidi et al. [27]. Recent
developments of HAM, like convergence of HAM so-
lution, Optimality of convergence control parameter
discussed by Srinivasacharya and Kaladhar [28] for
the couple stress fluid.

The thermal decomposition of calcium carbonate
is a strongly endothermic chemical reaction, forming
CO2 gas. At a higher rate, the reaction must absorb
a plenty of heat from the environment and causes a
macroscopic volume flux of the product gas from the
reaction interface to the main stream. Based on the
characteristics mentioned above, the cross-diffusion
effect among the chemical reaction, the heat transfer
and the mass transfer must be considered during the
calcination of limestone when the temperature gra-
dient and the concentration gradient exist simultane-
ously [29]. Hence, based on the above-mentioned in-
vestigations and applications, the present article con-
siders the mixed convection heat and mass transfer
flow of a couple stress fluid in an annulus between
two circular cylinders with chemical reaction. The
Homotopy Analysis method is employed to solve the
governing nonlinear equations. Convergence of the
derived series solution is analyzed. The behavior of
emerging flow parameters on the velocity and temper-
ature is discussed.

2 Mathematical Formulation

Consider a steady, laminar and incompressible cou-
ple stress fluid between two coaxial concentric circu-
lar cylinders of radii a and b (a < b). Choose the
cylindrical polar coordinate system (r, ϕ, z) with z-
axis as the common axis for both cylinders. The inner
cylinder is at rest and the outer cylinder is rotating
with constant angular velocity Ω. The flow being gen-
erated due to the rotation of the outer cylinder. The
fluid properties are assumed to be constant except for
density variations in the buoyancy force term. In addi-
tion, the Soret and Dufour effects with chemical reac-
tion are considered. The flow is a mixed convection,
taking place under thermal buoyancy and uniform ax-
ial pressure gradient.

With the above assumptions and Boussinesq ap-
proximations with energy and concentration, the
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equations governing the steady flow of an incompress-
ible couple stress fluid [22] are

∂u

∂ϕ
= 0 (1)

∂p

∂r
=

u

r2
(2)

η1∇4
1u− µ∇2

1u− ρgβT (T − Ta) +
1
r

∂p

∂ϕ

−ρgβC(C − Ca) = 0
(3)
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∂r2
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1
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[
∂2C
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+

1
r

∂C
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]
+

µ

ρCP

[(
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)2

− 2
u

r

∂u

∂r
+
(u

r

)2
]

+
η1

ρCP
(∇2

1u)2 = 0

(4)

Dm

[
∂2C

∂r2
+

1
r

∂C

∂r

]
+

DmKT

Tm

[
∂2T

∂r2
+

1
r

∂T

∂r

]
−k1(C − Ca) = 0

(5)

where u is the velocity component of the fluid in the
direction of ϕ, p is the pressure, ρ is the density, g
is the acceleration due to gravity, µ is the coefficient
of viscosity, βT is the coefficient of thermal expan-
sion, βC is the coefficient of solutal expansion, α is
the thermal diffusivity, D is the mass diffusivity, Cp is
the specific heat capacity, Cs is the concentration sus-
ceptibility, Tm is the mean fluid temperature, KT is
the thermal diffusion ratio, η1 is the additional viscos-
ity coefficient which specifies the character of couple-
stresses in the fluid, k1 is the rate of chemical reaction

and ∇2
1u =

∂

∂r

[
1
r

∂

∂r
(ru)

]
.

The boundary conditions are given by

u = 0 at r = a, u = bΩ at r = b, (6a)

∇2
1u = 0 at r = a and r = b (6b)

T = Ta, C = Ca at r = a (6c)

T = Tb, C = Cb at r = b (6d)

The boundary condition (6a) corresponds to the
classical no-slip condition from viscous fluid dynam-
ics. The boundary condition (6b) imply that the cou-
ple stresses are zero at the surfaces.

Introducing the following transformations

r = b
√

λ, u =
Ω√
λ

f(λ)

T − Ta = (Tb − Ta)θ, C − Ca = (Cb − Ca)φ
(7)

in equations (3) - (4), we get the following nonlinear
system of differential equations

S2
[
λ2f (iv) + 2λf

′′′
]
− 1

4
λf ′′ − 1

16
GrT

Re

√
λθ

− 1
16

GrC

Re

√
λφ + A = 0

(8)

[
λ3θ′′ + λ2θ′

]
+ Br

[
λ2(f ′)2 − 2λff ′ + f2

]
+4BrS2λ3

(
f ′′
)2 + PrDf

(
λ3φ

′′
+ λ2φ′

)
= 0

(9)

λφ
′′

+ φ′ + SrSc
(
λθ

′′
+ θ′

)
− 1

4
KScφ = 0 (10)

where primes denote differentiation with

respect to λ, Re =
ρΩb

µ
is the Reynolds

number, Pr =
µCp

KT
is the Prandtl number,

GrT =
ρ2gβT b3

µ2
(Tb − Ta) is the temperature

Grashof number, GrC =
ρ2gβCb3

µ2
(Cb − Ca) is the

mass Grashof number, Br =
µΩ2

(Tb − Ta)KT
is the

Brinkman number, Sr =
DKT (Tb − Ta)
νTm(Cb − Ca)

is the Soret

number,

Df =
DKT (Cb − Ca)
νCsCp(Tb − Ta)

is the Dufour number,

K =
k1b

2

ν
is the chemical reaction parameter,

A =
1
16

b

µΩ
∂p

∂ϕ
is the constant pressure gradient,

S =
1
b

√
η1

µ
is the couple stress parameter, The

effects of couple-stress are significant for large values
of α(= l/b), where l =

√
η1

µ is the material constant.
If l is a function of the molecular dimensions of the
liquid, it will vary greatly for different liquids. For
example, the length of a polymer chain may be a
million times the diameter of water molecule [21].
Therefore, there are all the reasons to expect that
couple-stresses appear in noticeable magnitudes in
liquids with large molecules. where primes denote
differentiation with respect to λ,

Boundary conditions (6) in terms of f , θ, φ be-
come

f = 0, f ′′ = 0, θ = 0, φ = 0 at λ = λ0

f = b, f ′′ = 0, θ = 1, φ = 1 at λ = 1
(11)

where λ0 =
(a

b

)2
.
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3 The HAM solution of the problem

For HAM solutions, we choose the initial approxima-
tions of f(λ), θ(λ) and φ(λ) as follows:

f0(λ) =
b

1− λ0
(λ− λ0), θ0(λ) =

λ− λ0

1− λ0

φ0(λ) =
λ− λ0

1− λ0

(12)

and choose the auxiliary linear operators:

L1 =
∂4

∂λ4
, L2 =

∂2

∂λ2
(13)

such that

L1(c1+c2λ+c3λ
2+c4λ

3) = 0, L2(c5+c6λ) = 0.
(14)

where ci(i = 1, 2, ..., 6) are constants. Introducing
non-zero auxiliary parameters h1, h2 and h3, we de-
velop the zeroth-order deformation problems as fol-
low:

(1− p)L1[f(λ; p)− f0(λ)] = ph1N1[f(λ; p)] (15)

(1− p)L2[θ(λ; p)− θ0(λ)] = ph2N2[θ(λ; p)] (16)

(1− p)L2[φ(λ; p)− φ0(λ)] = ph3N3[φ(λ; p)] (17)

subject to the boundary conditions

f(λ0; p) = 0, f ′′(λ0; p) = 0, f(1; p) = b

f ′′(1; p) = 0, θ(λ0; p) = 0, θ(1; p) = 1

φ(λ0; p) = 0, φ(1; p) = 1

(18)

where p ∈ [0, 1] is the embedding parameter and the
non-linear operators N1, N2 and N3 are defined as:

N1[f(λ, p), θ(λ, p), φ(λ, p)] = −1
4
λf ′′(λ, p)

+S2
[
λ2f (iv)(λ, p) + 2λf

′′′
(λ, p)

]
+ A

− 1
16

GrT

Re

√
λθ(λ, p)− 1

16
GrC

Re

√
λφ(λ, p)

(19)

N2[f(λ, p), θ(λ, p), φ(λ, p)] = λ3θ′′(λ, p)

+λ2θ′(λ, p) + 4BrS2λ3
(
f ′′(λ, p)

)2
+PrDf

(
λ3φ

′′
(λ, p) + λ2φ′(λ, p)

)
+Br

[
λ2(f ′)2 − 2λff ′ + f2

]
(20)

N3[f(λ, p), θ(λ, p), φ(λ, p)] = λφ′′(λ, p)

+φ′(λ, p)− 1
4
KScφ(λ, p)

+SrSc
(
λθ′′(λ, p) + θ′(λ, p)

) (21)

For p = 0 we have the initial guess approxima-
tions

f(λ; 0) = f0(λ), θ(λ; 0) = θ0(λ), φ(λ; 0) = φ0(λ).
(22)

When p = 1, equations (15) - (17) are same as (8)
- (10) respectively, therefore at p = 1 we get the final
solutions

f(λ; 1) = f(λ), θ(λ; 1) = θ(λ), φ(λ; 1) = φ(λ)
(23)

Hence the process of giving an increment to p from
0 to 1 is the process of f(λ; p) varying continuously
from the initial guess f0(λ) to the final solution f(λ)
(similar for θ(λ, p) and φ(λ, p)). This kind of continu-
ous variation is called deformation in topology so that
we call system Eqs. (15) - (18), the zeroth-order de-
formation equation. Next, the mth-order deformation
equations follow as

L1[fm(λ)− χmfm−1(λ)] = h1R
f
m(λ), (24)

L2[θm(λ)− χmθm−1(λ)] = h2R
θ
m(λ), (25)

L2[φm(λ)− χmφm−1(λ)] = h3R
φ
m(λ), (26)

with the boundary conditions

fm(λ0) = 0, fm(1) = 0, f ′′m(λ0) = 0, f ′′m(1) = 0

θm(λ0) = 0, θm(1) = 0, φm(λ0) = 0, φm(1) = 0
(27)

where

Rf
m(λ) = S2

[
λ2f (iv) + 2λf

′′′
]
− 1

4
λf ′′

− 1
16

GrT

Re

√
λθ − 1

16
GrC

Re

√
λφ + A(1− χm)

(28)

Rθ
m(λ) =

[
λ3θ′′ + λ2θ′

]
+ 4BrS2λ3

m−1∑
n=0

f
′′
m−1−nf ′′n

+Br

(
λ2

m−1∑
n=0

f ′m−1−nf ′n − 2λ
m−1∑
n=0

fm−1−nf ′n

)

+Br

m−1∑
n=0

fm−1−nfn + PrDf

(
λ3φ′′ + λ2φ′

)
(29)

Rφ
m(λ) = λφ

′′
+ φ′ + SrSc

(
λθ

′′
+ θ′

)
− 1

4
KScφ

(30)

and, for m being integer

χm = 0 for m ≤ 1

= 1 for m > 1
(31)
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Figure 1: The h curve of f(λ) when Df = 0.03, Sr =
2.0, S = 1.0,K = 0.1
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Figure 2: The h curve of θ(λ) when Df = 0.03, Sr =
2.0, S = 1.0,K = 0.1
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Figure 3: The h curve of φ(λ) when Df = 0.03, Sr =
2.0, S = 1.0,K = 0.1

The initial guess approximations f0(λ), θ0(λ) and
φ0(λ), the linear operators L1, L2 and the auxiliary
parameters h1, h2 and h3 are assumed to be selected
such that equations (15) - (18) have solution at each
point p ∈ [0, 1] and also with the help of Taylor’s se-
ries and due to eq. (22); f(λ; p), θ(λ; p) and φ(λ; p)
can be expressed as

f(λ; p) = f0(λ) +
∞∑

m=1

fm(λ)pm (32)

θ(λ; p) = θ0(λ) +
∞∑

m=1

θm(λ)pm (33)

φ(λ; p) = φ0(λ) +
∞∑

m=1

φm(λ)pm (34)

in which h1, h2 and h3 are chosen in such a way
that the series (32) - (34) are convergent at p = 1.
Therefore we have from (23) that

f(λ; p) = f0(λ) +
∞∑

m=1

fm(λ) (35)

θ(λ; p) = θ0(λ) +
∞∑

m=1

θm(λ) (36)

φ(λ; p) = φ0(λ) +
∞∑

m=1

φm(λ) (37)

for which we presume that the initial guesses
to f , θ and φ the auxiliary linear operators L
and the non-zero auxiliary parameters h1, h2

and h3 are so properly selected that the defor-
mation f(λ, p), θ(λ, p) and φ(λ, p) are smooth
enough and their mth-order derivatives with respect
to p in equations (35)-(37) exist and are given

respectively by fm(λ) =
1
m!

∂mf(λ; p)
∂pm

∣∣∣∣
p=0

,

θm(λ) =
1
m!

∂mθ(λ; p)
∂pm

∣∣∣∣
p=0

,

φm(λ) =
1
m!

∂mφ(λ; p)
∂pm

∣∣∣∣
p=0

. It is clear that the

convergence of Taylor series at p = 1, so that
the system in (35)-(37) holds true. The formulae
in (35)-(37) provide us with a direct relationship
between the initial guesses and the exact solutions.
All the effects of interaction of the chemical reaction
as well as of the heat and mass transfer, Soret and
Dufour effects and couple stress flow field can be
studied from the exact formulas (35)-(37). Moreover,
a special emphasize should be placed here that the
mth-order deformation system (24)-(27) is a linear
differential equation system with the auxiliary linear
operators L whose fundamental solution is known.
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4 Convergence of the HAM solution

The expressions for f, θ and φ contain the auxiliary
parameters h1, h2 and h3. As pointed out by [24],
the convergence and the rate of approximation for the
HAM solution strongly depend on the values of aux-
iliary parameter h. For this purpose, h-curves are
plotted by choosing h1, h2 and h3 in such a man-
ner that the solutions (32)- (34) ensure convergence
[24]. Here to see the admissible values of h1, h2

and h3, the h-curves are plotted for 15th-order of ap-
proximation by taking the values of the parameters
Pr = 0.71, Sc = 0.22, Br = 0.5, Re = 2, GrT =
10, GrC = 10, S = 1.0, K = 0.1, Df = 0.03, A =
1.0 and Sr = 2.0. It is observed that the admissi-
ble values of h1, h2 and h3 are −1.3 < h1 < −0.35,
−1.5 < h2 < −0.5 and −1.5 < h3 < −0.4 respec-
tively. To choose optimal value of auxiliary parame-
ter, the average residual errors (see Ref. [26] for more
details) are defined as

Ef,m =
1
K

K∑
i=1

N1

 m∑
j=0

fj(i4t)

2

(38)

Eθ,m =
1
K

K∑
i=1

N2

 m∑
j=0

θj(i4t)

2

(39)

Eφ,m =
1
K

K∑
i=1

N3

 m∑
j=0

φj(i4t)

2

(40)

where 4t = 1/K and K = 4. At different order
of approximations (m), minimum of average resid-
ual errors are shown in Tables 1-3. It is clear from
Table 1 that the average residual error for f is mini-
mum at h1 = −0.8. It can be seen from Table 2 that
the minimum of average residual error for θ attains
at h2 = −0.8. Table 3 depicts that at h3 = −1.35,
Eθ attains minimum. Therefore, the optimum val-
ues of convergence control parameters are taken as
h1 = −0.8, h2 = −0.8, h3 = −1.35.

To see the accuracy of the solutions, the residual
errors are defined for the system as

REf = S2
[
λ2f (iv)

n + 2λf
′′′
n

]
− 1

4
λf ′′n

− 1
16

GrT

Re

√
λθn −

1
16

GrC

Re

√
λφn + A

(41)

REθ =
[
λ3θ′′n + λ2θ′n

]
+ 4BrS2λ3

(
f ′′n
)2

+Br
[
λ2(f ′n)2 − 2λfnf ′n + f2

n

]
+PrDf

(
λ3φ′′n + λ2φ′n

) (42)

Order Optimal of h1 Minimumof Em

10 -0.803 3.25× 10−5

15 -0.801 2.87× 10−6

20 -0.8 2.35× 10−7

Table 1: Optimal value of h1 at different order of ap-
proximations

Order Optimal of h2 Minimum of Em

10 -0.79 6.25× 10−6

15 -0.8 1.45× 10−7

20 -0.8 3.07× 10−8

Table 2: Optimal value of h2 at different order of ap-
proximations

REφ = λφ′′n + φ′n + SrSc
(
λθ′′n + θ′n

)
− 1

4
KScφn

(43)

where fn(λ), θn(λ) and φn(λ) are the HAM solution
for f(λ), θ(λ) and φ(λ). For optimality of the conver-
gence control parameters, residual error [27] for dif-
ferent values of h in the convergence region displayed
in Figs. 4-6. We examine that h1 = −0.8, h2 =
−0.8, h3 = −1.35 gives a better solution. Table 4
establishes the convergence of the obtained series so-
lution. It is found from the above observations that the
series given by (32)-(34) converge in the whole region
of λ when h1 = −0.8, h2 = −0.8, h3 = −1.35.

In order to pursue the convergence of the HAM
solutions to the exact ones, the graphs for the ratio
(following the recent work of [30])

βf =
∣∣∣∣ fm(h)
fm−1(h)

∣∣∣∣ , βθ =
∣∣∣∣ θm(h)
θm−1(h)

∣∣∣∣ , βφ =
∣∣∣∣ φm(h)
φm−1(h)

∣∣∣∣
(44)

against the number of terms m in the homotopy series
is presented in Figs. 7-9. Figures strongly indicate

Order Optimal of h3 Minimum of Em

10 -1.32 3.04× 10−7

15 -1.35 6.21× 10−8

20 -1.35 6.53× 10−9

Table 3: Optimal value of h3 at different order of ap-
proximations
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Figure 4: Relative Error of f(λ) when Df =
0.03, Sr = 2.0, S = 1.0,K = 0.1
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Figure 5: Relative Error of θ(λ) when Df =
0.03, Sr = 2.0, S = 1.0,K = 0.1

that a finite limit of β will be attained in the limit of
m → ∞, which will remain less than unity (actually
figures imply a limit of 0.92 for f , θ and φ). The ve-
locity, temperature and concentration solutions seem
to converge in an oscillatory manner requiring more
terms in the homotopy series. Thus, the convergence
to the exact solution is assured by the HAM method.

5 Results and Discussions

In the absence of Pressure, Buoyancy ratios GrT /Re
and GrC/Re, Eqn. (8) reduces to the equation of mo-
tion for the flow between concentric cylinders given in
text book by [22]. Analytical solution of that equation
with type A conditions and HAM solution at different
λ are shown in Table 5. The comparisons are found
to be in a very good agreement. Therefore, the HAM
code can be used with great confidence to study the
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Figure 6: Relative Error of φ(λ) when Df =
0.03, Sr = 2.0, S = 1.0,K = 0.1
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Figure 7: The ratio βf to reveal the convergence of the
HAM solutions
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Figure 8: The ratio βθ to reveal the convergence of the
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Figure 9: the ratio βφ to reveal the convergence of the
HAM solutions

Order f(0.625) θ(0.625) φ(0.625)

5 0.5428619687252 0.7625482235391 0.6167541586010
10 0.5427881366892 0.7621499292021 0.6161362749928
15 0.5427881329315 0.7621057796564 0.6161362733133
20 0.5427881328643 0.7621056500473 0.6161362733024
30 0.5427881328411 0.7621056500472 0.6161362733023
40 0.5427881328406 0.7621056500471 0.6161362733021
50 0.5427881328402 0.7621056500470 0.6161362733020

Table 4: Convergence of HAM solutions for different
order of approximations

α = 0.5
η Analytical HAM
0.5 0.333333 0.333333
0.6 0.466667 0.466667
0.7 0.600000 0.600000
0.8 0.733333 0.733333
0.9 0.866667 0.866667
1.0 1.000000 1.000000

Table 5: Comparison of flow velocity (f ) for A =
Gr/Re = 0

problem considered in this paper.
In order to study the effects of couple stress fluid

parameter S, Soret number Sr, Dufour number Df

and Chemical reaction parameter K explicitly. com-
putations were carried out by taking Pr = 0.71, Sc =
0.22, Br = 0.5, Re = 2, GrT = 10, GrC =
10, A = 1. The values of Soret number Sr and Du-
four number Df are chosen in such a way that their
product is constant according to their definition pro-
vided that the mean temperature Tm is kept constant
[18]. These values are used throughout the computa-
tions, unless otherwise indicated.

Fig.10 displays the non-dimensional velocity for
different values of Soret number Sr and Dufour num-
ber Df with S = 1.0 and K = 0.1. It is observed
from this figure that the velocity of the fluid decreases
with the decrease of Dufour number (or increase of
Soret number). This is because either a decrease in
concentration difference or an increase in tempera-
ture difference leads to an increase in the value of the
Dufour parameter (Df ). Hence, decreasing the Du-
four parameter (Df ) decreases the velocity of the fluid
i.e., the lowest peak of the reverse flow velocity corre-
sponds to the highest Soret number and lowest Dufour
number. The dimensionless temperature for different
values of Soret number Sr and Dufour number Df

with S = 1.0 and K = 0.1 is shown in Fig.11. It is
clear that the temperature of the fluid decreases with
the decrease of Dufour number (or increase of Soret
number). The parameter Sr (Soret number) does not
enter directly into the energy equation and the Du-
four effect enhances the mass fluxes and lowers the
heat fluxes. Therefore increasing Df value strongly
heats the flow. Fig.12 demonstrates that an increase
in Soret number (or decrease of Dufour number) due
to the contribution of temperature gradients to species
diffusion, increases the concentration.

In Figs. 13-15, the effects of the couple stress
parameter S on the dimensionless velocity, tempera-
ture and concentration profiles are presented for fixed
values of Sr = 2.0, Df = 0.03 and K = 0.1. As
S increases, it is observed from Fig.13 that the max-
imum velocity increases in amplitude. This happens
because of the rotational field of the velocity gener-
ated in couple stress fluid. It is clear from Fig. 14 that
the temperature increases with the increase of couple
stress fluid parameter S. It is seen from Fig.15 that the
concentration of the fluid increases with the increase
of couple stress fluid parameter S.

Figures 16 to 18 represent the effect of chemical
reaction K on f(λ), θ(λ) and φ(λ). It is seen from
these figures that the velocity f(λ) decrease with an
increase in the parameter K. The dimensionless tem-
perature decreases as K increases. The concentration
φ(λ) decreases with an increase in the parameter K.
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Higher values of K amount to a fall in the chemical
molecular diffusivity, i.e., less diffusion. Therefore,
They are obtained by species transfer. An increase in
K will suppress species concentration. The concen-
tration distribution decreases at all points of the flow
field with the increase in the reaction parameter. This
shows that heavier diffusing species have greater re-
tarding effect on the concentration distribution of the
flow field.

An increase in Sc or K will suppress species con-
centration in the boundary layer regime. Higher Sc
will imply a decrease in molecular diffusivity, which
comes to a reduction in the concentration bound-
ary layer thickness. Lower Sc will result in higher
concentrations, i.e., greater molecular (species) diffu-
sivity causing an increase in concentration boundary
layer thickness. The concentration distribution de-
creases at all points of the flow field with the increase
in the Schmidt number and reaction parameter. This
shows that heavier diffusing species have greater re-
tarding effect on the concentration distribution of the
flow field.

6 Conclusions

In this paper, the Dufour and Soret effects on steady
mixed convection of a couple stress fluid between con-
centric annulus with heat and mass transfer is stud-
ied. Using similarity transformations, the govern-
ing equations are transformed into non-linear ordinary
differential equations. The approximate analytical se-
ries solutions are obtained applying homotopy analy-
sis method (HAM).

From the present study we observe that

1. The velocity and the dimensionless temperature
of the fluid decreases with the decrease of Dufour
number (or increase of Soret number) and with
increase of Dufour number (or decrease of Soret
number) the concentration of the fluid decreases.

2. The presence of couple stresses in the fluid in-
creases the velocity, temperature and concentra-
tion.

3. The velocity, temperature and concentration de-
creases with the increase in the reaction parame-
ter.
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