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Damping in beams using viscoelastic
layers
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Abstract

Various types of sandwich beams with viscoelastic cores are currently used in aerospace and automotive industries,

indicating the need for simple methods describing the dynamics of these complex structures. In order to understand the

effectiveness of the sandwich structures, the dynamics of bare beam with unconstrained and constrained viscoelastic

layers are investigated in this study. The viscoelastic layer is bonded uniformly on the beam. The effects of distributed

viscoelastic layer treatment on the loss factors are studied. From the experiments it is observed that beams with

constrained viscoelastic layer provide higher loss factors than those with unconstrained layer. The dynamics of sandwich

beams is modeled using Euler and Bernoulli beam theory. Frequency-dependent Young’s modulus and loss factors are

considered in the model of viscoelastic material. The predicted Eigen frequencies obtained from the model are compared

with the experimental results for two viscoelastic materials with aluminum base material. Frequency response functions

are obtained from the finite element model and compared with experimental results for harmonic input. Reductions in

vibration amplitudes for two viscoelastic materials (EAP-2 and EAP-43) are also compared. Based on the experimental

results, it has been observed that the loss factors of EAP-43 are higher than that of EAP-2.
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Introduction

Noise and vibration control is a major concern in sev-
eral industries such as aerospace and automobiles.
The reduction of noise and vibration is a major
requirement for performance and customer satisfac-
tion. Passive damping technology using viscoelastic
materials (VEMs) is generally used to control vibra-
tions. The growing use of such structures has moti-
vated many authors to study sandwich structures.
Damping treatment using constrained and uncon-
strained layers using VEM is a common method to
control vibrations. In unconstrained layer damping,
the viscoelastic layer is glued to the bare beam. The
dissipation of energy in unconstrained layer is by
means of extension and compression of the viscoelas-
tic layer. In constrained layer damping, the VEM is
glued between two metallic sheets. Flexural vibrations
causes shear strain in the core, which dissipates energy
and thereby reduces vibrations. Adding a VEM to a
structure and predicting response is a challenging
task. This is because the properties of VEM including
the Young’s modulus and loss factors, vary signifi-
cantly as a function of frequency and temperature.

The fundamental work in this field was pioneered by
Ross, Ungar and Kerwin (RKU),1 who used a three-
layer model to predict damping in plates with con-
strained layer damping treatment. Kerwin2 was the
first to present a theoretical approach of damped
thin structures with a constrained viscoelastic layer.
He observed that the energy dissipation mechanism
in the constrained core is due to its shear motion.
He presented the first analysis of the simply supported
beam using a complex modulus to represent viscoelas-
tic core. Several authors, DiTaranto3, Mead and
co-workers4,5 and Rao,6 extended Kerwin’s work.
Nakra7–9 has carried out an excellent literature
review on the topic, dealing with vibration con-
trol with VEMs. Johnson and Kienholz10 used
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three-dimensional bricks in their model. Johnson used
solid elements (Hexa8) for the viscoelastic core and
quadrilateral thick shell elements (quad4) with offsets
for the face sheets. Hughes and co-workers11,12 and
Lesieutre and Bianchini13 presented a time-domain
response of structures containing viscoelastic compo-
nents. Torvik and Runyon14 studied the loss factor of
plates with CLD treatment for various boundary con-
ditions. Cortes and Elejabarrieta15 analyzed the
dynamic behavior of unconstrained layer damping
with a thick viscoelastic layer. Modeling of sandwich
beams using complex modulus approach is discussed
by Barbosa and Farage.16 For constrained layer
beam, shear effect in the core is modeled by Amichi
and Atalla17 and Navin Kumar and Singh.18 This
study deals with modeling of unconstrained and con-
strained layer beam using Euler–Bernoulli theory for
base excitation considering the frequency-dependent
Young’s modulus and loss factor of viscoelastic
layer and validation with experimental results. Two
VEMs are studied to understand their composite
loss factors in unconstrained and constrained layer
damping treatment. For constrained layer beam,
shear effect in the core as studied by Navin Kumar
and Singh18 is also modeled and it is found that there
is little increase in loss factors compared with Euler–
Bernoulli model for thickness considered in this study.

Frequency-dependent stiffness and damping prop-
erty of the viscoelastic layer are considered for pre-
dicting the response spectrum. Complex Young’s
modulus of VEM is computed using Young’s
moduli and loss factors obtained from dynamic mech-
anical analyzer (DMA). Finite element (FE) model is
developed for base excitation with cantilever bound-
ary condition and the model is validated with experi-
mental results.19 During extraction of eigen values
and eigen vectors, the real component of global stiff-
ness matrix of the sandwich beam is used. Frequencies
are changed iteratively and at each frequency, the real
component of stiffness matrix is changed and the
response corresponding to the excitation frequency
is stored and frequency–response functions (FRFs)
are calculated. The imaginary part of stiffness
matrix of VEM along with experiment loss factors
of bare beam are used to extract theoretical composite
loss factors for unconstrained and constrained layer
beams and validated with experimental loss factors.

This article is organized as follows. In the next sec-
tion, FE formulation and state space technique for
extraction of FRF is discussed and this is followed
by details on the experimental setup and test details.
Test results and discussion are presented in the next
section and some important conclusions are presented
in the last section.

FE formulation for sandwich beams

The sandwich beam is modeled as Euler–Bernoulli
beam to evaluate the dynamic properties.20

The beam is discretized using two-noded beam elem-
ents, with two degrees of freedom (DOF), translation
and rotation at each node. FE code is developed in
MATLAB�. Ninety-six elements are used to discretize
the beam. The equations of motion with harmonic
excitation for the discretized beam can be written as

½M�f €wg þ ½K��fwg ¼ fðtÞ ð1Þ

where [K*] is global complex stiffness matrix, w is the
displacement vector and [M] is the global mass
matrix.

½K�� ¼ ½K�R þ ½K�I ð2Þ

where ½K�R is real part of the complex global stiffness
matrix and [K]I is the imaginary part of complex
global stiffness matrix.

The element equivalent complex stiffness matrix for
the two-node sandwich beam element is given as

½ke��eq ¼
ðEIÞeq

L3
e

12 6Le �12 6Le

6Le 4L2
e �6Le 2L2

e

�12 �6Le 12 �6Le

6Le 2L2
e �6Le 4L2

e

2
664

3
775 ð3Þ

where (EI)eq¼E*(f) IvþEb Ib is the equivalent EI
distribution for the sandwich beam element, E*(f)
and Iv are the complex Young’s modulus and
moment of inertia of sandwich beam, respectively,
Eb and Ib are the Young’s modulus and moment of
inertia of base beam, respectively, and f is the fre-
quency in hertz.

E�ðfÞ ¼ EvðfÞð1þ i�ð f ÞÞ ð4Þ

where �ð f Þ is the frequency-dependent loss factor of
the VEM. The Young’s modulus of VEM Ev(f) can be
represented by

EvðfÞ ¼ a1f
b1 þ c1 ð5Þ

and loss factor �ð f Þ can be represented by

�ð f Þ ¼ a2f
b2 þ c2 ð6Þ

where a1, b1, c1, a2, b2 and c2 are the constants
obtained from the curve fit of measured data for the
frequency-dependent Young’s modulus and loss fac-
tors of the VEMs obtained using DMA results.

The element mass matrix of sandwich beam is
given as

½me�eq ¼
meLe

420

156 22Le 54 �13Le

22Le 4L2
e 13Le �3L2

e

54 13Le 156 �22Le

�13Le �3L
2
e �22Le 4L2

e

2
664

3
775
ð7Þ
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where me and Le are the mass per unit length of sand-
wich beam and length of the element, respectively.

The effect of shift in the neutral axis of the sand-
wich beam due to the viscoelastic layer is found to be
insignificant and it is not considered in this analytical
model.

The resultant equation of motion for the sandwich
beam after assembling the elemental equations can be
written as

½M�f €wðtÞg þ ½C�f €wðtÞg þ ½K�fwðtÞg ¼ f0g ð8Þ

where ½C� ¼ KI

! , where KI is the imaginary part of
global complex stiffness matrix, ! is the angular fre-
quency and is equal to 2�f, [K]¼ [KR] is the real part
of global stiffness matrix of sandwich beam.

For base excitation problem, equation (8) can be
written as

Mcc Mcu

Muc Muu

� �
€wcðtÞ

€wuðtÞ

� �
þ

Ccc Ccu

Cuc Cuu

� �
_wcðtÞ

_wuðtÞ

� �

þ
Kcc Kcu

Kuc Kuu

� �
wcðtÞ

wuðtÞ

� �
¼

0

0

� �
ð9Þ

where wðx, tÞ ¼ fwcðx, tÞwuðx, tÞg
T, wc(x,t) is the con-

strained DOF and wu(x,t) is the unconstrained
DOF. The subscript cc and uu represent constrained
and unconstrained part of mass, damping and stiff-
ness matrices. The unconstrained displacements can
be decomposed into pseudo-static {Ws} and dynamic
parts {Wd} as

fwuðx, tÞg ¼ fwsðx, tÞg þ fwdðx, tÞg ð10Þ

The pseudo-static displacements may be obtained
from equation (9) by excluding the first two terms on
the left-hand side of the equation and by replacing
{wu} by {ws}

fwsðx, tÞg ¼ �½Kuu�
�1
½Kuc�fwcðx, tÞg ¼ ½��fwcðx, tÞg

ð11Þ

where [a]¼�[Kuu]
�1 [Kuc] is constant and

dimensionless.
Substituting equation (11) in equation (10) implies

fwuðx, tÞg ¼ ½��fwcðx, tÞg þ fwdðx, tÞg ð12Þ

Substituting equation (12) in equation (9), we get

Mcc Mcu

Muc Muu

� �
€wc

� €wc þ €wu

� �
þ

Ccc Ccu

Cuc Cuu

� �

�
_wc

� _wc þ _wuÞ

� �
þ

Kcc Kcu

Kuc Kuu

� �
wc

�wc þ wu

� �

¼
0

0

� �
ð13Þ

This implies that

½Muc�f €wcg þ ½Muu�f�wc þ €wdg þ ½Cuc�f _wcg

þ ½Cuu�f� _wc þ _wdg þ ½Kuc�fwcg

þ ½Kuu�f�wc þ wdg ¼ f0g ð14Þ

½Muu�f €wdg þ ½Cuu�f _wdg þ ½Kuu�fwdg

¼ �f½Muc� þ ½Muu�½��gf €wcg

� ½Cuc� þ ½Cuu�½��
� �

_wcf g

� ½Kuc� þ ½Kuu�½��
� �

fwcg ð15Þ

For input base acceleration problems, the two terms
corresponding to the dynamic displacements and velo-
cities are neglected. Hence, equation (15) becomes

½Muu�f €wdg þ ½Cuu�f _wdg þ ½Kuu�fwdg

¼ � ½Muc� þ ½Muu�½��
� �

f €wcg ð16Þ

The right side of equation (16) is the base acceler-
ation input

� ¼ �½Muc� þ ½Muu�½�� ð17Þ

From modal analysis approach, the response
vector, wd (x,t) is given as

fwdðx, tÞg ¼ ½P�fqmðtÞg ð18Þ

where [P] is the modal matrix and {qm(t)} is the modal
response vector. The modal matrix can be obtained by
solving the eigenvalue problem as

½Kuu� � ½Muu�!
2

� 	
fPg ¼ f0g ð19Þ

By transforming the equations of motion of equa-
tion (16) into the modal co-ordinates using equation
(18), we can write

½P�T½Muu�½P�f €qmðtÞg þ ½P�
T
½Cuu�½P�f _qmðtÞg

þ ½P�T½Kuu�½P�fqmðtÞg ¼ ½P�
T
½��f €wCðtÞg ð20Þ

This equation can be further simplified as

½Mm�f €qmðtÞg þ ½Cm�f _qmðtÞg

þ ½Km�fqmðtÞg ¼ ½�m�f €wCðtÞg ð21Þ

where [Mm]¼ [P]T[Muu][P] is the modal mass matrix,
[Km]¼ [P]T[Kuu][P] is the modal stiffness matrix,
[Cm]¼ [P]T[Cuu][P] is the modal damping matrix and
[gm]¼ [P]T{g} is the modal force vector.

Equation (21) is the uncoupled dynamic equation of
the beam and for the ith mode and it can be written as

mm i €qmi þ cmi _qmi þ kmiqmi ¼ �mif €wcðtÞg ð22Þ

Let u(t)¼ €wcðtÞ
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State space formulation

Equation (22) is used to develop the state space model
of the beam.21 Considering the state vectors as

fz1ðtÞg ¼ fqmiðtÞg ð23aÞ

fz2ðtÞg ¼ f _qmiðtÞg ð23bÞ

Using equation (23), equation (22) can be written as

_z1ðtÞ

_z2ðtÞ

� �
¼

0 1

�m�1mi kmi �m
�1
mi cmi

� �
z1ðtÞ

z2ðtÞ

� �

þ
0

Fmi

� �
fuðtÞg ð24Þ

where Fmi indicates the participation factor for par-
ticular mode.

This equation can be simplified as

f_zðtÞg ¼ ½A�fzðtÞg þ ½B�fuðtÞg ð25Þ

where [A] is the state matrix and [B] is the input
matrix.

Considering the accelerometer response, we can
write

f €qmiðtÞg ¼ ½0 1�f_zðtÞg ¼ ½��f_zðtÞg ð26aÞ

where [b]¼ [0 1].
Substituting equation (25) into equation (26a), we

get

f €qmiðtÞg ¼ ½b�½A�fzðtÞg ¼ ½B�fuðtÞg ð26bÞ

Using equations (26b) and (25), the modal transfer
functions can be evaluated as

½HmiðsÞ� ¼ ½b�½A�½sI�A��1½B� þ ½b�½B� ð27Þ

The overall transfer functions for first three modes
at a tip of the beam can be found as

½HðsÞ�i ¼
X3
i¼1

fPgi½ðHmiðsÞÞ� ð28Þ

Mode summation method is used to calculate the
overall response of the beam at a particular location.
The response at a particular location is calculated for
a given harmonic input.

Experimental damping ratios are used for alumi-
num beam and constrained layer in the FE model.
The imaginary part of the modal stiffness matrix is
used for computing damping matrix of VEM.
Damping matrix of layer beam is obtained by
adding the aluminum beam modal damping ratio
obtained from experiments and viscoelastic damping
matrix.

Frequency-dependent properties

Two VEMs, EAP-2 and EAP-43, are evaluated for
their Young’s modulus and loss factor characteristics.
The variation of Young’s modulus and loss factor
with frequency for both the materials is obtained
from DMA at room temperature and is shown in
Figure 1(a) and (b), respectively. The corresponding
constants are obtained using equations (5) and (6) and
are given in Table 1. The polymers used in EAP-2 and
EAP-43 are nitrile butadiene rubber and polyvinyl
chloride blend. The two materials differ in terms of
type of filler used. EAP-2 has titanium dioxide as the
pigment and semi-reinforced filler, while EAP-43 has
carbon black as reinforced filler. The rubber matrix–
filler interaction is high in carbon black and as a
result, the rubber molecules get incorporated and
immobilized in the carbon black structure. Due to
carbon black filler, EAP-43 has higher Young’s
modulus and loss factor, which is due to inter-particle
friction and reversible breakage of carbon particle
structure on application of strain.

Figure 1. (a) Variation of Young’s modulus with frequency and (b) variation of loss factor with frequency.
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Experimental setup

An aluminum beam of 300mm length, 30mm width
and 5.8mm thickness is used to carry out experiments
in cantilever boundary condition. The Young’s modu-
lus and density of aluminum beam is 70GPa and
2800 kg/m3, respectively. Two VEMs (EAP-2 and
EAP-43) are studied to understand composite loss
factors in unconstrained and constrained layer alumi-
num beam. The dimensions of the VEM are 290 mm
length, 30 mm width and 1 mm thickness and the
density of EAP-2 and 43 are 1220 kg/m3 and
1260 kg/m3, respectively. The test setup of the

sandwich beam with unconstrained and constrained
viscoelastic core is shown in Figure 2. The uncon-
strained and constraining layers remained free at
both ends. Epoxy-based adhesive is used to glue the
viscoelastic layer to the aluminum beam and the
viscoelastic layer to the constraining layer beam.
Aluminum beam of 290mm length, 30mm width
and 1 mm thickness is used as constraining layer
beam. The thickness of the viscoelastic layers is 1
mm in both unconstrained and constrained layer
beam. The treated test beam is rigidly clamped at its
base in between two solid plates to simulate cantilever
boundary conditions, as shown in Figure 3(a).
Experiments are conducted on aluminum base
beams with two VEMs (EAP-2 and EAP-43) for
unconstrained and constrained layer configuration.
In all experiments, only the base beam is clamped,
as shown in Figure 2. Electrodynamic shaker is used
to carry out experiments. An accelerometer kept on
the clamping plate measures the base acceleration and
the other accelerometer mounted at the tip of the
beam measures the response. PC-based LMS control-
ler and data acquisition system is used to provide har-
monic acceleration input to the shaker. The beam is
tested for frequency band of 20–1000Hz with a sweep
rate of 1Hz/s at off resonance and 0.01Hz/s around
resonance. The time domain base acceleration input

Figure 3. (a) Unconstrained layer beam attached to electro-dynamic shaker and (b) schematic of the experimental setup.

Figure 2. (a) Sandwich beam with unconstrained viscoelastic layer (L is the length of base beam, 300 mm; b is the width of base

beam, 30 mm; length of constraining layer, 290 mm and length of viscoelastic layer, 290 mm) and (b) Sandwich beam with constrained

viscoelastic layer (tb is the thickness of base beam, 5.8 mm; tv is the viscoelastic layer thickness, 1 mm and tc is thickness of constraining

layer, 1 mm).

Table 1. Constants of EAP-43 and EAP-2 obtained from

curve fit of DMA data.

Viscoelastic material

Constants EAP-43 EAP-2

a1 1.599� 106 1.24� 106

b1 0.3933 0.4179

c1 �9.86� 105 1.249� 105

a2 0.4012 0.436

b2 0.174 0.1189

c2 �0.0679 �0.04848

DMA: dynamic mechanical analyzer.
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and response at the tip of the beam is transformed to
frequency domain using fast Fourier transform.

Results and discussion

Aluminum beam

Figure 4 shows the comparison of the FRF obtained
from the FE model and experiment at the tip of alu-
minum beam. Table 2 shows the comparison of FE

and experimental natural frequencies and the results
match very well. The modal damping ratio’s for the
first three natural frequencies calculated from the
experimental FRF using half-power technique22 are
0.006, 0.0065 and 0.0073, respectively. The amount
of damping present in the aluminum beam is very
low and is attributed to structural damping of alumi-
num beam and the energy dissipated due to friction in
clamping supports.

Beam with unconstrained viscoelastic layer
sandwich beam (EAP-2 and EAP-43)

From Figure 5(a) and (b), it is seen that the FRF
obtained from FE and experiments compare very
well for unconstrained layer of 1 mm thickness for
EAP-2 and EAP-43, respectively, and are given in
Table 3 along with comparison of loss factors. The
results are fairly matching and the difference in nat-
ural frequencies between theory and experiment can
be attributed to the overall error of the measurement
chain in frequency and amplitude measurement and it
is found to be 1%. Comparison of amplification fac-
tors are made by considering the respective first,
second and third modes of bare beam as 0 dB. An
attenuation of 21, 37 and 50 dB in amplitudes is
observed for EAP-2. For EAP-43, an amplitude
attenuation of 21, 38 and 56 dB are observed for
three modes, respectively. The attenuation is higher

Figure 5. FRF of unconstrained layer sandwich beam of 1 mm thickness: (a) EAP-2 and (b) EAP-43.

FRF: frequency–response function.

Table 2. Comparison of FEM and experimental frequencies for bare beam.

Mode

Theory (Hz)

(closed form)

FEM (Hz)

(error)

Experiment

(Hz) (error)

Loss factor

(experiment)

I 52.05 51.96 (0.17%) 51.00 (1.88%) 0.0060

II 326.20 324.15 (0.60%) 319.00 (1.61%) 0.0065

III 913.40 910.76 (0.3%) 909.10 (2.28%) 0.0073

FEM: finite element method.

Figure 4. Comparison of FRF at the tip of the aluminum

beam.

FRF: frequency–response function.
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for higher modes and EAP-43 shows higher attenu-
ation of amplitudes compared with EAP-2.

Beams with constrained viscoelastic layer sandwich
beam (EAP-2 and EAP-43)

From Figure 6(a) and (b), it is seen that the FRF
obtained from FE and experiments compare very
well for constrained layer of 1 mm thickness for
EAP-2 and EAP-43, respectively, and are given in

Table 4 along with comparison of loss factors. The
results are fairly matching. The error in the experi-
ment is found to be 1%. Attenuations of amplitudes
25, 47 and 56 dB are observed for EAP-2 and 31, 51
and 59 dB are observed for EAP-43. Table 5 gives the
overall comparison of amplification factors for bare
beam and unconstrained and constrained layer beams
for EAP-2 and EAP-43. From the results, it is
observed that the attenuation is higher for con-
strained layer compared with unconstrained layer.

Figure 6. FRF of constrained layer sandwich beam of 1 mm thickness: (a) EAP-2 (b) EAP-43.

FRF: frequency–response function.

Table 3. Comparison of frequencies and loss factors of unconstrained layer sandwich beam of 1 mm thickness for EAP-2 and

EAP-43.

Mode

EAP-2

Mode

EAP-43

Frequency (Hz) Loss factors Frequency (Hz) Loss factors

FEM Experiment FEM Experiment FEM Experiment FEM Experiment

I 50.57 49.37 0.0200 0.0214 I 49.50 48.65 0.0218 0.0231

II 310.00 307.00 0.0450 0.0471 II 309.00 302.00 0.0528 0.0546

III 871.00 844.24 0.0797 0.0831 III 869.00 831.00 0.0990 0.1080

FEM: finite element method.

Table 4. Comparison of experimental and FE frequencies of constrained layer sandwich beam of 1 mm thickness for EAP-2 and

EAP-43.

Mode

EAP-2

Mode

EAP-43

Frequency (Hz) Loss factors Frequency (Hz) Loss factors

FEM Experiment FEM Experiment FEM Experiment FEM Experiment

I 48.52 47.37 0.0250 0.0260 I 48.11 47.00 0.0331 0.0340

II 303.07 308.90 0.0730 0.0750 II 307.00 306.00 0.0924 0.0960

III 851.01 847.00 0.1510 0.1580 III 857.00 850.00 0.1820 0.1910

FEM: finite element method.
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EAP-43 shows higher attenuation of amplitudes com-
pared with EAP-2.

Conclusions

The frequency-dependent Young’s modulus and loss
factors expressed in power series for EAP-2 and EAP-
43 are introduced in the FE model using iterative
scheme. The composite loss factors obtained from
FE compared very well with those obtained from
experiments. It is observed that the composite loss
factors are higher in constrained layer compared
with unconstrained layer sandwich. This is due to dis-
sipation of energy being more in shear deformation of
constrained layer compared with extension deform-
ation in unconstrained layer beam. The composite
loss factor for EAP-43 is higher than that of EAP-2
and this can be attributed to the inter-particle friction
and reversible breakage of carbon particle structure
on application of strain. The composite loss factors
are higher for higher modes in unconstrained and con-
strained layer beams. The results obtained from con-
strained layer beam are compared with and without
shear effect in the FE model and little improvement
was found in the results for thin sandwich beams.
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Appendix

Notation

A,B, C, D system state representation
E*(f) complex Young’s modulus of

VEM
Ev(f) Young’s modulus of viscoelas-

tic material
f frequency (Hz)
[Hm(s)] modal transfer function
H(s) transfer function
[H(s)]i transfer function at ith location
H(o) frequency response function

[K*] complex stiffness matrix of
viscoelastic layer

[ke]*eq element stiffness matrix of
sandwich beam

[KI] imaginary part of complex
stiffness matrix

[KR] real part of complex stiffness
matrix

Le length of beam element
m modal
me mass per unit length of sand-

wich beam
[me]eq element mass matrix of sand-

wich beam
[M],[K] and [C] global mass, damping and

stiffness matrices
[P] modal matrix
{qm} modal response vector
s Laplace domain
W transverse displacement
z state vector
Z(f) loss factor of viscoelastic

material
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