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Abstract The present work focuses on the work hardening
behavior of the AA2014-T6 billets deformed plastically be-
tween two flat cylindrical rigid dies under cold working con-
dition. Three sets of billets of different aspect ratios (height (h)
to the diameter (d)), namely h/d=1, h/d=0.75, and h/d=0.5
were deformed to the different strain levels. Upon severe plas-
tic deformation, the cylindrical billets will start cracking from
the middle, and the crack will propagate to the surface. The
hydrostatic stress and deviatoric stresses influence the failure
of the billets resulting in poor ductility and distorting the shape
of the billet. To analyze the effect of shear bands on the failure
of the billet, maximum shear stress theory was applied. A
detailed investigation has been carried out to study the influ-
ence of the tensile nature of the hoop stress, axial stress, and
hydrostatic stresses. The critical paths for different aspect ra-
tios of the deformed billets were plotted, and the failure of the
specimen was well explained. The effect of anisotropy on the
formability was studied by constituting the anisotropy factor
with the ductile fracture models such as Gurson-Tvergaard-
Needleman model and Lemaitre model. The influence of an-
isotropy on the void failure was studied, and critical damage
was evaluated for different anisotropy ratios.
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1 Introduction

When the billet is cold worked then strain hardening of the
material takes place. The increase in the stress required to
cause metal flow is called strain hardening. To describe the
work hardening behavior, the strain hardening exponent (n)
and strain hardening coefficient (k) must be studied.
Narayanasamy et al. [1] conducted studies on the work hard-
ening behavior of the elliptical-shaped billets with different
lengths of the major axis and minor axis and different height
to the diameter ratios. They concluded that the instantaneous
value of k and n varies with the height to the diameter ratios of
the billets and also on the ratio of major axis to the minor axis.
The increase in the deformation reduces the porosity level in
the sintered powder preforms. The strain hardening coefficient
and strain hardening exponent also depend on the size of the
particles and their composition for porous materials. Similar
studies were reported by Narayansamy et al. [2] while
conducting experiments on the aluminum-iron composite per-
forms. The stresses acting on the billets influence the form-
ability of the material. Inigoraj [3] conducted experiments on
the aluminum-alumina composite and developed a relation
between strain hardening coefficient and theoretical density.
The increase in the level of deformation reduces the porosity
and increases the load-bearing capacity in powder preforms
which increases the work hardening behavior [4]. Their re-
search findings also report that after a small level of strain,
the magnitude of the strain hardening exponent decreases. The
Cu-5%W Nano powder Composite powder was used for pre-
paring preforms of different height to the diameter ratios of
0.4, 0.60, and 0.80 and was axially compressed [5]. They
concluded that upsetting powder preforms of lower height to
the diameter ratios improve densification resulting in exten-
sive work hardening.

Baskaran et al. conducted experiments on the cold forming
of elliptical billets. They examined the effect of various stress
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ratio parameters [6] on the barreling curvature of the elliptical
billets under the state of biaxial and triaxial state of stresses
and concluded that the rate of change of barrel radius changes
with the state of stresses. Their research findings also proved
that the barrel radius follows a power law with the stress ratio
parameter [7]. Depending on the nature of lubrication condi-
tion applied on the faces of the billets, the geometry of the
billets changes its shape in simple cylindrical upset forging
process. The value of friction changes with the type of ma-
chining operation performed on the faces of the billet such as
facing, milling, grinding, etc. [8] and also on the lubricant
employed [9]. On employing different friction conditions on
the faces by performing different machining operations and by
applying different lubricants, Malayappan et al. carried out
experiments on the solid cylindrical billets by compressing
them in between the dies. Their studies revealed that different
friction conditions at the faces of the billets lead to truncated
shape, and this phenomenon continues with the increase in the
level of deformation. The state of stresses, namely the hoop
stress, the hydrostatic stress, and the effective stress, increases
with the increase in the strain level and differs with the value
of the barrel curvature. Fuh-Kuo et al. [10] developed a theo-
retical model for the flow stress based on the shape of the
barrel. By deriving the equation for mean effective strain on
the basis of assumed velocity fields, Fuh-Kuo constructed
stress-strain curve and developed the flow stress equation.
The theoretical equation proposed by him was in good agree-
ment with the finite element results. The flow curves of the
metals are normally predicted by a tensile test or a bulging test
of the solid cylinders. Alves et al. [11] made useful contribu-
tions in developing the flow curves of sheet metals by utilizing
stack compression tests. The results predicted using the stack
compression tests were in close proximity with the standard
compression test.

Several authors made experimental and finite element in-
vestigations on the analysis of ductile fractures in the bulk-
forming and sheet metal operations. By employing ductile
fracture models, Song et al. [12] conducted experiments and
finite element simulations on the sheet metal operations. They
concluded that the process parameter, such as clearance be-
tween the punch the die influences the fracture. The simulated
results obtained by using element-deletion and replacement
method incorporating the fracture models enabled them to
study the crack initiation and propagation. The experimental
studies in conjunction with the finite element results always
have a better advantage in predicting the zones of fracture in
the specimen. Li et al. [13] predicted the ductile fracture in
AA6061-T6 test specimens by conducting tensile and com-
pression tests and by applying coupled and uncoupled damage
models. They notice that the coupled damage models are ac-
curate in predicting the damaged portions of the specimen
when compared to the uncoupled damage models. Applica-
tion of artificial neural networks in combination with the finite

element simulations can reduce the extent of experimentation.
A similar study has beenmade by Kim et al. [14] to predict the
ductile fracture in simple upsetting of solid cylindrical billets.
They conclude that the artificial neural network could success-
fully predict the ductile fracture for arbitrary aspect ratios, and
the methodology is also useful in predicting the critical dam-
age values which is undone using finite element simulation.

The coupled damage criterion has been used by Pires et al.
[15] for predicting the critical damage value. They explained
the behavior of crack initiation and propagation phenomena
and developed a numerical modeling for estimating the value
of critical damage in bulk metal forming. The results thus
obtained from numerical modeling were in agreement with
the finite element and experimental results obtained. Gouveia
et al. [16] conducted experiments on the flanged, tapered, and
cylindrical specimens to determine the value of critical dam-
age deformed under cold working condition. They employed
uncoupled workability of criterions such as cockroft-Latham
criterion [17], Freudenthal criterion [18], Brozzo criterion
[19], and Oyane criterion [20] for predicting the critical dam-
age value.

The strength of the material depends on the work hardening
behavior of the material. The present work addresses about the
work hardening behavior of AA2014-T6 billets because of the
significance of the material in aerospace applications. The
bibliography reported on the top describes the influences of
stresses, workability criteria on the barreled specimens. The
reason for the failure due to tensile stresses near the equatorial
region, deviatoric stresses, and shear failures has been the
limitation in the previous studies. The billets were deformed
plastically till a small crack appears on the surface of the billet,
and the deformation was carried out further for crack propa-
gation. The failures due to various types of stresses have been
clearly explained for better utilization of the material and pro-
cessing conditions. The effect of anisotropy on the ductile
fracture has been analyzed, and the anisotropy factor was
modeled in constitution with the existing ductile fracture cri-
terion such as Gurson-Tvergaard-Needleman and Lemaitre
fracture criterion.

2 Experimental procedure

The aluminum alloy AA2014 procured from the supplier was
in T6 condition in its natural form. This aluminum alloy was
machined to different height to the diameter ratios. This is a
widely used material in aerospace applications and AA2014-
T6 has the ultimate tensile strength of 483 MPa and yield
strength of 414 MPa. This alloy has a hardness (RHN-B) of
82 and percentage elongation of 13 %. The solid cylinders of
different aspect ratios were used because the formability limit
for different aspect ratios upon upsetting.
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A series of solid cylindrical compression tests of different
aspect ratios, namely h/d=1, h/d=0.75, and h/d=0.5, were
conducted. The billets were reduced to different strain levels
in between two rigid dies using a 50-ton capacity universal
testing machine (Fig. 1). After each and every successive
stage of the deformation process, the following sets of results
were noted down as shown in Fig. 2.

Db is bulged diameter near the equatorial region of the billet
Dc is contact diameter of the billet
ho is the initial height of the billet
hf is the final height of the billet

The work hardening exponent (n) and work hardening co-
efficient (k) were determined using Eqs. (1) and (2) proposed
by Narayanasamy et al. [2] from the Ludwik equation.

σ ¼ kεn ð1Þ

n ¼ ln σm−σm−1ð Þ=ln εm−εm−1ð Þ ð2Þ

k ¼ σm−σm−1ð Þ=εnm−εnm−1 ð3Þ

where σ1, σ2,…, σm and ε1, ε2,…, εm are the instantaneous
values of true stresses and true strains, respectively. Depend-
ing on the state of stresses, the values of n and k are deter-
mined from the equations of Appendix A, Appendix B, and
Appendix C.

2.1 Effecting stress factors

To investigate the formability of the material, the material
plays a significant rule. Apart from the processing conditions,
the various types of stresses, namely hydrostatic stresses (σm),
shear stresses (τ), and deviatoric stresses, namely σ1

|, σ2
|, will

also influence the workability of the materials. The hydrostatic
stresses are responsible for the improving ductility of the ma-
terial, and the tensile nature of the hydrostatic stress promotes
fracture. The deviatoric stresses influence the shape change of
the geometry. While the deformation is going on, the shear
zones may develop because of the localized deformation of

the material. These shear zones will initiate minute cracks, and
this may lead to the surface fractures. On achieving higher
deformations, the geometry of the billet tends to barrel and
promotes biaxial state of stresses. The biaxial stress state,
which develops at the equatorial region, comprises the axial
stresses (σz) and hoop stresses (σθ) [14].

When the billets were reduced to different heights, the
crack initiation and propagation of the specimens were exam-
ined. The following equations were used to determine the
values of the deviatoric stresses, maximum shear stresses,
and hydrostatic stresses assuming biaxial stress state condition
which is responsible for the failure due to barreling of the
cylinders near the equatorial region.

Deviatoric stress σ1 ¼ σz−σm ð4Þ

Deviatoric stress σ2 ¼ σθ−σm ð5Þ

Hydrostatic stress σm ¼ σθ þ σzð Þ=3 ð6Þ

Maximum shear stress τmax ¼ σθ−σzð Þ=2 ð7Þ

3 Results and discussions

3.1 Work hardening behavior

It can be examined from Fig. 3 that the increase in the value of
the axial strain increases the value of the strain hardening
exponent (n). In general, the value of n which can be deter-
mined from the slope of the plot of ln(σ) versus ln(ε). The
instantaneous increase in the value of true strain also increases
the true stress. The rate of change of true stress with respect to
the true strain increases with the increasing deformation level.
This will affect the value of n, and the rate of change of nwith
respect to the axial strain was minor at lower strain and major
at higher strain values. A similar phenomenon has been ob-
served irrespective of all the aspect ratios and state of stresses.

The value of the strength coefficient depends on the values
of the true stress and true strain which in turn depend on the
load-stroke diagram of the billets. The increase in the load
increases the amount of stress and strain. At the beginning
of the process, the value of the stress is less, and it creeps as
the value of the strain increases. This makes a noticeable
change in the strain hardening exponent, and its value

Fig. 1 Billets of different aspect ratios (h/d) after upsetting to the fracture
limit
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increases with the increasing axial strain. Similar phenomenon
is examined for all the state of stresses and aspect ratios as
illustrated in Fig. 4. As explained by Baskaran et al. [1], the
strain hardening experienced by the billet changes with the
magnitude of the strain because of the factors such as material,
friction at the die/billet interface, and billet geometry.

3.2 Failure analysis

The increase in the strength coefficient increases the
brittleness of the material and reduces the formability
of the billets. After discussing the work hardening be-
havior of the billets, the stresses responsible for the

Fig. 2 Geometry of the billet a
before and b after deformation
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failure were investigated. Figure 5 illustrates the plot of
variation of hydrostatic stresses with respect to the ef-
fective strain. The value of hydrostatic stress is found to
be compressive till the material reaches the fracture lim-
it. At this stage of the process, the effective strain of
the billet corresponding to the aspect ratios h/d=1, h/d=
0.75, and h/d=0.5 are 0.91, 1.09, and 1.18, respectively.
This improves the formability of the material irrespec-
tive of all the h/d ratios. The reason behind the better
formability of the aspect ratio h/d=0.5 is because the
increasing h/d ratios lead to buckling of the material
at lower strains compared to the lower aspect ratios.
The compressive nature of the hydrostatic stress is ob-
served till the crack initiation. On further deformation,
the crack propagates and the hydrostatic stress tries to

become tensile in nature. Once the material starts crack-
ing, the load required for deforming the material to
higher strains decreases. This decreases the axial stress
and from Eq. (A8), it can be said that the tensile nature
of the hydrostatic stress has been increasing. This is no
longer carried away by the barreled specimen, and fi-
nally, the material fractures. The trend lines of Fig. 5
clearly explain this phenomenon.

The tensile nature of the deviatoric stress σ1
| can be

clearly examined in Fig. 6. It is tensile at the beginning
of the process and remained as tensile even after crack
initiation and propagation. The deviatoric stress σ2

| is
compressive in nature till the crack initiation and turns
to tensile slightly. This is because of the conjunction of
the tensile axial stress (σz) with the tensile hydrostatic
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stress (σm). The high tensile stresses near the equatorial
region influence the shape of the geometry irrespective of
all the h/d ratios.

The failure predicted based on the maximum shear
stress is plotted as Fig. 7. An increase in the amount
of the effective strain increases the value of the shear
stress. The crack starts initiating when the shear band
moves along the plane of dead zone. A further increase
in the level of deformation fractures the material at an
angle of 45°. The fracture is caused by the localized
shear band which fractures the billet at an angle 45°
as illustrated in Fig. 8.

The slope of the trend lines of Fig. 7 is increasing
with the increasing effective strain and tries to dip
slightly at the end of the deformation process. The
stress path followed by the billet depends on the aspect
ratios as illustrated in Fig. 8. With the increase in the
hydrostatic stress, the hoop stress is also increasing. A
diversion in the path followed by different aspect ratios

can be examined in Fig. 9. The point at which the
curve has changed the direction is the value of the hy-
drostatic stress and hoop stress at which the fracture has
initiated. An increase in the level of deformation de-
creases the magnitude of the axial stress, but still, the
hoop stress goes on increasing. The decreases in the
magnitude of the axial stress make the curves to turn
back, and the curves are also creeping up because of
the increase in the hoop stress.

Figure 10 illustrates that an increase in the axial
loading has increased the axial stress (compressive),
and the value of the axial stress turned tensile after
fracture initiation. This made the hydrostatic stress to
increase at the beginning of the process which has im-
proved the formability of the material and its tensile
nature made the billets to fracture irrespective of all
the h/d ratios.

As explained above that the tensile nature of stresses
near the equatorial region promotes fracture, a special
focus has been made on the diameter bulged due to
these stresses near the billet center. The increase in the
compressive nature of the hydrostatic stress has in-
creased the bulged diameter (Fig. 11). When the billet
has fractured, a small decrement in the hydrostatic stress
(tensile hydrostatic stress) has made a larger difference
in the value of the bulged diameter. This clearly indi-
cates the effectiveness of the hydrostatic stress on the
formability of the material.

Until the crack has initiated, the deviatoric stress σ2
|

is compressive and did not affect the shape of the ge-
ometry. As soon as the fracture has started, the value
has become tensile in nature. In addition to value of σ2

|,
the increasing value of the deviatoric stress σ1

| leads to
the bulging of the diameter at the center of the billet

Shear bands

Fig. 8 Formation of shear bands
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and distorting the shape of the geometry. This phenom-
enon depends upon the h/d ratios as illustrated in
Fig. 12.

At any stage of the process, with the increase in the
level of deformation, the diameter at the center of the
billet is going to increase. But the dependability of the
rate of diametral expansion with the increasing effective
strain depends on the tensile stresses near the equator of
the billet. When subjected to the same amount of axial
stress, the rate of change of bulged diameter with respect
to the axial stress is more in case of h/d=1 than h/d=
0.75 and h/d=0.5. The increase in the compressive na-
ture of the axial stress has increased the bulged diameter,
but it becomes more severe when the axial stress turns
tensile (Fig. 13).

3.3 Criterion based on void failure

The nucleation, elongation, and coalescence of voids
may cause fracture in ductile materials up on severe

plastic deformation. Based on the energy release rate,
Lemaitre et al. [21] proposed an Eq. (8) which gives
void failure.

Y ¼ σ2
eq

2E 1−Dð Þ2VD ð8Þ

VD ¼ 2

3
1þ νð Þ þ 3 1−2νð Þ σm

σeq

� �2
" #

ð9Þ

In Eq. (2), VD is the volume fraction of the voids, ν
is the poisons ratio, and σeq is the equivalent stress.
Based on the theory of continuous damage mechanics,
Gurson [22] developed an expression for the failure of
micro voids. Tvergaard and Needleman [23] modified
Gurson’s equation and developed a new yield function.
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ϕ ¼ σeq

σM

� �2

þ 2q1 f
*COSh

3q2σm

2σM

� �
− 1þ q1 f

*
� �2h i

¼ 0 ð10Þ

σM is the yield stress of the undamaged material. σeq
and σm are the equivalent stress and mean stress,
respectively.

Upon considering q1=1.5 and q2=1, Tvergaard improved
the solution accuracy of the yield function. The void volume
fraction f* is defined as

f * fð Þ ¼
f ; f o r f ≤ f c

f c þ
1=q1− f c
f f − f c

for f c≤ f ≤ f f

8<
: ð11Þ

where fc and ff are the critical void fraction and the void
volume fraction at fracture, respectively. The evolution

of f is a sum of the nucleation (fN) and growth (fG)
mechanisms:

f ¼ f N þ f G ð12Þ

The nucleation mechanism in this case is driven by plastic
strain:

f N ¼ Aεpeq ð13Þ

where εeq
p is the equivalent plastic strain rate; parameter A is a

scalar constant concerning the damage acceleration. It is esti-
mated by the following expression:

A ¼ f N
SN

ffiffiffiffi
2π

p exp −
1

2

εeq−εN
SN

� �2
" #

ð14Þ
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where fN is volume fraction of void nucleation particles, εN is
the mean void nucleation strain, and SN is the corresponding
standard deviation.

The growth of the micro voids can be estimated by

f G ¼ 1− fð Þεp ð15Þ

where εp is the strain rate of the plastic part.
Xue [24] replaced the void volume fraction f* with the

damage variable D and assumed that fracture occurs when
the quantity q1f*=D, Eq. (4) can be written as

ϕ ¼ σeq

σM

� �2

þ 2DCOSh
3q2σm

2σM

� �
− 1þ D2
� � ¼ 0 ð16Þ

Hill [25] proposed an anisotropic yield criterion based on
the von Mises criterion.

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
1 þ σ2

2−
2R

Rþ 1

� �
σ1σ2

s
¼ σeq ð17Þ

a)

b)

Elongated void 

Fig. 14 Cracked billet a experimental result and b SEM image of elongated voids

Table 1 Damage criterion for void models

GTN model Modified GTN model

ϕ ¼ σeq

σM

� �2

þ 2DCOSh
3q2σm

2σM

� �
− 1þ D2
� � ¼ 0

ϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
1þσ

2
2−

2R
Rþ1ð Þσ1σ2

q
σM

0
@

1
A

2

þ 2DCOSh
3q2σm
2σM

� �
− 1þ D2
� � ¼ 0

Lemaitre model Modified Lemaitre Model

Y ¼ σ2
eq

2E 1−Dð Þ
2VD Y ¼ σ2

eq
2E 1−Dð Þ

2 2
3 1þ νð Þ	 þ3 1−2νð Þ σmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2
1þσ

2
2−

2R
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q
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@
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where R ¼
ln

d f
d0

� �
ln

h0
h f

� � is anisotropy ratio.

Figure 14 illustrates the cracked AA2014 billet after
upsetting. The elongation of voids and failure due to
shear is also clearly illustrated in Fig. 14b. To examine
the effect of anisotropy factor R on the yielding of
materials, the Vonmises equivalent stress in the
Gurson-Tvergaard-Needleman (GTN) criterion and
Lemaitre criterion was replaced with the Hill-Vonmises
Eq. (17), and the modified equations are listed in
Table 1.

To analyze the formability of the materials for different
anisotropy ratios, the upsetting operation performed on differ-
ent materials and their corresponding R values and effective
strains were noted down in Table 2. It can be observed from
Table 2 that the increase in the strength coefficient has lowered
anisotropy factor and formability of the material. In order to
explain the effect of anisotropy on the formability of the ma-
terial, the effective strain (ε) at the instant of fracture has been
noted down by varying the R values. The effective strain at the
point of fracture can be calculated from the equation. The
value of the damage at the onset of fracture was evaluated
from the modified equations of GTN and Lemaitre fracture
models. The critical damage versus effective strain distribu-
tion plots for different anisotropy ratios were constructed as

illustrated in Figs. 15 and 16. It can be observed from Figs. 15
and 16 that the increase in the anisotropy ratio has increased
the effective strain distribution, and the critical damage has
also increased.

σ ¼ Kεn ð18Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
1 þ σ2

2−
2R

Rþ 1

� �
σ1σ2

s
¼ Kεn ð19Þ

4 Conclusions

1. The work hardening behavior of the billet depends on the
geometry and state of stress.

2. The crack initiation and propagation vary with the aspect
ratios of the billet and also on the mechanism of failure
when subjected to the same amount of strain.

3. The tensile nature of the axial stress and hydrostatic stress
promotes fracture for all the h/d ratios. The tensile nature
of the deviatoric stresses distorts the shape of the billet.

4. The material anisotropy plays a vital role in the upsetting,
and the increase in anisotropy ratio increases the
formability.

5. The constitutive modeling of anisotropy factor with the
GTN criterion and Lemaitre criterion successfully ex-
plained the influence of anisotropy on the formability,
and results are in accordance with the established
literature.

Table 2 Material upset till fracture with different anisotropy ratios and
effective strains

Material K n R ε

AISI 1040 carbon steel [26] 1320 0.226 0.33 0.81

Brass [27] 910 0.209 0.38 0.92

Al-6061-T6 [13] 561 0.11 0.5 1.22

AA2014-T6 720 0.22 0.42 1.13
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Fig. 15 Lemaitre damage
parameter versus effective strain
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Appendix A

Uniaxial state of stress

According to Abdel-Rahman et al. [28]

σz ¼ −σeff ; σr ¼ σθ ¼ 0

where σz is the axial stress, σr, σθ, and σeff are the radial, hoop,
and effective stresses, respectively

σz ¼ load

Ai
ðA1Þ

where Ai is the instantaneous contact area

True axial strain : εz ¼ ln
hf

ho

� �
ðA2Þ

where hf is the final height after deformation and ho is the
initial height of the billet

Hoop strain : εθ ¼ d f

do
ðA3Þ

where df is the final diameter after deformation and do is the
initial diameter of the billet

Hydrostatic stress σm ¼ σz

3
ðA4Þ

Appendix B

Plane stress state condition

According to Sowerby et al. [29], the state of stress under
plane stress condition is as follows:

Hoop stress : σθ ¼ 1þ 2αð Þ
2þ αð Þ


 �
σz ðA5Þ

Effective stress : σeff

¼ 1

2þ αð Þ

 �

3 1þ αþ α2
� �	 �0:5

σz ðA6Þ

where α is the Poisson’s ratio

α ¼ εθ
εz

ðA7Þ

Hydrostatic stress : σm ¼ 1

3
σθ þ σzð Þ ðA8Þ

εeff ¼ 2ffiffiffi
3

p 1þ αþ α2
� �0:5

εz ðA9Þ

Appendix C

Triaxial state of stress

According to Narayansamy and Ponalagusamy [30], the state
of stress under the triaxial stress state condition is as follows:
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Fig. 16 GTN damage parameter
versus effective strain
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α ¼ A

B
ðA10Þ

A ¼ 3σθ− σz þ 2σθð Þ½ � ðA11Þ

B ¼ 3σz− σz þ 2σθð Þ½ � ðA12Þ

where α is the strain increment ratio

α ¼ dεθ
dεz

ðA13Þ

From Eq. (12), the hoop stress is given by

σθ ¼ 2αþ 1

1þ 2α

� �
σz ðA14Þ

For axi-symmetric solids, it is assumed that σr=σθ.
As explained elsewhere [31], the effective stress is written

as follows:

σ2
eff ¼ σ2

1 þ σ2
2 þ σ2

3− σ1σ2 þ σ2σ3 þ σ3σ1ð Þ ðA15Þ

The expression can be written in terms of cylindrical coor-
dinates as

σ2
eff ¼ σ2

z þ σ2
θ þ σ2

r− σzσθ þ σθσr þ σrσzð Þ ðA16Þ

Since σθ=σr for cylindrical axi-symmetric upsetting

σeff ¼ σ2
z þ 2σ2

θ− σ2
θ þ 2σzσθ

� �	 �0:5 ðA17Þ

As explained elsewhere [31], the effective strain can be
written as follows:

εeff ¼ 2

3
ε2z þ ε2θ þ ε2r
� �
 �0:5

ðA18Þ
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