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Introduction

Interaction of different modes of heat transfer continues to be a
topic of interest because of its application in several areas, like the
cooling of electronic equipment. Vertical board mounted elec-
tronic components are cooled by the removal of the heat generated
in the components, with air as one of the promising cooling me-
dia. Zinnes [1] presented both numerical and experimental results
of the problem of interaction of conduction with natural convec-
tion from a vertical plate with arbitrary surface heating, and
showed that the degree of coupling between plate conduction and
natural convection in the finid is influenced by the plate-fluid ther-
mal conductivity ratio. Gorski and Plumb [2] numerically inves-
tigated the problem of conjugate heat transfer from a single dis-
crete heat source, flush-mounted in a flat plate. Here, the problem
was solved using the well-known Blasius velocity profile for lami-
nas forced convection as the input, and a cosrelation relating the
average Nusselt number to Peclet number, the heat source size
and the jength ratio was developed. Hossain and Takhar [3] nu-
merically investigated the effect of radiation on mixed convection
from a heated vertical plate with uniform free-stream and surface
temperatures. Cole [4] addressed, numerically, the problem of
electronic cooling, from the perspective of scaling, applied to a
steady viscous flow over a heated strip on a plate. However, the
results for the problem of conjugate laminar mixed convection
with surface radiation from a vertical plate with a flush-mounted
discrete heat source are not available in the literature. Hence, a
detailed numerical analysis of this problem is reported here.

Mathematical Formulation

The goveming equations for two-dimensional, steady, incom-
pressible, laminar, mixed convection from a vertical plate are
available in a number of references, e.g., Bejan [5]. The schematic
of the problem geometry, consisting of a vertical plate with a
flush-mounted discrete heat source, is shown in Fig. 1. The lefy,
top and bottom faces of the plate are insulated, while heat transfer
occurs from the right face, by convection (free and forced) and
surface radiation. The governing equations are first converted into
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vorticity-stream function (w-¢) form and are then normalized. As
the present problem involves ‘‘conjngate’ heat transfer, an “*ob-
vious’’ reference temperature difference does not exist. Hence, a
“‘modified’’ reference temperature difference is introduced as
AT =(q,Lyt'k;). The nommalized governing equations are
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Computational Domain

Based on an earlier work of the present authors, Gururaja Rao
et al. [6], the computational domain in this case is extended be-
yond the trailing edge of the plate by a length equal to that of the
plate (L), while the width (W) of the domain is taken equal to the
plate length.

Boundary Conditions

At the bottom, as the fluid enters with a uniform velocity, u.,. ,
and temperature, 7., (34/9Y)=1, =0 and ¢=0. Along the
plate, =0 and w=—¢*¢y/3Y>. Energy balance on the plate el-
ement, which is shown, enlarged, in the inset to Fig. 1, yields the
following equation for the plate temperature distribution, in the
non-dimensional form:

3 a8 ( T\*
E\Ti+y EF)Y (+A’,|A,2—s‘yNRF T_,() —1[=0. {4)
=0

Equation (4) is valid in the region that contains the heat source. In
the region outside the heat source, the term A ,‘A“:OA Energy
balance on the bottom and top insulated ends will give the appro-
priate equations, depending on whether or not these two ends are
part of the heat source. With regard to the extended length of the
left boundary, because of symmetry, =0, which means that
(8¢ X) =0, implying that & is a constant. Since =0 has been
taken along the plate, the same is used along the extended length
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Fig. 1 Schematic of the problem geometry (inset showing an
enlarged plate element)

of the left boundary also. The verticity, =0 here. Because there
is no hreat transfer across the extended length, (46/3Y)=0. On the
top, the fully developed condition, (#y/ 3X) = 0, has been used for
4. Since the domain is extended, w= 0. When U is positive, the
fully developed condition (96/0X)=0 is used for 4, and when U
is negative, 6=0. On the right, a mixed condition, (62 W oXaY)
=), is tmposed on ¢, while @ and 8 are each taken to be zero.

Method of Solution

The governing Eq. (1)—(3) are transformed into finite difference
equations using a finite-volume based finite difference method of
Gosman et al. [7] and are then solved using the Gauss-Seidel
iterative procedure. The details of the solution procedure are
available in Gururaja Rao et al. [6]. A hybrid grid system is used
for discretizing the computational domain, keeping in mind the
fact that the temperature distribution along the plate depends on
the height and the position of the heat source. Based on a grid
sensitivity test to be discussed in the ensuing section a grid size of
THIX 11T is chosen. The grid pattern used for a typical case is
shown in Fig. 2, which also shows all the boundary conditions.
All the calculations are done for air (Pr=0.71) and the range of
parameters used in the present work is listed in Table 1.

Results and Discussion

Grid Sensitivity Analysis. To study the effect of grid size
(MXN) on the solution, a case with ¢,=5X10° W/m’, 4,
=0.4375, k=025 W/mK, £=045, Re;=1275, and Rif=2 is
considered, and the results are shown in Table 2. The analysis is
made in two stages-first with M fixed and then with N fixed. The
results of the former show that the difference in 8,,;, between grid
sizes 111X 111 and 111X 131 is 0.06 percent, while the difference
in E  between the same grid sizes is 0.62 percent. The results of
the grid sensitivity with N fixed show that the differences in 6,
and C_'/ between grid sizes 111X 111 and 131X 111 are 0.07 per-
cent and 0.54 percent, respectively. In view of the above, M and N
have both been fixed as 111. The nodal number 111 is considered
as the basis after some initial studies with various other numbers.

Joumal of Heat Transfer

oy

—=0,0=0
X
30
U>0,——=0and U<0,0=0
ax
200
@L)
175
y=0
©=0 g 1%
20
Z oo
ay
1.25
#
=
8
E 1.00
> (L)
073
¥=0
- 9 E
=N 0.50
§
6 (unknown) Z
0.25
000
0.00 0.25 050 075 1.00
Nou-dimensional horizontal (W)
distance, y/L
OIS
aY
w=0and 8=0

[WW)=1,L=0.10m, L, =00125 m, L, = 004375 m

Fig. 2 Grid pattern used for a typical case along with bound-
ary conditions

Validation

The fundamental difference between the boundary conditions
for laminar mixed convection from an isothermal vertical plate,
e.g., Gururaja Rao et al. [6] and those used in the present work is
the temperature variation along the plate. In the former, the tem-
perature was considered uniform along the plate, while here, the
temperature varies along the plate, provided with a heat source,
due to multi-mode heat transfer. Thus, the validation of results for
the entire mixed convection regime, provided in Gururaja Rac
et al. [6] with reference to both numerical and experimental re-
sults available in the literature, will ensure the accuracy of the
present results.

Table 1 Range of parameters [L=0.10m, t=0.0015m, L,
=0.0125 m]
Paramcter Unit
10° < gy < 10° Wim®
0gA;)<] -
025<k <! WmK
0<y<10 -
0< Npr < 1000 =
0055£50.85 -
80 < Rey < 8000 -
0.1 <R <25 -
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Table 2 Grid sensitivity analysis [L=0.10m, L,=0.0125m, ¢
=0.0015m, L,=0.04375m, q,=5X10°W/m?, k,=0.25WmK,
£=0.45, k,~0.0291 W/m K, Re,;=1275 and Ri} =2]

Stage Grid size By Percentage | Cp(soml) | Perventage
(MxN) change {abs.) change (sbe.)
B RS TT T ) E 00622 -
()M =111, Nvadied | 111x111 | 1.0348 078 0.0648 026
11Ix13r { 10355 006 0.0644 062
91x111 10357 0.0652 -
()N =111, Mvaried [ 111x111 1.0348 0.09 0.0648 057
1831 1.0341 0.07 0.0644 0354

The results of the present problem are also tested for mass and
energy alance. For this, a typical case with ¢,=10° W/m®, k,
=0.25 WmK, £=0.85,Re;=2500, and Ri; =1 is taken up. As
many as 13 different positions for the discrete heat source (0
<4,=<0875) are considered. The mass and the energy balance
are found satisfactory within = 0.007 percent and = 4.02 percent,
respectively.

Variation of Maximum Plate Temperature (4,,,.) With
Other Parameters

Figure 3 shows the variation of 8,,, with non-dimensional heat
source position (4,), for two values of u,. (Ri}=25 and 0.1) and
two values of surface emissivity (= 0.05 and 0.85), for the case
with ¢, = 10° W/m® and &,= 0.25 W/m K. It is clear that there is a
sharp increage in fy,y from 4, =0 to 4,=0.125 and again from
4,=0.825 to 4,=0.875, with a considerably slower increase for
4;=0.12510 0.825. As Ri}* decreases from 25 to 0.1, the amount
by which 8, increases between the positions 4,=0.125 and
A =0.825 also increases. In the case considered here, the increase
in 6, between 4,<0.125 and 4,=0.825, for Ri}=25 and &
=0.85, is only 2.8 percent, while that for Rif =0.1 is 14.4 per-
cent. The #,,,, decreases with increasing Re; (or decreasing Ri}),
for a given 4. The figure shows that the best position for the heat
source is 4, =0 (leading edge of the plate), while the least advis-
able position is 4,=0.875 (heat source ending on the trailing
edge) for all values of Ri} and . For example, for Rif =0.1 and
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Fig. 3 Maximum non-dimensional plate temperature with

maodified Richardson number and surface emissivity for vari-
ous positions of the discrete heat source
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£=0.85, f,, increases by as much as 51 percent as the heat
source shifts from 4,=0 to 4,=0.875. Further, 6,,, decreases
with increasing e for a given Ri} . The effect of & on 6,,,, is more
pronounced in the free convection dominant regime than in the
forced convection dominant regime, which is consistent with the
findings of earlier studies on natural convection-surface radiation
interaction in enclosures, ¢.g., Dehghan and Behnia [8].

Heat Transfer Characteristics

Figure 4 shows the contributions of convection and radiation,
plotted against 4, for two values of Ri} (25 and 0.1) and two
values of & (0.05 and 0.85), for the case with g,= 10° W/m’, k,
=0.25 W/m K. A notable feature is the behavior of the two curves
drawn for Rif =25 and £ =0.85. It is seen that the contribution of
convection decreases from 45 percent for 4,=0 to about 41.5
percent for A, =0.05, but from then increases monotonically to a
maximum of 65 percent for 4;=0.875. An exact *‘mirror image’’
variation is noticed for radiation. The two curves cross each other
for A, =0.625, implying equal contributions from the two modes.
The contribution from radiation decreases continuously from the
free convection limit (Rif=25) to the forced convection limit
(Rif =0.1), for a given &. For Ri} =25 and £=0.85, radiation is
significant with maximum and minimum contributions of 58.5
percent and 36 percent, respectively, depending on the position of
the heat source. Even for Rif=0.1 (and the same &= 0.85), radia-
tion plays a key role with maximum and minimum contributions
of 30.5 percent and 18.3 percent, respectively. Convection is the
dominant mode of heat transfer for a good reflecting surface (e
=10.05). For the case of the heat source located at the center of the
plate, for Rif =0.1 and £=0.05, convection takes away as much
as 97.6 percent of the heat, while the radiation contribution is only
2.4 percent. The contribution from radiation increases with &, with
2 proportionate decrease in convection. For Ri}f =25 and 4,=0,
radiation contributes about 6.1 percent for £ =0.05, while, for &
=0.85, there is more than nine fold increase to 55.1 percent.

(1) Ri,’ =25 and (D Ri = 0.1

q,= 1 W', k, =025 Wim Kl

Percentage heat transfer due o convection

and radiation
g

0 T r—TT }
00 01 02 03 04 05 06 07 08 09 10

Non-dimensional position of the heat source, L/L

~Or (1) Convection, £ = 0.05
—@— (1) Radiation, ¢ = 0.05
=3~ (1) Convection, ¢ = 0.85
- (1) Radiation, ¢ = 0.85
=B (2) Convection. € = 0.05

~&~ (2) Radiation, ¢ = .05
¥ (2) Convection, € = 0.85
~¥— (2) Radiation, ¢ = 0.85

Fig. 4 Percentage heat transfer due to convection and radia-
tion with modified Richardson number and surface emissivity
for various positions of the discrete heat source
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Effect of Thermal Conductivity of the Plate

The thermal conductivity of the plate (k) is present in AT,
which, in turn, is present in Gr} , Rif , and Ngg. Thus, k, alone
cannot be varied by setting all the three dimensionless variables,
Gr} , Bif, and N, for a given g, . However, keeping all the
primary variables fixed and letting k, alone vary (0.25, 0.5, and 1
W/m K), the dimensional maximum plate temperature ( 7,,,,) is
calcufated for a representative case with g,=10° Wm®, u,
=0.25nvs, T,,=25°C (298 K), £=0.45, and 4,=0.4375. It has
been noticed that T, decreases by 18.9 percent as k, increases
form 0.25 to I W/m K, in this particular case. This demonstrates
the importance of k, in the present problem.

Correlations
A correlation, having a correlation coefficient of 0.99 and an

error band of =5.8 percent, is evolved for §,,,, based on a large
set of 514 data, as

0.14 069( Ner | 0.51
=SL5181(1—4,) "y~ 1+g)™ "
Ornax ( 1) Y I NRF) { €)

X(l‘*’Ri?)‘ﬂHQRCiDHSA (5)

A correfation, having a correlation coefficient of 0.986 and an
error band of *6.1 percent, is developed for 4, as

N -191
RF ) (1+g)~07

- _ 025_,-0.89
0,,=54.4132(1—4,)" 2y (HNRF

X(1+Riz)70'179RCZO'“54 (6)

Two separate correlations are generated for C ' for two different
ranges of Rif , viz., 0.1<Ri}<! and 1<Ri}<25. The C, for
““low’’ modified Richardson number range (0.1<Ri}<1), based
on 245 data, having a correlation coefficient 0f 0.992 and an error
band of *4.6 percent, correlated as

_ N -038
C/;G‘S'/lQ(IAA[)0,03,)/'0.08( Lag ) (1 +g)700s

1+ Ngr

X (1+Ri})"#° Re; "7 W)
The correlation for C-'  for “‘high’’ modified Richardson number
range (| <Ri{$25), based on 196 data, having a correlation co-
efficient of 0.99 and an emor band of *£5.4 percent, came out as

_ ) Nar -025
C,~:-38.155(1~A,)019)* 0.47(___) (1+g)~ 05

1+ Nge
X ( 1+ Rjr)n,ws RC;0792. (8)

Calcufation of Forced Convection Friction Coefficient
Component

Equations (7) and (8) give the sum of the free and forced con-
vection components of the mean friction coefficient. Of these,
only the forced convection component requires the power input
(pumping power), through a fan or blower, for maintaining the
flow. The free convection related flow, results from buoyancy, and
hence dacs not need any pawer input. Now, the point of interest is
to obtain C, (forced) from the comrelations for the total C evolved
above. For this, the present problem is solved for two typical
cases, for as many as eight values of Ri} covering the entire range
0.1<Ri}<25 in each case. The problem is solved first as such
and lates with 8=0 (no free convection), which, respectively,
gave the values of C, (total) and C, (forced). From these, the
values of C / (free) are obtained. The percentages of the two com-
ponents are plotted against Ri} , for both the cases, as shown in
Fig. 5, which reveals that Rif =0.1 and 25 could be taken as the
forced and free convection limits, respectively, with pure mixed
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from forced and free convection components

convection falling in the range 1 <Ri}<10. In view of this, it has
been decided to check whether 0.1=<Ri}<1 would serve as the
forced convection asymptote. To do this, 26 randomly chosen
data, covering the entire range (0.1<Rif<25), are generated
with 8=0 (no free convection). The values of 5 / (forced), thus
obtained, are compared with the values of C ' obtained by letting
Rif=0 in Eq. (7), and a very good agreement, with an error band
of *6.3 percent, is noticed. Therefore, 6’ [ (forced) for the whole
range of Rif (0.1<Rif<25) may be obtained from Eq. (7), by
simply setting Rif =0, as

NRF ) -0.8

~ _ 4 10.03.,-008
C [ forced)=6.8719(1 -4 )"y ( T+ Npr

X(1+B)~0_OSR520672. (9)

From the C ; (forced), the wall shear, the drag force and thus the
fan power input may be calculated.

Conclusions

The best position for the heat source is the leading edge of the
plate and the least preferable position is the trailing edge, as the
latter position increases 6, by 35—50 percent for the entire range
of Ri} . The 8,4, for the given values of ¢, and k,, decreases
with £ for any given Re; or Rif . However, the degree of decrease
of 6., with e decreases, as one moves from the free convection
limit (Ri¥ =25) to the forced convection limit (Ri} =0.1). Radia-
tion is found to play a significant role in the present problem. For
example, for £ =0.85, for Rij =25, radiation is found to contrib-
ute 3560 percent of heat transfer, depending on the position of’
the heat source. While, for the same £=0.85, for Ri?= 1 and 0.1,
the radiation contributions have been found to be 28—45 percent
and 18-30 percent, respectively. For a given Ri} (say for Rif
~1), convection is dominant, taking away as much as 90-95
percent of the heat generated, in the case of a good reflecting
surface (£=0.05), with radiation being insignificant. However,
the radiation contribution increases with  for the same Ri} and it
may be as high as 4550 percent, in the case of a good emitting
surface (£=0.85). Correlations are developed for 6, and 8,
along with two separate correlations for C‘/ for two different
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ranges of Rif. A method for evaluating the forced convection
friction coefficient component is provided, which helps in the es-

timation of the fan or blower power input required for maintaining
the flow.

Nomenclature

A, = non-dimensional position of the heat source,

(L,/L)

aspect ratios pertaining to problem geometry, (L/1),

(L/Ly,), respectively

mean friction coefficient, (2/Re;)f, f',( QUIFY )y —odX

modified Grashof number based on Z,

gBAT L /1?

g = acceleration due to gravity, 9.81 m/s?

H, W = height and width of the computational domain, re-
spectively, m

= thermal conductivity, W/m K

= length and thickness of the vertical plate, respec-
tively, m

Ly, L, = height and starting length of the discrete heat

source, respectively, m

A, A, =

e, =

6, =
Gr} =

M, N = number of grid points in horizontal and vertical
directions, respectively
Ngr = radiation-flow interaction parameter,
OT3AT o/ (ky /L)
P = pressure at any location, Pa
Pe, = Peclet number based on L, u..L/a
q, = volumetric heat generation rate in the discrete heat
source, W/m-
Q = heat transfer rate, W
Re; = Reynolds number based on L, u.L/v
Ri? = modified Richardson number based on L, (Gr}/Re?)

or gBAT L /u?
T = temperature at any location, K
free-stream velocity of the fluid, m/s

u = vertical velocity, m/s

U = non-dimensional vertical velocity, u/u.. or dy/dY
v = horizontal velocity, m/s

V' = non-dimensional horizantal velocity, v/u, or

—WAX
x, v = vertical and horizontal distances, respectively, m

A, Y = non-dimensional vertical and horizontal distances,
x/L,y/L, respectively
a = thermal diffusivity of the fluid, m?¥/s
B = isobaric cubic expansivity of the fluid, —(1/p)

X(8p/dT)p , K~ !

= modified reference temperature difference,
q, Ltk K

Ax = height of the plate element, m
AX = non-dimensional height of the plate element, Ax/L
& = emissivity of the plate surface
& = convergence criterion in percentage form, {({, .,
— {o1d ) Lnew] X 100 percent
y = non-dimensional thermal conductivity parameter,
koL/kt
v = kinematic viscosity of the fluid, m%/s
o' = vorticity, s
@ = non-dimensional vorticity, @'L/u,
p = density of the fluid, kg/m’
o = Stefan-Boltzmann constant, 5.6697X% 10 * W/m? K*
¥/ = stream function, m?%/s
¥ = non-dimensional stream function, ' lul
! = non-dimensional temperature, (T~ T.)/A T,
{ = dependent variable (¢, w, or 6) over which conver-
gence test is applied
Subscripts
av, max, p = average, maximum and local vafues of the plate
temperature, respectively
/, s = fluid and plate material, respectively
new, old = values of the dependent variable from present
and previous iterations, respectively
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