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Abstract—This paper investigates the problem of designing the
inverse of a linear periodic time varying (LPTV) system. Input
and output switching representations of LPTV systems are useful
in reducing the problem to that of designing the synthesis filters
of the uniform filter bank (UFB) for perfect reconstruction. We
use the fact that the cascade connection of the LPTV system and
its inverse has to result in a finite delay system. Our design aims
at minimizing the worst case error norm. This problem is solved
by minimizing the H∞ norm of the corresponding error system.
For the choice of FIR synthesis systems, the problem is modeled
as a standard Linear Matrix Inequalities(LMI) problem.

I. INTRODUCTION

Linear periodically time varying systems (LPTV) are an
important class of multirate systems having applications in
the areas including but not limited to blind channel estimation
[1], speech scrambling [2]. The task of finding the inverse of
an LPTV is an important requirement in many applications
like scrambled signal recovery [2] and equalization based on
modulation induced cyclo-stationarity [1]. So, the problem of
LPTV inversion has drawn a lot of research attention [3], [4],
[5], [6].

The output of the LPTV contains aliasing terms and LPTV
inversion is equivalent to alias cancelation [3]. The switching
representations of the LPTV gives better insight into the sys-
tem behavior. The alias terms in the output are quantified using
these representations. To design the inverse of an LPTV we
consider the cascade of two LTPV systems. First LPTV in the
cascade is represented by the output switching representation
and the second LPTV is represented with input switching
representation. Using the standard multirate building blocks,
we observe that the cascade is equivalent to an UFB [7]. The
analysis stage is directly related to the first LPTV whereas the
synthesis stage is directly related to the second LPTV. Now, if
the two LPTV systems are to be the inverse of each other then
the corresponding UFB should give perfect reconstruction.
This implies that if we design the synthesis stage for perfect
reconstruction, the problem of inverting the LTPV is solved.
But an attempt to reduce the UFB directly to an ideal delay is
not possible for an arbitrary analysis stage. Hence we adopt
a different approach, where in we minimize the worst case
error norm. The problem is converted to the standard H∞
optimization in the control literature [8]. For the choice of

FIR synthesis filters the problem is solvable using the LMI
tool box in MATLAB.

This paper is organized as follows: Section II contains
a brief review of the LPTV systems and their input and
output switching representations. In section III, the problem
of designing the inverse of the LPTV is reduced to that of
a synthesis filter bank design. In section IV, the problem is
modeled into an H∞ optimization problem. In section V,
an example to highlight the results is included. Section VI
contains the conclusions.

A. Notations

Capital bold letters are reserved for matrices. The z-
transform of x(n) is denoted by X(z). The modulo-M op-
eration is denoted by < . >M . The state space representation
of H(z) is denoted as H(z) = {AH, BH, CH,DH}

II. REVIEW OF LPTV SYSTEMS

In this section we review the basics of LPTV systems. The
switching representations and their corresponding multirate
equivalents are also discussed [9], [10].

A. Linear Periodically Time Varying System

A discrete time system is called a linear periodically time
varying (LPTV) system of order M , if a shift of M samples
in input produces a corresponding shift of M samples in the
output. For any discrete time linear system, the input-output
relationship is given by the generalized convolution sum [11]

y(n) =
+∞
∑

k=−∞
h(n, k)x(k) ∀n, k ∈ Z, (1)

where x(n) and y(n) are the input and output sequences
respectively. The kernel of the system is given by h(n, k),
defined as the response of the system to an impulse at an
instant n = k. For an LPTV system of order M , the kernel
h(n, k) satisfies the condition[7]

h(n+M,k +M) = h(n, k) (2)

The kernel is unique for a given linear system.
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(a)

(b)

Fig. 1. (a) Input switching representation of an LPTV. (b) Input switching
representation of an LPTV using multirate building blocks

B. Input switching representation of an LPTV

It is understood that the system behavior changes periodi-
cally. To understand it clearly, we present the input switching
representation. We define q(m, k) = h(m + k, k) which is
periodic in k for an LPTV system i.e.,

q(m, k +M) = q(m, k)∀m, k ∈ Z (3)

So, the input-output relationship of the LPTV system can
be re-written as,

y(n) =
+∞
∑

k=−∞
q(n− k, k)x(k)

=
M−1
∑

i=0

+∞
∑

r=−∞
q(n− rM − i, rM + i)x(rM + i)

(4)

We define,

xi(n) = x(n);< n >M= i

= 0; otherwise
(5)

A periodic switching operation on x(n) result in the se-
quences xi(n). So, the LPTV system can be represented as a
periodic switch at the input followed by a set of LTI systems
as shown in Fig. 1(a). The periodic input switching can be
achieved by using standard multirate building blocks as shown
in Fig. 1(b). The multirate building blocks zi, ↓ M, ↑ M
and z−i are used in order to realize the ith channel [12].
Here, the decimator followed by expander replaces the samples
other than multiples of M with zeros. The advance and delay
operators are chosen in such a way that (5) is satisfied in the
ith branch.

Now we proceed to the output switching representations.

(a)

(b)

Fig. 2. (a) Output switching representation of an LPTV. (b) Output switching
representation of an LPTV using multirate building blocks

C. Output switching representation of an LPTV

To obtain the output switching representation, we define
p(n,m) = h(n, n−m), which is periodic in n.

p(n+M,m) = p(n,m) ∀n,m ∈ Z (6)

Thus,(6) gives

y(n) =
+∞
∑

k=−∞
p(n, n− k)x(k)

=
+∞
∑

k=−∞
p(i, n− k)x(k)

(7)

The LPTV system can be represented by periodically switch-
ing among the outputs of a set of LTI systems, pi(n) = p(i, n)
as shown in Fig. 2(a). This output switching can be achieved
by using multirate building blocks as shown in Fig. 2(b).
As in the input representations, the multirate building blocks
zi, ↓ M, ↑ M and z−i are used in order to realize the ith
channel.

Using these switching representations we now show how
the cascade of two LPTV systems is represented by an UFB.

III. CASCADE CONNECTION OF TWO LPTV SYSTEMS AS

AN UFB

Let us consider an LPTV of order M , with an output
representation Pi(z), i = 0, 1, ...,M−1 as shown in Fig. 2(a).
Consider another LPTV that has an input representation
Qi(z), i = 0, 1, ...,M−1 as shown in Fig. 1(a). The switching
operation can be realized using the multirate building blocks
as shown in Fig. 2(b) and 1(b) respectively. By careful
observation we can note that the cascade zi, ↓M, ↑M and z−i

is equivalent to the cascade z−(M−i), ↓ M, ↑ M and zM−i.
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(a)

(b)

Fig. 3. (a) Cascade connection of two LPTV systems (b) Cascade connection
of two LPTV systems, equivalent to Fig. 3(a)

This cascade system kills the samples at sampling instant other
than < n >M= i. Thus the cascade of LPTV result in an UFB
with the i-th analysis filter ziPi(z) and the corresponding
synthesis filter z−iQi(z) and equivalently z−(M−i)Pi(z) as
the analysis filter and zM−iQi(z) as the synthesis filter. Thus,
the cascade connection of the inverse LPTV systems can be
represented as an UFB as shown in Fig. 3(a) and equivalently
Fig. 3(b).

To design the inverse of a given LPTV system we need its
output switching representation Pi(z). From this, we find the
respective analysis filters z−(M−i)Pi(z). Next we design the
synthesis filters for perfect reconstruction. From the synthesis
filters we obtain the input switching representation of the
required inverse LPTV. We can change the specifications
obtained to any other representation using the polyphase
decomposition [7]. For any given LPTV system we need the
inverse. Hence we try to minimize the worst case error norm.
This criterion reduces to that of minimizing H∞ norm of the
error system between the ideal delay z−d and the UFB.

IV. MODELING THE PROBLEM TO AN H∞ OPTIMIZATION

PROBLEM

A. State space model of the UFB

Let us consider an M-channel UFB as shown in Fig. 4(a).
By applying blocking and polyphase representations, the above
filterbank can be reduced to the error system Td(z), showed
in Fig. 4(b).

Here, E(z) is the M -input M -output(MIMO) LTI system
resulting from M -order type-I polyphase decomposition of the

(a)

(b)

Fig. 4. (a) An M-channel UFB (b) Corresponding error system

analysis filter bank H(z).

H(z) =
[

H0(z) H1(z) .... H(M−1)(z)
]T

= E(zM )
[

1 z−1 .... z−(M−1)
]T

(8)

where,

E(z) =

⎡

⎢

⎢

⎢

⎢

⎣

E00(z) E01(z) .. E0(M−1)(z)
E10(z) E11(z) .. E1(M−1)(z)
.. .. .. ..
.. .. .. ..

E(M−1)0(z) .. .. E(M−1)(M−1)(z)

⎤

⎥

⎥

⎥

⎥

⎦

(9)
For j = 0, 1, 2, ..., (M−1), Eij(z)s are polyphase components
of the ith analysis filter Hi(z).

Similarly, R(z) is the MIMO LTI system resulting from M -
order type-II polyphase decomposition of the synthesis filter
bank F (z).

F (z) =
[

F0(z) F1(z) F2(z) ... FM−1(z)
]

=
[

z−(M−1) z−(M−2) .... z−1 1
]

R(zM )
(10)

where,

R(z) =

⎡

⎢

⎢

⎢

⎢

⎣

R00(z) R10(z) .. R(M−1)0(z)
R01(z) R11(z) .. R(M−1)1(z)
.. .. .. ..
.. .. .. ..

R0(M−1)(z) .. .. R(M−1)(M−1)(z)

⎤

⎥

⎥

⎥

⎥

⎦

(11)
For j = 0, 1, 2, ..., (M − 1), Rij(z)s are the polyphase

components of the ith synthesis filter Fi(z).
D(z) is the delay system with an ideal delay d and is
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represented as,

D(z) = z−1

[

0(M−r)×r I(M−r)

z−1Ir 0r×(M−r)

]

M×M

(12)

where, d = lM + r +M − 1; l, r ∈ Z. 0m×n stands for zero
matrix of size m× n and Im×m stands for identity matrix of
size m.

Say, the state space representations of E(z),R(z) and D(z)
are given as,

E(z) = {AE, BE, CE,DE}
R(z) = {AR, BR, CR,DR}
D(z) = {AD, BD, CD,DD}

(13)

Then, the state space representation of the error system
Td(z) = D(z) − R(z)E(z) is given by [13],

Td(z) = {AT, BT, CT,DT} (14)

where,

AT =

⎡

⎣

AD 0 0
0 AE 0
0 BRCE AR

⎤

⎦

BT =

⎡

⎣

BD

BE

BRDE

⎤

⎦

CT =
[

CD −DRCE −CR
]

DT = DD −DRDE

For the allowed delay d, the state space matrices of D(z)
are available. Since the output switching representation of
the the LPTV under consideration is known, the state space
matrices of E(z) are also available. We consider synthesis FIR
filters are known length. Moreover, the length is considered
to be an integral multiple of M. In such a case, of the state
space matrices of R(z), AR and BR are readily available
without the knowledge of the coefficients of the synthesis FIR
filters. These coefficients occur only in the matrices CR and
DR. Thus, when approaching the problem with the criterion
of minimized H∞ norm, the matrices CR and DR are the
only variables, the remaining matrices being fixed. So, the
problem of designing the synthesis filters can be re-stated as
the following optimization problem.

Find matrices CR and DR to minimize |Td(z)|∞
Once we find out the matrices CR and DR, we can easily

extract the FIR synthesis filter coefficients from them.

B. Modeling into Linear Matrix Inequalities(LMI)

A discrete time system Td(z) = {AT, BT, CT,DT} has an
l2 induced norm less than or equal to α if and only if [13],

⎡

⎣

A′
TPAT − P A′

TPBT C ′
T

B′
TPAT B′

TPBT − α2I D′
T

CT DT −I

⎤

⎦ ≤ 0 (15)

Thus, our problem reduces to the following optimization
problem.
minimize α

subject to

⎡

⎣

A′
TPAT − P A′

TPBT C ′
T

B′
TPAT B′

TPBT − α2I D′
T

CT DT −I

⎤

⎦ ≤ 0

and P > 0
This is a standard LMI problem and can be solved by using
Robust Control Toolbox functions in MATLAB. For the opti-
mized value of α, the corresponding matrices CR and DR can
be obtained. The synthesis FIR filters can be extracted from
CR and DR. After we obtain the synthesis FIR filters, the input
switching representation of the inverse LPTV system can be
found out by delaying the synthesis FIR filters appropriately.
The relationship is given by the following equation.

Qi(z) = z−iFi(z); i = 0, 1, ...,M − 1 (16)

In the next section, we present a simulation example to
demonstrate the efficiency of our method.

V. SIMULATION RESULTS

We consider an LPTV of order 4, with the output switching
representation given by the FIR filters P0(z), P1(z), P2(z)
and P3(z) of length 15 which correspond to frequency bands
[0, (π/4)], [(π/4), (π/2)], [(π/2), (3π/4)] and [(3π/4), π] re-
spectively. These FIR filters can be obtained using MAT-
LAB’S fir1 function. The frequency response of these FIR
filters are given in Fig. 5(a). The analysis filters of the
corresponding UFB in Fig. 3(b) are given by,

H0(z) = P0(z)

H1(z) = z−3P1(z)

H2(z) = z−2P2(z)

H3(z) = z−1P3(z)

(17)

We perform H∞ norm optimization for perfect reconstruc-
tion on this UFB allowing a delay of 18 samples and taking
the length of the synthesis FIR filters F0(z), F1(z), F2(z) and
F3(z) as 24. The signal is reconstructed with negligible error
as shown in Fig. 6(a). The error is given by,

||y(n) − x(n− 18)||2
||x(n)||2 = 0.065 (18)

The input switching representation of the inverse LPTV
system is obtained by delaying the synthesis FIR filters
F0(z), F1(z), F2(z) and F3(z) that we have just designed.i.e.

Q0(z) = F0(z)

Q1(z) = z−3F1(z)

Q2(z) = z−2F2(z)

Q3(z) = z−1F3(z)

(19)

The frequency responses of Q0(z), Q1(z), Q2(z) and Q3(z)
are shown in Fig. 5(b).
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(a) — P0(z), - - - P1(z), ... P2(z), -.- P3(z)

(b) — Q0(z), - - - Q1(z), ... Q2(z), -.- Q3(z)

Fig. 5. (a) Frequency responses of the FIR filters in the output switching
representation of the LPTV (b) Frequency responses of the FIR filters in the
input switching representation in the designed inverse LPTV

VI. CONCLUSION

In this paper we presented a design method for the inversion
of a given LPTV system. We allow some finite delay in the
processing. Using the input and output switching representa-
tions the problem is converted into that of designing a UFB.
Our design criterion imposes no conditions on the LPTV for
inversion. The main advantage of our method is that we can
design inverse for any given LPTV system where as earlier
methods [4], [5], [6], [7] are imposing conditions on the
LPTV system for which we have to design inverse. We present
simulation results for an LPTV of order 4. The MATLAB
codes used in this simulation are available on e-mail request.
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