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Slow Steady Flow of an Idealized Elastico-viscous Liquid
through a Cone with a Source/Sink at the Vertex

By N. Cu. PATTABHI RAMACHARYULU

Durch Linearisierung wurden die Gleichungen gelist, die fiir eine idealisierte elustisch-viskose Fliissigkeit
von Oldroyd-Typ gelten, wenn diese langsam und stationdr durch ein konisches Rohr stromt, wobei sich in der
Spitze des Kegels eine Quelle bzw. Senke befindet. Die nicht-newtonschen Effekte werden ausfiihrlich unter-
sucht. Getrennt von einer rein radialen Stromung in gréferen Entfernungen, treten in der Nihe der Spitze
Gebiete zirkulierender Strémung auf.

Employing a linearization technique, the momentum equations and the general constitutive relations for
idealized elastico-viscous liguids of the Oldroyd type have been solved for the slow steady flow through a conical
channel with a source or sink at the vertex. The non-Newtonian ejffects have been discussed in detail. We notice
regions of circulatory flow near the vertex separated from a purely radial flow at large distances.

HpI/I IIOMOINM JIMHeapHu3allMi B TaHHON paGOTe pemarnTcA YpaBHEHUA OJA HIeaJdbHbBIX
9JIaCTUYHO-BA3KUX KUAKOCTEN Tumia Onnpoﬁna B TOM cCJy4ae, Korga 3KUAKOCTH MEIJEeHHO
U CTalhuOHapHO Te4yéT 110 KOHUYECKOil prﬁe, a B OCTpHMM HaAXOJUTCA HMCTOUYHHK MJMN CTOK.

IToppo6Ho uccnenylorcsas He — HBIOTOHOBCEUE adieKTH. BOJIM3N 0CTPUA BOBHUKAIOT 06JIACTH
UHPHKYJANUN T€UeHHA, KOTOPble HAXOHATCA HAa OOJBIIOM PACCTOAHUHM OT YHCTO PaTUaIbHOTO
TEeYeHHA.

1. Infroduetion

The equations of classical hydrodynamics are non-linear and in the case of general viscous
liquids, even the constitutive relations are non-linear. The non-linearity of these equations pre-
sents intractable difficulties in solving specific flow problems. However, some attempts have
been made to obtain solutions by approximating and truncating the equations involved. Recently,
Lanarors [2] proposed a technique of linearizing the momentum equations and constitutive
relations under the assumption that the steady state of a slow flow field is a perturbation from the
state of rest and that the flow variables are expandable in powers of a suitable small non-dimen-
sional parameter S, the smallness of which characterizes the degree of slowness of the flow. The
first order solution corresponds to the so called creeping flow of a Newtonian liguid, which we may
call as the primary flow. The second and higher order solutions give the effect of the nonlinear
terms and throw light upon the formation of secondary flows superposed on the primary one.
This method had been successfully employed by the present author in solving some non-Newtonian
flow problems: (i) Slow steady rotation of a sphere [6], (ii) slow steady flow through a tube of non-
circular cross-section under a constant pressure gradient [7], (iii) Slow steady helical flow through
an anulus [8]. The constitutive relations of the non-Newtonian model of our choice are the more
general relations (2.1) —(2.2) given by OLprOYD [5] for a class of idealized elastico-viscous liquids.
A similar procedure had been employed by LEsLIE [4] in discussing the slow steady non-New-
tonian stream past a sphere with 4, = y; and 1, = p, in the equations (2.1)—(2.2). The pertur-
bation parameter chosen by LESLIE depends on the relaxation time 4, one of the non-Newtonian
coefficients. The smallness of this parameter has therefore a strong restriction on the type of the
non-Newtonian fluid or on the size of the sphere in question.

In the present paper, we employ the linearization technique mentioned above to examine
the flow of an idealized elastico-viscous liquid of OLDROYD-type [5] in a conical region due to
a weak source or sink at the vertex. Such a problem has been discussed earlier by Laxgrors and
Rrviix {1] by neglecting inertial terms in the momentum equations for a class of slightly visco-
elastic models of the RIvLIN-ERrICKSEN type [9]. These authors obtained an approximate solution
of the problem by a different method, adopting the scheme followed by Laxcrois [3] in which the
non-Newtonian flow between rotating spheres is examined. But Laxerors and Rivein [1] in their
work neglected the inertia of liquid. They noticed a purely radial flow for a Newtonian liquid.
The non-Newtonian effect is a transverse velocity superposed on the radial flow in the meridian
plane. This effect is negligibly small at large distances from the vertex.

As the inertial terms are more predominant in the vicinity of the vertex, they have a strong
influence on the primary flow by generating a secondary flow even in the case of classical viscous
liquids. The structure of this secondary flow is of the same type as mentioned before and is com-
posed of two regions of circulatory motion touching the cone-wall in the case of source: fig. 4 and
one such region around the axis for a sink: fig. 9. Outside these regions, the flow is approximately
radial at large distances from the vertex. This observation is being supported by the conclusions
of RoBERT C. ACKERBERG [10] in discussing the flow of a Newtonian viscous liquid in a cone due



10 N. Cn. P. RamacHARYULU, Slow Steady Flow of an Idealized Elastico-viscous Liquid through a Cone

to a sink at the vertex. Such an effect is not noticed by L.aAxarois and RivLin [1] when their ana-
lysis is applied for a classical viscous liquid as they neglected inertial terms completely.

In our present investigation, the momentum and the constitutive equations have been taken
without any approximations and truncations. A perturbation parameter S is chosen, independent
of any of the elastico-viscous coefficients. We observe that up to the first order of S, the flow is
purely radial as in the Newtonian creeping flow. But when the second order terms are retained,
the radial flow is deviated due to the superposed secondary flow. Thus the effects of non-linear
terms is a secondary flow composed of both radial and transverse velocities in the meridian plane.
We observe that this secondary flow pattern is characterized by one or more loops near the wall
and/or near the cone-axis. This effect is predominant near the vertex only and at large distances
from it, the flow is purely radial coinciding with the creeping flow of a Newtonian liquid. As an
example, the flow pattern is illustrated in figs. (1)—(10) for various values of a certain non-
Newtonian parameter K and when the semi-angle of the cone is 60°.

2. Basic equations

OLproYD [5] considered a class of isotropic and incompressible fluids, with elastico-viscous
properties, characterized by a set of general equations of state, relating the stress-tensor 7;; and
the rate of strain-tensor E;; = (U, + Uy, ¢)/2:

(2.1) Tix = — P g + Siz
with
22) Sih 4 2y S g B S — g (8] B - S} E) vy VLS, gt

= 277 I:Elk + Az%ETJC — 2/12 E; E?k "I—' 1)2 Ele“ ng:l s

where U, is the velocity in the direction of the i-th coordinate X, ¢;; is metric tensor and P is an
isotropic pressure, 7 is the kinematic viscosity, 4,, 4, are the relaxation and retardation times and
Ho> 1> M2 ¥y, ¥ aTe constants having the dimensions of time T. These constants 4;, Ax5 po, t4, Has
5, ¥, characterize the elastico-viscous properties of the fluid and are restricted by the inequalities:

1
(2.3) g, > Oy Z —go'l .
where

3
Gq:ll'lq'i‘,uo(/"q—51’4)_;“1(4“«_%), ¢g=1,2.

Also D/DT indicates a total material derivative:
D 0

7 RBik — __ Rik Ul Bik 7i m k k i m
2.4 DTB aTB + U B% + W, B"* + Wk B
which following the typical element, takes into account the linear and angular motion of the ele-
ment measured by the velocity vector U; and the vorticity tensor: Wy, = (Ux,i — Uy )/2.

The equations governing the steady flow of an incompressible fluid, in the absence of exter-
nal forces are (2.5) together with the continuity equation (2.6)

(2.5) o UF Ul = o'F,
(2.6) Ei =0

¢ being the density of the liquid.

We consider the slow steady laminar flow of an idealized elastico-viscous liquid characterized
by the constitutive relations (2.1) —(2.2) in a right cone of semi-angle « with a source or sink at the
vertex. Let u, v, w be the physical components of the velocity in the directions of the spherical
polar coordinates r, 0, ¢ where r is the distance from the vertex, § = 0 represents the axis of the
cone and g is the azimuth. All the tensor quantities in the above equations are expressed in terms
of their physical components referred to this choice of spherical polar coordinates. We introduce
a stream function y defined by the equations:

1 oy —1 oy

U= sn6 a6’ V=Tsmo ar’

so as to satisfy the continuity equation (2.6).

2.7)
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The boundary conditions of the problem are
(2.8) u=0, =0, w=0
on § = a for all r and the condition of constant mass flux around the vertex:

(2.9) o [2mr?sin udd = Q
0

which is positive for a source and negative for a sink.
Following Lanaro1s [2], we take for slow motion:

(2.10) 0=2¢q
and assume that any physical quantity X such as velocity, pressure, deviatoric stress, stream
function etc., are expressed as

(2.11) X =EXD L g2X® L B8X® ...,

where £ is a suitable non-dimensional parameter characteristic of the slow motion. We assume that
& is sufficiently small so as to validate this expansion technique. This slowness parameter has
later been related to another non-dimensional parameter S by the relation (5.2) which has a phy-
sical bearing over the problem. These expansions (2.11) for all the flow variables in question are
substituted in the constitutive relations (2.1)—(2.2), the dynamical equations (2.5)—(2.6) and the
boundary conditions (2.8) —(2.9) and the coefficients of &, &%, £3. .. are grouped together. This
leads to the equations determining the flow in the Ist, 2nd, 3rd, . . . approximations respectively.
At each stage of the analysis, the system of equations form a linear set making explicit use of the
results of the previous stages. The equations in the first order are the same as those obtained for
a creeping flow of a Newtonian liquid (i.e., the equations for the STox=ss’ flow in which the inertial
terms are neglected).

3. First order solution

The deviatoric stresses in the first order are

3.1) SH =29 E})
for all i and k. The equations of motion now reduce to
oph n 0 ., 1 9ptH n 0

= N/ S eh = _ - 0 T pram
2,33 0 or Trsmoan ¥ O=—77%0 ~Tsmoar L ¥
and
3.4 0= v2wm — 2
(3.4) = VI ine g
where

02 sinf o 1 0 10 0 1 2 0

2 = _ - 2=__ " Ir2__ — " {si —
(3.5), (3.6) E—w+lew@mw» V—ﬂm@J+ﬂmwAm%»°
Elimating p® from (3.2) —(3.3), we obtain the equations for p®
3.7 EtgpM) =0
with the boundary conditions:

dyptD) dp®
= D S 1) = =
(3.82a) 30 , o 0, w 0 onf =aforallr,
(3.8Db), (3.8¢) lim ¥ =0 O, ) — pI(r, 0) = -
. » . oo r2 s 1/) ) 1/) ) 2 P @ -
The solution of the equations (3.4) and (3.7) can be obtained as
(3.9), (3.10) wV =0, P = — % (cos 8 — cos a)? (2 cos a + cos 6)
where
3q

@3.11) N—2759(1 —cosa)? (1 + 2cosa)’

Using these results, we obtain the pressure from the equations (3.2) —(3.3):

(3.12) p = 2

3Nr;7 (1 — 3 cos? §) 4 constant .
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We thus realize, in the first approximation, a purely radial flow field:

(3.13) u) = N 16) PO —0. wh =20
r2 4 s )

where

(3.14) f(6) = cos? 8 — cos?a

4. Second order solution

In this order of approximation, we have the deviatoric stresses:

2
2 —2qE® - agp oy 1 a2y 4 x0,

5 —u) N2
@1) | S =2nEfH — ’Lﬂ S IV e x@, B —2qED 4 X@

29 @A —pu) N?
S® — 2y E® +Lr6—”lA//', SP =2y ER, 59 =29 B,
where
27 @BA+2u — 6v) N2 vy N2 ,
(4.2) xo =<1 ,7‘{‘ T 1
and
(4.3) A=l —2s, p=W —ps, V=0 —.
Also, the acceleration components are
2 f2 .
(4.4) a£2’=—21:f5f, ay) =0, ap =0.
The equations of motion now reduce to
(4.5)
20 N2 f? 0 0 3 ZN
_ =0 p f =% [P® —XO] 4 ——— r2 S8 80E2 p@4 212 ’7 [24 f2 f2L2f [ 21 cot 0] -
N2 ! I
— T8 T+ 2/ + 2] cot O],
(4.6) 0= —a—ao[P(2)— mB%Ezw(z) nZN [18f4+2f"+ fcot0]f +
N2
+ B8 f 2/ + [ cot O] f
and
0 5, @) w2)
et = VI = gintg

in the directions of r, 6, ¢ respectively. Eliminating P® from (4.5) —(4.6), we obtain the equation
for p®:

4.8) Esy® =38

16,uN

2
]:7 (cos? @ — cos? ) sin? @ cos O + [(6cos?a — 1) — 5 cos?O]sin2fcosf.

The boundary conditions for (4.7)—(4.8) are

ay® | D@
@) - = @ =
w® (r,a) =0, ~5r ;o ) 0, 30 - 0,

4.9) @
lim ¥ (2r, 6)

r—>00 r

=0, Y3(r, a) — p3(r, 0) = 0.

Further, we notice symmetry of the flow about the axis of the cone. The equations (4.7) and
the first of (4.9) yield the solution

(4.10) w® = 0
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which shows that no flow is induced in the g-direction by the non-linear terms. The solution of
(4.8) can be expressed in the form:

8o N2 16 u N?

4.11) P = r F,0) + - Fy(9),
where F,(0) and Fy(0) satisfy the equations:
“4.12) (L -+ 2) (L + 12) Fy(0) = (cos? § — cos?a)sinZ O cos 6,
(4.13) (L + 12) (L + 30) Fy(0) == [(6 cos>« — 1) — 5 cos? 0] sin® 6 cos 0
with
2

(4.14) = %95 — cot Hd—(z .
The boundary conditions are
(4.15) F6) =0, Fi6 =0, (i=1,3) at 6 =0anda.

The equations (4.12) —(4.13) yield the solutions:
(4.16) F,(6) = sin? 6 (cos 0 — cos &) (3 — b cos? a -} 2 cos O cos «)/[288 cos «] ,
4.17) F(0) = sin? 0 (cos 6 — cos «)? - g(0)/{288 cos & - h(a)] ,
where
(4.18) g(6) = 21 (— 15 cos* « + 58 cos® &« 4 5) cos® § +

~+ 12 (105 cos* o + 140 cos® a + 46) cos « cos 0 +
4~ 567 costa + 372 cos?a — 95,
(4.19) h(a) = 105 cos* a — 42 cos?a + 19.

The pressure P® can be obtained by a straight-forward integration of the equations (4.5) to
(4.6). The stream function »® given by (4.11) together with (4.16)—(4.19), characterizes the
secondary flow superposed on the primary motion obtained in the first approximation. We thus
notice that the non-linear terms in the equations (2.1), (2.2) and (2.5) induce a secondary flow
only in the meridian planes. This flow is not prominent at large distances from the cone-vertex.

5.

The non-Newtonian effects are thus noticed when the terms of the order £2 are retained in
the equations of motion and the constitutive relations. Upto this order, the resultant stream func-
tion can be written as
G.1) p=E9D 4 E2y®
in which Q = & ¢ may be employed in eliminating & to which no physical meaning is attached hither-
to excepting that it is taken as sufficiently small so as to validate the perturbation technique.
However, to facilitate the comparison of the results with those in the Newtonian case, a non-dimen-
sional number S can be chosen which is purely dependent upon the kinematic viscosity # of the
liquid, a characteristic (geometrical) length L and also upon the agency responsible for the flow,
but independent of any of the elastico-viscous coefficients occuring in the constitutive relations.
This number S may as well be preferred to & as a perturbation parameter throughout the above
analysis. In our present case, we take the strength Q of the source or sink as this agency and con-
struct

(5.2) S=Q8anL =E§q87nL

which represents the REY~NoLDs’ number characteristic of the slow motion. We further assume
that |S| <€ 1 as a necessary condition for slow motion so as to validate the analysis, This would
give

(6.3) {7Q4J<871:7]

an approximate upper limit for the strength of the (weak) source or sink.
For analysing the result numerically, we introduce the following non-dimensional quantities
r*, K, ¥ defined by the scheme:

T (5.4) r=Lr* K=unllL?,
p=Q%/[27m0 (1 — cosa)® (1l + 2cos a)]
and express the non-Newtonian effects in terms of the parameter K.
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The flow pattern can be realized from the stream function ¥ in the non-dimensional form:

(5.5) ¥ = (cos 8 — cos oc)z[— (cos 0 + 2cosa) 4+

. Ssin® 6 3 —~bHcos?a 4+ 2cosacosf 2K g(0)
cosa (1 — cosa)® (1 4+ 2cosa) r* h(a) r*3 [}~

6. Observations

The stream function (5.5) shows that the flow at large distances is purely radial: divergent
in the case of a source and convergent for a sink. As the vertex is approached, the intertial and
non-Newtonian effect (contributed by the last two terms respectively in (5.5)), is to produce a velo-
city in the transverse direction. The stream lines (in the meridian plane) are therefore bent, from
the radial pattern either, towards the wall or the axis of the cone. Since these terms are of order
1/r* and 1/r*3, respectively, the non-Newtonian terms have a stronger influence near the vertex
than the intertial terms in bending down the stream lines.

The total flux across any arbitrary surface around the vertex

(6.1) 2 o [risin 6udd — Q[P (%, a) — P(*, O/ + 2 cosa) (I — cosa)?] = Q

which is independent of r*. Hence upto the order of approximation taken, (5.5) represents the
flow satisfying the kinematic condition of constant flux for a source/sink at the vertex.

The stream line ¥ = 0 is composed of two branches: the cone wall (§ = «) and the dividing
stream line in the axial plane represented by the curve:

(6.2)
2Kg(0) 3 —5cos?a +2cosacosf cosa(l —cosa)®(l 4+ 2cosa)(2cosa + cos ) _0
h(x) r*3 r* - Ssin2 6 -

This is the boundary of the region of circulatory flow near the cone wall. The intersections of this
line with the cone wall can be obtained from the cubic:

(6.3)
2K 3sin?a  3col?a
U, 6 4 % _ _ 2 — 0.
Ao 7% (945 cos®a 4 3465 costa 4 1029 cos? a —95) + = S (1 —cosa)?(1 +2cosa)
The stream line ¥ =¥, = — (1 + 2cosa) (1 — cosa)? is composed of the cone-axis

6 = 0 and the dividing stream line in the axial plane whose equation is given by

6.4)

2K g(0) 3 —5cos?a+2cosacosl . cosa (1 —cosa)®(1 +2cosa) (1 +cos + cos?0 —3cos?a) 0
h(a) r*3 r* S (1 4 sin 6) (cos 6 — cos «)?

which gives the boundary of the region of circulatory flow around the axis and its intersections with
it are obtained from the cubic:

4K

GO oY

(630 cos® & + 126 cost a -+ 840 cos® a + 795 cos? a + 276 cos « + 5) +

0.

(B+5cosa)(1 —cosa) , 3cosasin?a (l 4 2 cosa)

By varying the values of K and S suitably, the equations (6.3) and (6.4) yield one or more
real positive roots for any assigned value of a. We also note that these equations have two equal
positive roots when K takes two particular values K,(«, S)

Table 1 and K,(«, S). These are found to be negative when a =45°,
Values of K,(«, S), Ky(a, S) 60° (c.f: Table 1).
The flow pattern is illustrated by taking « = 60° for
& K,/82 K,/82 a source S= 4 .1 and sink § = — .1: figs. 1—-10.

Flow Pattern for a source: (S > 0). The curve
(6.2) meets the cone wall in no points, two different points or
60° —.1292 —.01933 only one point according as K < K,(«, S), Ky(x,8) <K <0

45° —.01119 —.5031
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\E
Fig. 1. Flow pattern when K = —1.0 with Fig 2. Flow pattern when K = — 0 001292 TFig. 8. Flow pattern when K = — 0.001 with
the source: § = + 0.1 with the source: § = - 0 the source: S = + 0.1
g,
I
If
Fig. 4. Flow pattern when K =0 (Newto- Fig. 5. Flow pattern when K = -}-1.0 with Fig. 6. Flow pattern when K= 1.0 with

nian liquid) with the source: §= +0.1 the source: S= +0.1 the sink: §=—0.1



16 N.Cs. P. RamacHARYULU, Slow Steady Flow of an Idealized Elastico-viscous Liquid through a Cone

or 0 < K respectively. Also when K = K,(«, S), the dividing stream line (6.2) hits the wall at
only one point. Further, the curve (6.4) meets the axis at one point only for K << 0 and in no
point when K = 0. Hence in the case of a source, the flow pattern (in the axial plane) near the
vertex consists of

(i) only one region of circulatory flow symmetrically placed around the axis when K < K;:
fig. 1,
(ii) one region of circulatory flow near the axis and two such regions near the wall when
K = K;: fig. 2,
(iii) one region of circulatory flow near the axis with the boundary passing through the
vertex and two such regions near the wall, but with boundaries not passing through
the vertex when K, << K <: 0 f{ig. 3,

(iv) two regions of circulatory flow near the wall with their boundaries passing through the
vertex when 0 < K: figs. 4 and 5.

Flow pattern for a sink: S < 0. The curve (6.2) meets the cone wall at only one point
for K< 0 and in no point K = 0. Further, the curves (6.4) meets the axis in no points, two points or
only one point according as K < K,(a, S), Ky(a, S) << K < 0,0r 0 = K. Also when K = Ky(x, S),
we get only one intersection. We thus have the flow pattern (in the axial plane) near the vertex in
this case:

(v) two regions of circulatory flow near the wall when K << Ky(x, S): fig. 6,

(vi) one region of circulatory flow round the axis and two such regions near the wall when
K = K,(a, S): fig. 7,

Fig. 9. Flow pattern when K = 0 (Newtonian liquid) with the sink: Fig. 10. Flow pattern gvhen K():l + 1.0 with the sink:
s 0.1 - 0.
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(vii) one region of circulatory flow round the axis whose boundary does not pass through
the vertex and two regions of circulatory flow near the wall with their boundaries
passing through the vertex when Ky(a, S) < K < 0: fig. §,

(viii) only one region of circulatory flow round the axis when 0 =< K: figs. 9 and 10.

The paths of the particles within these regions form closed loops which have a common
node at the vertex of the cone whenever the boundary of the region passes through it.
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