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On the Motion of an Infinite Cylinder
in Rotating ‘Non-Newtonian’ Viscous Fluid

The simple shear flow of pseudo-plastic and dila-
tant fluids is expressed to a considerable degree of
accuracy by the WABLE-OSTWALD's formula

du
(1) d—y— = 1"Upsu

where T is the shearing stress, du/dy is the velocity
gradient, up4y corresponds to the viscosity coefficient
and has the dimensions (mass)? / (length)” (time)2» — 1,
The parameter n occurring in the formula (1) is a
constant, denoting the rheological constant for the
fluid and is usually a non-integral quantity. In the
special case of » = 1 the relation (1) is linear and this
situation corresponds to the case of NEWwTONian
fluids. The flow is non-Newrtonian for other values
of n and is called pseudo-plastic if » > 1 and is called
dilatant if n < 1. The constitutive relation connect-
ing the stress and rate of strain components is non-
linear in these cases and a mathematical study of the
hydrodynamical properties of such fluids has been
initiated by Y. Tomrta [1] by adopting the law
(2) tij = — p O+ e
between the stress tensor #;; and the rate of deforma-
tion tensor e;; == (ui,j + uj,:)/2. Here p is a scalar
quantity which can be identified with the mean
pressure and 7 is an arbitrary scalar function of the
invariants of the rate of strain matrix e¢;;. For incom-
presgible fluids the first invariant [, =divg =20
and in plane motions the third invariant I; = det e;;
also vanishes. In [1] Y. TomiTa has shown that the
equations of motion for non-NEwronian fluids gover-
ned by the constitutive relation (2) can, under some
simplifying assumptions, be obtained by means of a
variation principle and this procedure gives an approxi-
mate method of solution of the problem of flow of
such fluids past bodies of different shapes.

In the present note we examine the two-dimensional
motion of an infinite cylinder in such pseudo-plastic
or dilatant fluids governed by the constitutive relation

(3) tij = — P 0ij + 2 puPy O eij
with
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and show that if a uniform rotation is imposed on the
whole system, the motion of the cylinder is not
altered. This property was first established for inviscid
fluids by Sir GEOFFREY TayYLor [2] and was later
shown to remain valid also in the case of viscous
fluids by W. R. DEAN [3].

Using the constitutive relation (3) we obtain the
equations of motion in the form
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We compare the two-dimensional motion of an infinite
rigid cylinder in rotating viscous fluid with a second

motion derived from the former by the addition on
the whole system of a rotation with constant angular
velocity w. If y, is the stream function of the first
motion with the velocity distribution u, = — oy,/9y,
v, = dy,/dx and mean pressure p, we have from (5a)
and (5b)
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At a point P of the boundary of the cylinder the
velocity of the fluid is equal to that of the cylinder.
In particular, we get

- 0
®) (Todn = (g, O = —
giving the velocity component along the outward
normal n to the contour of the cylinder, s denoting
the direction of the tangent to the boundary. We may
obtain the second motion from the first by the addi-
tion on the whole system a rotation about the origin O
with constant angular velocity w. The liguid particle
at the point (z, y) at time ¢ in the first motion is at
the same point in the second motion when referred to
rotating axes. The velocity and acceleration are
(&, %) and (%, §) in the former case and (¥ — w1y,
P toz), Z—20y — ®s, JT+2wd — 0y in
the latter case in terms of LagRANGian components.
If w, = — dyuféy, v, = dy,/0x are the (EULERian)
components of velocity in the second motion and
(fi» 91)» (fz» g2) are the acceleration components in the
first and second motions, we have
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The equations of the second motion are obtained from
{6a), (6b) on changing uy, v;, p;, Oy t0 Uy, Vs, Py O
where p, is the mean pressure of the second motion
and @, has the value
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From (9a), (9b) we see that @, = @, and obtain by
subtraction

1
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as in the case of inviscid fluids though the present
relations are between the mean pressures. If (;.); ,
(tsyh> (tyy); are the stress components in the first
motion we have

. duq
(tga)y = —pr + 2 M%)/?u 61 e
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(tey)y = 2, O (9—y + %)
ov
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If 0 denotes the angle between the outward normal »
to the cylinder and the z-axis, the components of the
force exerted on an element ds of the boundary L
of the cylinder in the first motion are

{(tez); €08 0 4 (tpy)y 8in 0, (tgy); cos 0 -+ (fyy), sin O} ds

per unit length of the cylinder. In view of the rela-
tions

(tra)e = (txah — (P — P1)»
(tyy)a = (byy)r — (P2 — P »

we find that the differences between the two stress
systems arise only from the difference in the mean
pressures. If (F}, () is the force exerted on unit length
of the cylinder and H,; is the moment of the liquid
pressures about the mass-centre of the cross section
of the cylinder in the first motion and F,, G,, H, denote
the similar quantities in the second motion, we have

Fy— Fy = — f(pz—'pl)tly
L
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G — ¢ = f(pzfpl)dx
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Hy — Hy= [ (p2 = P [y — ) c0s 0 — (& — ) sin O] ds,
where (%, ¥o) is the mass-centre of the cross section.

The evaluation of the line integrals is exactly similar
to the case of inviscid fluids (cf. [2], [3]) and we obtain

(13) Fo—Fy=—pd(0Pmy+ 201,
(14) G —G=—pd4(0?y—20%),
15)  Hy,— H, =0,

where A4 denotes the area of cross section of the cylin-
der. We thus see that the forces due to the stresses
on the cylinder in the second motion are the resul-
tant of the forces that act in the first motion and a
force :

(—ed oz, — 2040, —gdoty + 2040

thus confirming that TayrLor’s result for inviscid
fluids holds also in the case of pseudo-plastic and dila-
tant fluids. ‘
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Hydromagnetic Couette's Flow with Suction
and Injection

1. Basic Equations and their Solution

The problem of the flow between two parallel plates
has been investigated by the various authors. In
hydrodynamics it was first successfully attempted by
CouerTE. Later HARTMANN and Lazarus[1] in
1937 investigated it under a transverse magnetic
field. REGIRER [2] has attempted the same problem
for variable viscosity. Recently A. S. Guera [3]
has studied the PoiseuiLLk flow including suction
and injection and under a transverse magnetic field.

In this paper the problem has been investigated for
the case when one plate is moving parallel to itself
with a constant velocity while the other is at rest.
Here u, v, ¢ and o denote the magnetic permeability,
kinematic viscosity, density and electrical conducti-
\Li)ty of the _)ﬂuid respﬁctively and T;(ux, 2, 0),
H(Hg, H), 0), E(0,0,E,), J(0,0,J;) stand for fluid
velocity, magnetic field and current field vectors, p
is the pressure and T is temperature at a point.
Let z-axis be parallel to the plates and y-axis normal
to them. It is assumed that an external magnetic
field H, is acting normal to the plates i. e. along y-axis
and the fluid is being injected at a constant velocity
at the lower plate and is being sucked at the same rate
at the upper plate. It is also assumed that the motion
is steady therefore all the dependent variables are
independent of ¢ and are function of y only except p.
We take the pressure gradient along z-axis i. e. op/ox
to be a constant. Subjected to these assumptions
basic equations are reduced to
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Integrating equation (2) we find that

v HE

(4) P -+ =g = const.

This shows that the sum of hydrostatic pressure and
magnetic pressureis constant through out the medium,

Now we transform the equations to non-dimensional
form with the help of relations:

Hy=HH, uz=wuu, v=mu, y=unk,
By=4nopuy L,
_ ug L ra
= , M= .
(5) R ” wHy L 27 and
L op
=g
We get
du 1 d?u M2 dH
. m* _py 1w aid
(6) " dn TR dn? TR Ry, dn’
™ du  dH 1 @*H '

dy =" Ay T By g
Eliminating % between (6) and (7) we obtain,
d*H d?H

®) G B+ Ba) o
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The solution of this differential equation is

P R Ry,

) H=clean+czeﬁn—m~mn+cs,





