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Flexure of a Beam of Curvilinear Polygonal
Section

Introduction

Recently L. M. Mr~nE-THOMSON [1] has developed
complex variable techniques to obtain the solution
of flexure problem of beams of different cross-sections
which can be mapped conformally onto the unit circle
in the {-plane. Expression for the required single
flexure function @(z) can be obtained by using
Cavcny’s theorem. The torsion function, the shearing
stress and the centre of flexure can be determined
very easily. Solution of the flexure problem of beams
of the following cross-sections are obtained by L. M.
MiLyE-THOMSON: (a) Circle (b) Cardioid (¢} One loop
of BERNOULLIs Leminscate.

In this paper complex variable methods developed
by L. M. MiL~xeE-TroMsON have been employed to
obtain the solution of the flexure problem of a beam
of curvilinear polygonal cross-section.

Let us suppose that the beam is of homogeneous
material bounded by planes normal to the generating
lines. One end of the beam is fixed and at the other end
say R = Lthereisatransverse force applied. Thelateral
surface of the beam is free of applied force and the
body forces are neglected. The transverse force W
applied at the end of the beam R = L is supposed to
be applied by a distribution of shear stresses with
components Zzy,, 7z, parallel to ox, o y. This shear
system is equivalent to forces W, and W, through
(0,0, L) and a moment M about o R, where

IV;;——‘J'@L(ZS, IVy:‘]‘?/-E’],ds,} (1)
M= (G2, —y TR ds T
The integrals are to be evaluated over the area of the
cross section of the beamm R = L. Suppose the load
is applied in such a manner that the stress components
%%, 4§, zy vanish and then the non-vanishing stress
component z 2 is given by the formula
+hzt2n)

D= (R L) (),

and the shears Tz and 72 can be determined from the
formula

— o —

— g =[P —pz-—qr—rzz] (3),
where
r=xtiy,z2=x—iy, E=2u(l+79) 4),
(Youna’s modulus)
P=Wy+iW, . . . ... (),
Zo=zg+1tyq . . . . . . . (6}

g, Yya are the coordinates of the centre of gravity of
the cross section.

S=[ds, 2¢g8S = [zds . (D),

p=iv—3(+n e+ . . ®)

1= p(U+20)p . L),

2r =g . . . (10,)

27 = — (% + B 26) .,
B=(A4+ B P—(B—A+2iH)P[2E(4 B—H?
(12),

A4 +B:——%j (E—za)® (z — 2g) dz  (13),
B—Amziﬂ=%f(z-za)2(z—zg)dz (14).

®(z) is the required complex flexure function which
can be determined from the integral equation

)
nt ) 0—¢

v

p() w'(l) = do . . . (15),

where ¢ is a point inside the unit circle y in the {-plane
and

D(z

~

= O(wl) =& . . . . (16)

z=w(l) . - (17,

is the mapping formula which maps conformally the
cross-section of the beam under consideration onto
the unit circle |C [ < 1and

H(o) = w(@) w'(o) [p + quio) + rw@)]
+ o2 w(a) w'(0) [p + qu(o) + Fwlo)] (18).

Determination of Displacements

The displacement components u, v, w can be deter-
mined from the formulae

1 =
= — g X
U—1iv = 6/3(R L)

—(R*L))n<%ﬁiz+n§>+ir2} 19),

1 ) 1 _
szef(I)(z) dz—z—rzzz—z—rzz2—§rlzz

+ 4 (R—Lp Bzt 7+ 2n)

where Re denotes the real part.

. (20),

The Centre of Flexure

The rotation about oR is given by the formula

1 . - 3
Q=5 @®R—-D[2r —inBz—Fa] @,
and the local twist is given by the formula
082 1 . = 5
ﬁzr—?zn(ﬁz—ﬁz) . (22).

For the case of torsion § = 0 and 7 is the twist per
unit length. In the case of general flexure 8 is not
equal to zero, there is usually torsion accompanying
flexure.

Expression for the Moment

If M is the moment of the applied load with respect
to 0y, then

- 1 1 _
My =5ReK+71+ o(l—2n) (T +4J)

(23),
where
I :——% fw(a w'(0) do . (24),
¥y

J :fw(a) w(o)® w'(c) do . (25),

7
K = [ w(o) w(e) Hy(o)do . . (26).

v

If B = 0, then ¢ = = 0 and we easily obtain

K =1 [ w(o) w(o) fy(0) do . (27,
Y
where
o) = 5= f w(::)l” ia) do . (28).

Y
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Conformal Transformation
The mapping funktion
2= w(l) =wlped =cl[(1 +mlir) (29),

¢>0, =2 —1=Zm(n—1) =1, maps confor-
mally the cross-section of the beam on to the unit
circle ]Z = 1. Using the relation (29) in the formulae

(7), (13), ( 4), (24), (25), (27) and (28) we obtain the

fo]]mnng results after simplification

8 = —%i [ w(o) w'(c) do
¥
=mcd[l 4 m?(n—1)J/1 —m22 . . (30),
28 = *%i j w(o) w(o) w'(s) do =0  (31),
v
A+ B= ~—£ fw(o')2 w(o) w'(6) do
¥

et
== (14+2m*n+m{n—1)] (1—m?)* (32),
B—A—zz’H:%i f[w(a)]“’mw’(o)dazO (33).

Hence H =0, A + B = I and

A=B= 7—?{: 142min+mt(n-—1](1—m?)™1 (34),
J = fw(a) w(o)® w'(c) do = 0 (35),
b d
1 w(o) w )da
o) = 5= f a—c
¥
= ic¢2[(1—m?) (1 + m{n) + Const. (36)
and
K =1 Jw(o)w(o) folo) do = — 27t ctm2n/(1 — )t
’ (37).
From (8), (9), (10), (11) and (12) we find
p=iv, —(14+2mp, 2r=4, r=0 }
f=4W(1l—m?|nEc{l+2mn-+mt(n—1)
(38).
Let us take
P=W,=1W, then = . (39).

From (29), (18) and (15) we obtain after integration
the expression for the complex flexure function in the
form

’ . 62_ . o . *_C_
w(C)w(C)—C(I_HnZn)(eryC)
N y{l_—}:_m_(_l_tn)C}Hc_z(p_*_p)

(l Cn)s
+yEmi(n—1)+ o [ {1 m(n— )C"_]}

(14-m2")?
a,—
“c{cz m("—1>c”“2}+ac}~§—2(y+q)
+p 02[ (R ymbt
Byykey=1,2,...,0

x {Cn(lc,-—kl)—l —m(n—1) kel —1) + 1}]

(=1 Rl 4 1) (R - 1y mlFe R0

ko ky=1,2,...,a
) ARk =2 g gy the—kt 1)_2}}

yed (—1)ks o (kg+1) (kg-+2) MOEN S
ks ko= 1,2 , & 2

+qva[

Zyenn

% {CN (I‘V“_‘}K“')—"])L (n—l) Cn (g — ks + 1)}_,

+i)cz[ P .

fote=1,2,...,a

(,_l)tl +ty m(tx +4;) é‘n t—1)—1

— N 2 (_1)t1+tz (tl + l)m(tl“'tz)cn(tz"“tl— 1)— 1]

+q¢ [ D R MR S
tate=1,2,...,a

—mn 3 (—1)ets (t4+1)(t3+l)m(r4+ta)cn(t,~ta>—1]
trel &

f5.06=1,2,...,8

(___1)’5 + nl('s +1) cn([e'—l's)—z

—ng‘(—l)’f“«(fﬁl)(t5+2)7;;“5“0:""-“'5*”+2]

(40),
where
ky—Fk >0, nky—k —1)>1
n (ky —ky) > 2 nlky—ky +1)>2
ke —k; >0, ke —k +1>0, }(41).
n(t,—1t) >1, n(ty—t —1) >1,
ty—1t; >0, 14——t3—1>0,l

n(lg—1t)—2>0, n{tg —t; —1) +2>0

Calculation of the Stress Components
Substituting (29) in (2) we find
52 = E(R —L)Bpccos 6 + mg" cos (n—1) 6]
x [1 4 2mp*cosn b 4 magzn]“1 .. (42).

The expression for the shears 72 and 22 can be deter-
mined from (3), (29) and (40).

Determination of Displacements

Using (29) in the formula (19) we obtain after
simplification the expressions for the displacements
in the form

u=—%—ﬂ(R~L)3—(R~L) -;—nﬁgzcz{cosﬂﬁ

4+ m2p*"cos 2 (n—1) 6+2m " cos (n—2) 6} D2

+7pc{sin 6 —mgnsin (n—1) 0}0‘1}. . (43),
v=(R—1IL) 17/39 ct{m%p*"sin 2 (n—1) 6

+ 2mg"sin (n —2) 6 — sin 2 6} D2

+1Q c{cos 6 +m g'cos (n—1) gy D1 (44),
where

=(1-+2mg"cosn 6 + 7)1292") . . (45).

The dlsplacement component w can be determined
from (40), (29), (31), (38) and (20).
Centre of Flexure
From (29) and (21) and (22) we easily obtain

Q= (B—TIL)[r—nppc (sin @ —mp"sin (n—1) §) D —1]
(46),
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TR (local twist)

=1—nflpc (sin 6 —m " sin(n—1) ) D1 (47).

Expression for the Moment

Substituting (37), (32), (35) in the formula (23) we
casily obtain

Mutl=atcd[l +mdé(n—1)]/2Q1 —m?)* (48),

which agrees with the result obtained by W. A.
Bassaw1 [2].

When the cross-section of the beam is an inverse
of an ellipse write » = 2 and m = 1/4 (say) in the
above formulae and we obtain

ZZ2=E (R —L)fpccos 0(1 4 0,250% D7t
1 1
w= g hR—D—(RD) [y’
X {cos 20 + 0.0 625 9% cos 2 6 - 0.5 02} D®
+ 7c¢ o 8in 6(1—0.25¢2) D;ll . (49.2),

(49.1),

—(R—T) % 11 B1.0° ¢ {0.0625 ptsin 2 0 1 0.5 2

—sin2 0} D® +7egcos 0 (14-0.250%) D;l} (49.3),

where

Dy = (14 05p0%cos2 0 4 0.06250%) (49.4),
Q= (R—L)[t—-np,cosin 6(1—0.250% Dt (49.5),

%o

-;_R — 71 —nf cosin 6 (1—-0.250% D1 (49.6),
Br=W /04057 Enct . . (49.7),
Myt = 0.6497 7T ot . (49.8).

When the cross section of the beam is a hexagon

we put # = 6 and m = -~- 1/10 (say) and we easily

obtain

%2 = E(R—L)fycp (cos 6—0.1g%cos 5 6) Dy1 (50.1),
:m_ﬁz( —(R— L) |tco(sin

+ 0.10%sin 5 6) Dy 1———17 B2 c? 0% {cos 2 6

-+ 0.01 ¢'2 cos 10 0 — 0.2 p® cos 4 6} I);zl (50.2),

v = (R —L) %nﬂz c? g*
> {0.01 p128in 10 6 — 0.20%sin 4 0 -—sin 2 6} D;?
+ 7 ecp{cos 0 —0.10% cos 5 6} 3! . (50.3),

Dy = (1—0.2p%cos 6 0 + 0.010'%) (50.4),
Q=(R—L)[r—nfycp(sin 0-0.19°sin 5 0) D7*] (50.5),

g% =T —1nfycp (sin 6 4- 0.1p%sin 5 6) D31 (50.6),
ps = W [0.2015 E et . . (50.7),
and
Myt = 0.5207 v ct . (50.8).

If the cross section of the beam is a circle we put
m = 0, and we easily find the following results.

3

W) w (@) =2 f" (3+27) . . (51D,
=4 W (R—L)x/nc“ . (51.2),
= ﬁo(R LP—(B—L)\5 nﬂo zt—y ) (51.3),
v=—(R—L)fyay . (1.4),
Q=—n(R—L)pyy . (51.5),

a2 ‘
ap="—"1bhy - . (51.6),
Mpt=05a7rct . . (81.7),

Bo=2W/ap(l +n)ct, x=0, P = IV) (51.8),

ot = Do (31 2m) 80t —yr2n e (519),

R

zy . . . (60).

These results agree with the results given by L. M.
MiLxe-TrOMSON,
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