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Flexure of a Beam of Curvilinear Polygonal 
Section 

I n t r o d u c t i o n  
Recently L. M. MILNE-THOMISON [l] has developed 

complex variable techniques to  obtain the solution 
of flexure problem of beams of different cross-sections 
which can be mapped conformally onto the unit circle 
in the [-plane. Expression for the required single 
flexure function @(z) can be obtained by using 
CAUCHY'S theorem. The torsion function, the shearing 
stress and the centre of flexure can be determined 
very easily. Solution of the flexure problem of beams 
of the following cross-sections are obtained by L. M. 
MILNE-THOMSON: (a) Circle (b) Cardioid (c) One loop 
of BERNOULLIS Leminscate. 

I n  this paper complex variable methods developed 
Is? L. $1. MILNE-THOMSON have been employed to  
obtain the solntion of the flexure problem of a beam 
of curvilinear polygonal cross-section. 

Let us suppose that the beam is of homogeneous 
material bounded by plancs normal to the generating 
lines. One end of the beam is fixed and a t  the other end 
say R = L thereisatraiisverseforceapplied. Thelateral 
surface of the beam is free of applied force and the 
body forces are neglected. The transverse force TP 
applied a t  the end of the beam R = L is supposed to 
be applied by a distribution of shear stresses with 
components GI,, parallel to  o x, o y. This shear 
system is equivalent to forces W ,  and IV, throngh 
(O,O, L) and a moment J r  about o R, where 

} . . ( 1 ) .  
IV, = J EL ds , IV, = J TZJ, ds , 
M = J ( .? :@h-y / ) , r , d~  

The integrals are to  be evaluated over the area of the 
cross section of the beam R = L. Suppose the load 
is applied in such a manner that  the stress components 
52, ry, GJ vanish and then the non-vanishing stress 
component 53 is given by the formula 

- 1  
z z  = F E  ( R  - L )  ( p Z  + P Z  + 2 rl) 2 

and the shears 5% and 
formula 

(2), 

can be determined from the 

(3),  G - i @ = [@(z) - 2' Z - g Zz - r z Z] 
where 

z = x + i y ,  Z = x - i y ,  E = S p ( l + ? j )  (4), 

P = W , + i W ,  ' (5)1 

Z ( J = X Q f i y Q .  ' (6). 

(YOUNG'S modulus) 

. . . . .  

. . . . .  

xu, yo are the coordinates of the centre of gravity of 
the cross section. 

. . . . . .  S = J d s ,  ZQS = J z d s  ( 7 1 9  

P = $ ~ - - ( ~ + ? ~ ) ( B Z Q + B Z ~ )  2 . . (8),  

y = - ( 1 +  27)/3 . . . . . . . . .  (9), 

. 1  

1 
4 
- 

2 r  = B .  . . . . . . . . . . . . .  (10,) 

(11L 
B = ( A + B ) P - ( B - A  + 2 i H ) P / 2 E ( i l H - P )  

(1219 

. . . . . . .  2 rl = - (/I ~5 + F Z Q )  

A + R = - - (Z - (Z - zn) dz (13), 4 '1 
B - A - 2 1 H  ( z - z Q ) ~ ( Z - Z Q ) ~ Z  (14)* 

2 

@(z) is the required complex flexure function which 
can be determined from the integral equation 

Y 

where [ is a point inside the unit circle y in the c-plane 
and 

@(z) = @(w(5')) = V J ( S )  . . . .  (16)t 

z = w ( [ )  . . . . . . . . .  (17), 
is the mapping formula which maps conformally the 
cross-section of the beam under consideration onto 
the unit circle 

~ ( n )  = w(o) ~ ' ( 0 )  [ p  + y w m  + r u?(o)] 

5 1 and 
__ 

+ 0 - 2  W(.) 1 i U )  [ p  + i j W ( 0 )  + rz&)] (18). 

D e t e r m i n a t i o n  of D i s p l a c e m e n t s  
The displacement components u,  71, w can be deter- 

mined from the formulae 

1 -  
6 

u - i v = - - p  ( R - L ) 3  

- ( R - L )  7 - p ? + r , Z ) + i a Z ]  (19), I (4 
+ , ( R - L ) 2 ( ~ ~ + p Z + 2 r 1 )  1 (20), . . . .  

where Re denotes the real part. 

T h e  C e n t r e  of F l e x u r e  
The rotation about oR is given by the formula 

Q = - ( R  -- L)  [2 T - i 7 (/I Z - 3 z)] 1 
2 (2l) ,  

and the local twist is given by the formula 

aQ 1 .  - 
2 

__ a R = T - - z 7 ( p Z - / 3 z )  . . .  (22). 

For the case of torsion = 0 and t is the twist per 
unit length. In the case of general flexure is not 
equal t o  zero, there is usually torsion accompanying 
flexure. 

E x p r e s s i o n  f o r  t h e  M o m e n t  
If M is the moment of the applied load with respect 

to 0~ then 

1 1 
2 

M y '  = -Re K + T I + 48 (1 - 2 q)  ( b  J + 65)  

(231, 
where 

__  
I =-- W(U)W(CT) 'W ' (G)  do . . (24), 4 i \  

r' 
J = ~ w ( u )  wm3 w'(u) do . . . . .  (25), 

K = ~ w ( u )  20(6) H l ( ~ )  dcr . . . . .  (26). 
Y 

Y 

If B = 0, then q = r = 0 and we easily obtain 

K = T $ W ( U )  G) f h ( ~ )  do . . . . .  (27), 
Y 

where 



ZG A' = - ~- i W(U)  Wm ~ ' ( 0 )  do =O (31), 2 ' 1  

2 l I '  $ 

A + H = - ~- m2 ~ ( o )  w'(o) do 
4 .  i l '  

n c4 
2 

-- - [i +2~~n+m4(n-1)1(1--~2)-4 ( a ) ,  

13-A - 2 i H = - i [ W ( ~ ) ] ~ Z L ' ( B ) W ' ( U ) ~ ~  = 0 (33). 

Hence B = 0, A + B = I and 

A = B = - [1 + 2 m2n + 1 ~ 4 ( n  -I)] (1 -m2)-4 (34), 

J = / w(o) tm3 w'(o) do = 0 . . (35), 

n c4 

4 

Y 

W ( U )  wig.) do 
f,(t') = A \ - 1-r in. 

-- i c2 / (1 - 7 ) P )  (1 + m 5%) + Const. (36) 
and 
K=tJw(o)*fb(o) do = -2nnc4m2n/(1-7n2)4 

(37). 
Y 

From (8 ) ,  (9), ( lo) ,  (11) and (12) we find 

p =at, 4 = ~ ( 1 + 2 9 ) P ,  2 r = B ,  r,=O, 1 1 

= 4 W (1 - m2)4 / n E c4 [l + 2 7n2 n + m4 (n- 1) 
(38). 

I' = TI', = TI', then @ = /3 . . . (39). 

From (29), (18) and (15) we obtain after integration 
the expresaion for the complex flexure function in the 
form 

Let us take 
- 

C a l c u l a t i o n  of t h e  S t r e s s  C o m p o n e n t s  

Substituting (29) in (2) we find 

52 = E ( R  - L)  @e c [cos 0 + me'' cos (n- 1) 01 
x [l + 2 men cos n 0 + r n ' ~ ~ ~ ] - '  . . (42). 

The expression for the shears fi and R can be deter- 
mined from (3), (29) and (40). 

D e t e r m i n a t i o n  of D i s p l a c e m e n t s  
Using (29) in the formula (19) we obtain after 

simplification the expressions for the displacements 
in  the form 

" 1 
6 

= - - p  ( R - L ) ~  - ( R  --L) T v  c2{~os2 8 

+ m2<LRcos2(n-1) 0+2rnpncos(n-2) e } r a  
+ r e c i s i n 0  -mensin (n-1) eID-11 . (431, 

I .  
21 = ( R - L )  -qpB2c2{m2p2nsin 2 ( % - 1 ) 0  

+2rnenssin(n-2)  0-sin 2 0)D-Z 
[ i  

+ t@ ,{,os 0 + 7 n  f c o s  (n  - 1) 0)D-11 (44), 

where 
D = (1 + 2 meR cos ?Z 0 + m 2 ~ "  ) . . (45). 

The displacement component w can be determined 
from (40), (29), (31), (38) and (20). 

+yc3?n2(n-1) + 

C e n t r e  of F l e x u r e  
From (29) and (21) and (22) we easily obtain 

Q = (R--L) [ t - T & c  (sin e --njpnsin (n- 1) 0)D-1] 
(4% 

{y (ks-k1)- 1 - nL (n - 1) 5% (h-,--k -1) + 1 
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_ -  a ' - (local twist) 
3R 

= t - 7) /I e c (6111 o - I T !  p" sin (11 - 1) O) D 1 (47). 

E x p r e s s i o n  f o r  t h e  M o m e n t  

Substituting (37), (32), (35)  in the formula (23) we 
easily obtain 
X / / , - 1 = n ~ ~ 4 [ 1  + ~ 4 ( n - l ) ] / 2 ( 1 - 7 ~ ~ ) ~  (48), 
~ h i c h  agrees with the result obtained by W. A. 
BASSALI [2]. 

When the cross-section of the beam is an inverse 
of an ellipse write n = 2 and 71)  = 1/4 (say) in the 
above formulae and we obtain - 
z z  = E ( R  - L)  ple c cos e (1 4- 0,25e2) D;I (49.i), 

P1(R--L)3-(R--L) 2-vP1c2e2 

x {Cos 2 e + 0.0 625 p4 cos 2 0 + 0.5 e2} 0;2 

+ t c  slll e(1-0.25~2)~; '  . (49% 

l 1  
1 

1 u = - -  

u = ( A  - L )  - 11 p1 e2 c2 (0.0825 p4 sin 2 0 + 0.5 p2 [; 
-sin2 0 } I l y 2  + t c @ c o s  O(1+-0.25es)l);1 ( 4 9 4 ,  1 

m hew 
D, = (1 + 0.5 e2 cos 2 0 + 0.0625 p4) (49.4), 

SZ = ( R  - L ) [ t  -71p,cesin8(1-0.25~~)1l;1 ( 4 9 4 ,  
(12 
(irz - T - 7 PI c p sin 0 (1 -- 0 . 2 5 ~ ~ )  11;' (49.6), 

/II = IV / 0.4057 E n  c4 . . (49.7), 
J1p-l = 0.G497 7 z t  c4 . . . (49.8). 

When the cross section of the beam is a hexagon 
wc put 71 = 6 and nL = -- 1/10 (say) and me easily 
obtain - 

= E (R -L) pzCe (cos e - 0 . 1 ~ 0  5 e )  ~ ; 1  (50.11, 

I 1 
6 

u - - - ~ 2 ( I Z - L ) 3 - ( R - L )  z c e ( s i n 0  

1 
2 

+ 0 . 1 ~ G s i n 5 ~ ) 0 ~ ~ - - ~ ~ z c Z ~ 2 { c o s 2  0 

$- 0.01 $ 2  cos 10 e - 0.2 Q6 cos 4 0) u,2 (50.2), 

a = ( R - L )  1; - 7) P 2  c2e2  

>: (0.01 el2 sin 10 8 - 0 . 2 ~ ~  sin 4 0 -- sin 2 0) 1) ;2  

+ t C e  {COS 0 - 0.1 eG cos 5 O}U,1 . . (50.3), 

(50.4), 
1 

I), = (1 - 0.2 p6 cos 6 0 + 0.01 el2) 
Q = (R -L) [ t - 7 1  p2 c e (sin 0+0.1 g6 sin 5 0) U;l] (50.5), 

a IZ _ _ ~  " - T ~ 7 p2  c e (sin 8 4- 0.1 e6 sin 5 0) 1);1 (50.6), 

p, = IF' / 0.2915 E 7z c4 . , . . (50.7), 
and 

M j t - l  = 0.5207 762 C* . . . (50.8). 

If the cross section of the beam is B circle we put 
~n = 0, and we easily find the following results. 

c3 P o  Y ( 5 )  U j ' ( 5 )  = __ (3 + 2 7)) . . (51.1L 4 

~ = 4 1 1 . ' ( R - L ) x / x ~ *  . . , (51.2), 

/?o(R--L)3-(R--L) - ~ ) / J O ( X ' - ? / ~ )  (51.3), 1; 1 1 
(i 

76 = .-. -. 

~ = - ( ( R - L ) p o z ? /  . . . . (51.4), 
u = - 7 (R - - )pa 2/ . . . . (51.5), 

= - 7 P o  .2/ . . . . . (51.6), 
a 8  

~ 4 f  /(-' = 0.5 7c t c4 . . . . . (51.7), 
/:" ==- 2 11' / z / l  (1 + 7)) c 4 ,  (t = 0 , P = 11') (61.8), - Po 
TCZ /L-' = - [c2 (3 + 2 7 )  - 3 ~ ~ - - 1 / ~ - - 2 7 )  (~'-.2/~)1 (51.9), 

4 

These results agree with the results given by L. 31. 
MILNE-THOWSON. 
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