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Summary 
The  h e a t  t r ans f e r  p rob lems  of forced-convec t ion  in non-c i rcu la r  pipes h a v e  

m a n y  engineer ing  appl ica t ions .  I n  th i s  a p a p e r  a fo rmal  so lu t ion  is g iven  

w h e n  t he  m a p p i n g  func t ion  z = w(~) ~ ~ an~ n, which  maps  conform-  
n=0 

al ly t he  cross-sect ion of t he  channe l  on to  t he  u n i t  circle y in  t h e  ~-plane is 
known.  The  express ions  for t he  average  veloci ty ,  ave rage  t e m p e r a t u r e ,  mixed  
m e a n  t e m p e r a t u r e ,  h e a t  t r a n s f e r  r a t e  a n d  the  Nusse l t  n u m b e r  h a v e  been  
expressed  in t e r m s  of the  c o n s t a n t s  an. 

§ 1. Introduction. The heat transfer problems of forced-con- 
vection in channels have been studied by  a number of investi- 
gators. L. N. Tao  1) has employed complex variable methods to 
solve some forced-convection problems of fully developed laminar 
flow in channels with heat sourees and linearly varying wall temper- 
ature. In this paper complex variable methods developed by  N. I. 
M u s k h e l i s h v i l i  2) have been used. The method is illustrated by 
applications to cardioid and ovaloid cross-sections. 

§ 2. Basic equations. Consider a steady fully developed laminar 
flow with arbitrary heat generation in a pipe of cross-section D 
bounded by  a closed curve C. Let the axis of the pipe be in the Z- 
direction. The basic momentum and energy equations of the 
constant property non-dissipative fluid are 

1 ap 
V2u -- -- C1, (1) 

# aZ 

p at 
v ~ t  = ~ c~ a Z  u - (2 /k  = ( C 2 u  - C3) ,  (2) 

- -  269 - -  
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where cp = specific heat  cons tant  pressure, k = the rmal  con- 
ducf ivi ty ,  # = viscosity, ~0 = densi ty,  Q = heat  source intensi ty,  
C1 = l i # (ap /az ) ,  C2 = [(o/k) q,(at/aZ)],  Ca = QIk.  V 2 is the Laplace 
opera tor  in two dimensions. 

The  bounda ry  condit ions for the  problem are 

u = O, (3.1) 

t = tw, (3.2) 

where u = local velocity, t = local t empera ture ,  tw = wa!l tempera-  
ture.  Wri t ing z = x q- iy ,  2 = x - -  i y ,  T = (t - -  tw), (new tempera-  
tu re  variable),  T = T l ( u )  q-  T2(M) = (Tl  q- T2), equat ions (1) 
and (2) can be wr i t t en  in the form 

ê2u 
4 a za2  - -  C~,  (4) 

a2T 
4 aza~ - (C2u - Ca). (5) 

F rom (5) we obta in  

~ 2 T  1 
4 . . . . .  c2u, (6) 

aza£ 

~ 2 T  2 
- -  - - C a  = - - M ,  (7) 

Eliminat ing  u. f rom (4) and (6) we obta in  

( ~4~1_~ 
16 \ CqZ2aZ 2 / = C1C2 = Ca. (8) 

Now we pu t  

01 = T 1  - - -  
C4 
g a -  (~~)~' (9) 

02 = T e  + l f f M  dz  d5, 

and equat ions (7) and (8) become 

a202 
- -  O ,  

(10) 

(~1) 
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~401 
- -  0, ~Z2~2 2 (12) 

the boundary conditions are 

C4 (Z~) 2 ] 
O1 - -  64 

} 
a201 __ C4 (g~) ] 
~z~2 16 

and 
02 = ~ f f M d z d 2 ,  on 

The velocity field is related to 01 by 

on 

B. 

B, 

(13.1) 

(13.2) 

(13.3) 

C9201 C4 
C2u = 4 + - -  z2. (14) 

~zD~ 4 

The general solutions of (12) and (1 I) can be taken in the form 

Ot = 2¢(z) q- zc~(z) @ yJ(z) @ y@), (15) 

02 = el(Z) -~ ~I(Z), (16) 

where ¢(z), ~o(z) are functions holomorphic in the region D and 
satisfying the boundary conditions (13.1), (13.2) and ¢1(z) is also 
a holomorphic function in D satisfying the condition (13.3). From 
the equation (15) we have 

~201 
~Z~Z - -  ¢1(z)  -~- ¢1 ( ; ) .  ( t7 )  

Using the boundary conditions (13.1) and (13.2) in the equati0ns 
(15) and (17) we obtain for the determination of the two analytJc 
functions ¢(z), ~v(z) 

C4 (z2) 2 = 0, (18) ~¢(~) + ~¢(~) + ~(z) + ~(z) + ~4- 

C4 
¢'(z) -J- ¢'(z) + 16 zN = O. (19) 

If the heat generation is uniform we obtain from (16) and (13.3) 

Ca 
= * .  (2o) ¢I(/) @ el(Z) 4 
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The velocity and temperature fields are given by  

T _ 

C1 
u = z2 + (8/C2) Re el(z), (21) 

4 

C4 Ca 
- -  - -  (z2) 2 q- 2 Re[2¢(z) q- V(z) q- el(z)] --  - -  z2. (22) 

64 4 

The average velocity um, the average temperature Tm the mixed 
mean temperature TM, the heat transfer rate q, the heat transfer 
coefficient h and the Nusselt number N u  based on the mixed mean 
temperature are gJven by  

A um = f u dA ,  (23) 
D 

A T m  = f T dA ,  (24) 
D 

umA TM : f u T  dA,  (25) 
D 

q : (C2um - -  C8) k A ,  (26) 

h = - - ( q / S T M )  = (Ca - -  C 2 u m ) k A / S T M ,  (27) 

N u  = hDe/k = 4(A/S)  2 (Ca - -  C2Um)/TM, (28) 

where A is the area of the cross-section, De is the equivalent hy- 
draulic diameter ( =  4A/S) ,  S is the circumferential length of the 
cross-section. 

§ 3. Con]ormal trans/ormation. Suppose that  the cross-section of 
the channel be mapped onto the unit circle in the ~-plane by  the 
mapping function 

= ~(p e ~°) = w(~). (29) 

Uslng (29) in (19), (20), (18) and multiplying by  (m/2Jri)[d«/(« - -  ~)] 
we easily find 

C 4 f 72)((:7) ~(0") do" = O, (30) 
X(~) + X(o) + 32~~ (« --  ~) 

C3 
de, (31 

" w(~) w(«) 
Y(~) + Y(O) - 8~i ( «  - t') 
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where 

~(«) + ~(o) - C4 f [W(O') ~(0")] 2 
128~i (a - -  ¢ )  

y 

1 f (~(«) ¢(«) + ~(«) ~(«)} da, (32) 
2~i J (a -- ~) 

(C2A) Um = 4 Im - ~  w~ 2 dw + 

y y 

E f "f Ca w2~ a dw - -  - -  w~ 2 dw + ATm = Im ~ 16 
y y 

1 
@ ~ f #~2 dw + f (~, + Y) ~ dwl ,  (35) 

Y Y 

[" CIC4 f ClCa f we~a dw _ (umA) TM = Im L 2 - Õ ~  waz? 4 dw 96 
y 

f <f <f Ca Xw~ 2 dw -/ Xw2~; a dw + q~w~ a dw + 2c~ -g~ -ig 
Y y y 

C1 (T + Y) wff; 2 dw + ~ XÖow dw + +-g- 
Y 

~f ~f 3 + ~  X # 2 d w + ~ -  ( T +  Y)(q~+z?X)dw . (36) 

Y 

¢(z) = ¢(«), w(z) = T(¢), 

¢'(Z) = q~ ' («) /W'[¢)  = z~(«),  e l (Z)  = Y ( « ) ,  

B(«) = f X(¢) w'(«) de. (33) 

Using Stokes' theorem we obtain from (29), (23), (24) and (25): 

B dw] ,  (34) 

Im denotes the imaginary part and a = e i° a point on the unit 
circle. 

w -= w(a), ~b = ~b(a), Y = Y(a), T =  hU(a) (36.1) 

X = X(a), 00 --~fq~(¢) w'(¢) dg, 
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f ~2 1 f A =  d A =  82 
19 C 

2 dz. (37) 

§ 4. General solution. Let the cross-section of the channel be 
mapped  eonformally onto the unit  circle y in the ~-plane by the 
mapping formula 

o o  

z = w(«) = Z an¢ ' .  (38) 
n = 0  

Using (38) in  (37), {30), {31), 
easily find 

(33), (34), (35), (36) and (32) we 

c o  

A = - ~  E n a n ä n ,  (39) 
n = l  

C 4  co 

X(~') -- 16 ( Z bn« n @ ½bo), (40) 
1 

C 3  co 

Y(«) = 4 (~2 bh« n q- ½bo), (41) 
1 

~b[«) -- 16 (n -t- 1) ½bo Zo an«n --  16 F,o ehen" {42) 

o o  c o  

8Auto = --:~C114( E an+Sn ~- ½bo E nandn) --  
n = l  n = l  

o o  

- -  (bodo -H Z bnd-n + 8ndn)], 
n = l  

(43) 
C 4  co 

A T m  = 27r L--~~_~co [" c4 co lv_lb_ r _ 3-T _coE drLr -H 

C 4  Oo cm 

q- ~ -  {4 Œ (tr -t- [r) d-r --  E hrd-r @ 4todo -- ~-hodo} -t- 
1 1 

C3 ~o oo }~ 
+ ~ { 4 ( E  brd-r @ lbodo) --  E b-rdr , 

1 --oo 

(44) 

o o  o o  

C4 [ 4 E ( & + [ . ) « ~  2 : h n «  n + 4 t o  ½hol  
64 1 1 

~ ( « )  = (45) 



L A M I N A R  F O R C E D - C O N V E C T I O N  275 

c m  o o  

(umA) TM = 7~C1Ca 1-5 Y~ brl-(v+l) 4. 2bo/-1 - -  2~ b-rl2,-1 4- 
48 1 1 
c o  o o  o o  

4- 6{(ab0~d0 4- bo E brd-r - -  Z Srd-r) - -  (Z  br/-(r+l) 4 -  ½ b o / - 1 ) } ]  @ 
1 1 1 

4.  3 0 7 ~  3 brL-(r+l) - -  8( ~ brL-(r+l) 4- ½b0L-1) - -  
-- 1 

o o  o o  o o  

- -  32 ~ trl_(v+l ) 4- 12{4 ~ (tr + tr) l-(v+l) - -  ~ hrl-(v+l) 4.  
- - c o  1 1 

o o  

4 . / - l ( 4 t 0  - -  ½h0)} 4- 4 8 { Z  (Br - -  boer)/~-(r+l)} - -  
0 

c o  o o  

- -  24{4 2~ (tr 4- tr)/-(r+l) - -  ~ ]  h r / - ( r + l )  4 - / - 1 ( 4 t o  - -  ½ho)} - -  
1 1 

o o  o o  o o  

- -  24{4 F~ Urd-r - -  E Vrd-r  4- (½h0 - -  4t0) E brd-r - -  
o o o 
o o  o o  

- -  ½b0(4 Z (tr 4- {r) d-r - -  Z hrd-r 4- 4todo - -  lh0do)} 4- 
1 1 

+ 9 6 Z  (At -- boÄr) W~ 
o (r 4- 1) (46) 

In  deduc ing  the  above  formula  the  fo l lowing  results  h a v e  been  used.  

o o  

w = z~(«) = Z a ~ « " ,  (47)  
0 

o o  o o  

w~ = F~ bna n, bn = E an+rdr, »n = b-,ù (47.1) 
--oo 7 = 0  

o o  o o  

~-J d n  a n - l ,  d n  = E (~t @ r) a n+rär ,  
-oo y -O oo 

d-n =- ~, rarän+r, (47.2) 
y = 0  

o o  o o  

w w 2 w ' =  N In an, In = N dn+r+lb r, (47.3) 
- - o o  - - o o  

o o  o o  

w2ff~3w' : ~ Lna n, Ln = ~ ln+Tb-r, (47.4) 
- - o o  - - o o  

o o  o o  

W 3 W 4 W '  = E P n  (rn, Pn = E Ln-rbr, (47.5) 
- - o o  - - o o  
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ww' = Z Äna n, Än = Y, (r + 1) ar+lan-r, (47.6) 
0 y = O  

~ c o  

(wffJ) 2 = ~ù hn« n, hn = ~ bn+rb-r, (47.7) 
- - o o  - - ~  

ff~2w'= Z Æn en, Hn = Z dn+r+lär, (47.8) 
--co ~'~0 

~ c o  

Bw = Z tncrn, tn~-  Z an+rar, (48.1) 
--co y = 0  

cx~ c ~  

~'f fJ= Œ gn« n, gn = Œ (n + r + 1) en+r+lär ,  (48.2) 

~ 9  CO 

Cz~'= Z /~«n, / ~ =  E (n + r + l) an+r+~e» (48.3) 
--c~ y = l  

c o  0 o  

qbff; = N tn (~n, [n ~- ~ ären+r, (48.4) 
--oo y = 0  

c ~  c o  

q~W2W'~- ~ Hnff n, Hn = ~a dn+r+l[-r, ( 4 8 . 5 )  
- - o o  - - ~  

Xw~)2w '  - -  C4 [~_ooMn« n -  ½bo Z ln«n], Mn = Z ln-vbr, (4S.6) 
16 _ -co ~=o 

X w 2 ~ 3 w ,  _ 
c o  o o  o o  

C4 [ Z N n  (in - -  lbo  Z Ln(yn~, N n  = Z Ln - rbr ,  (48.7) 
16 _co - ~  r=0 

q~W~ 3W ' - -  
C4 t~o o o  

16 Z On en, Qn : Œ ln-vtr, (48.8) 
- - c o  - - o o  

y w l ~ 2 w '  
o o  ¢ o  

Ca ~ y, Mncrn --  ½-bo ~ ln«n], (48.9) 
4 _ ¢ ~  - ¢ a o  

e X - -  
o o  O o  o o  

C~ [ ~ Bnan __ ½bo Z enan], Bn = Z en-rbr, (48.10)  
256  o o r=o 

cI)X~2w'= C] co cooßrRn_ r oo oo 
256  [ _~oo(,~_ = )crn--½b° -co ~ (~,=oerUIn-r)cr']' (48.11) 

0 o ( « ) -  C~ ~ Wù«n+l co 16 (n + 1) ' Wn ~ -  ~=0 ]~ä (r -~- 1) ar+len-r, (48.12) 
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f ~~o ~ 1 1 X õ o w w '  da = C~ co A , :Wr  ½bo E Ä r W r  
2zd 256  (#q- 1) 0 ( 7 - + ] )  ' (48.13) 

2/ 

o o  ¢ o  o o  

~ X  - -  C~ [4 Y~ Und n -  Œ Vna  n -}- (½ho - 4to) Z bna n - 
1024 o o o 

o o  o o  

- ( } a o  4to)}L ½bo{4 Y~ (tr +/ .r)  av - -  Œ bnan + - -  
o o 

(48.14) 

where  

o o  o o  

Un = Z (t~ X #) bn-r, V~ = E hrbn-r. (49) 
o o 

§ 5. Appl ica t ions .  

C r o s s - s e c t i o n  a c a r d i o i d .  The  mapp ing  func t ion  

z = w(~) = R(1 + ~)2, R > 0, (47) 

maps  the  cross-section of the  channel  onto  the  uni t  circle in the  
~-plane. 

Using (50) in ( 47 ) to  (48.1) we f ind the  non-van i sh ing  cons tan t s  

a 0 : R ,  a z : 2 R ,  a 2 : R ,  b 0 : 6 R  2, b l = 4 R  2, 

b2 ~ -  R 2, 61 = 8R a, c2 : 10R a, ca : 2R 3, 

ä 0 = d l : 6 R  2, d 2 : d - z : 2 R  2, 

el = 6R  3, e2 - -  7R  3, ea = (10/3) R 3, e4 = (1/2) R 3, 

/-1 = 26R 4, /o = 12R 4, /-2 = (62/3) Ra, 

ù f - a =  (23/3) R4» / - 4 = R  4, 

go : 44R 4, gl : 36R 4, g2 : 14R 4, ga~--- 2R 4, 

lo : 7 0 R  4, I1 = 42R4, 12 : 14R 4, 1 3 =  2R 3, 

l - 2 : 4 2 R  4, l - a :  14R4, l - 4 :  2R 4, 1 - 1 : 7 0 R  4, 

h0 : 70R 4, hl  : 56R 4, h2 : 28R 4, n s :  8R 4, 

h4 : R  4, to : 19R 4, t l :  6R 4, /.1 = (70/3) R 4, 

/2 = (85/6) R a, /3 = (13/3) R 4, /.4 = (1/2) R 4, L-1 = 6R 4, 

So = 36R 4, S I  = 48R 4, Uo = 228R 6, 

U1 : 328R 6, vo : 420R 6, I71 = 616R 6, 

(50.1) 

(so.2) 

(so.3) 

(50.4) 
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L o =  924R 6, L-1 = 924R 6, L-2 = 660R ô, L - 3 = 3 3 0 R  6, 

L I =  660R 6, B l = 3 6 R  5, B 2 = 6 6 R  5, B 3 : 5 4 R  5, 

B4 = (70/3) R 5, B0 : -  (16/3) R 5, B0 = (1/2) R 5, 

H - I = 2 0 R  3, H - 2 : 2 0 R  3, / 7 - 3 =  10R a, / 7 - 4 = 2 R  3. (50.5} 

Using (50.1) to (50.5) in the general formulae (39) to (46) we 
obtain after simplification 

A = 6~R 2, (51) 

X(~') = --(C~/16) R2(3 3- 40 3- ~-2), (52) 

Y(0) = (Ca/4) R2(3 3- 40 3- 02), (53) 

¢(0) =- --(C4/96) R3(36~ 3- 4202 3- 2003 3- 304), (54) 

~r(O) = (C4/192) R4(123 3- 184~ 3- 86~ 2 @ 2803 3- 3~'4), (55) 

Um = (17/24)C1R 2, (56) 

T u  = (C4/144) R4(97 3- 1020). (57) 

The velocity and temperature  fields are given by  

u = (C1/4) R2[p 4 @ 4p 2 3- 4p(p 2 -- 1) cos 0 --  5], (58) 

T = (C4/64) R4Do(Do --  166) -- 

--  (C4/96) Ra[(84p 4 3- 144p 2 -- 123) 3- 

3- 8p(5p 4 3- 30p 2 -- 14) cos 0 3- 

3- 2p2(3p 4 3- 40p 2 --  1) cos 20 3- 

3- 12p3(p 2 3- 1) cos 30 3- 3p 4 cos 40 -- 

-- 40(3 3- 4p cos 0 3- p2 cos 20)]. (59) 

The mixed mean temperature  is given by 

TM = (C4/32640) R4(30503 3- 31040d), (60) 
where 

d : (C3/C4) R 2, D0 = (1 3- 2pcos0  3- p2). (60.1) 

C r o s s - s e c t i o n  a c i r c u l a r  p r o f i l e  w i t h  t w o  o p p o s i t e  f l a t  
s i d e s  ( o v a l o i d  fo rm) .  In this case we use the mapping funct ion 

z = w(~') = a(0 3- t~ "a 3- m0 a 3- n~ 7 3- ~b~ 9 3- q011), (61) 

where a > 0, t -~  .1206, m = - - . 0 3 6 3 ,  n = - - . 0 2 2 7 ,  p =.0118,  
q = .0107. 
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F r o m  (61), (38), (47.1) to  (47.8) we easi ly  f ind  

" 1 = a ,  a a = . 1 2 0 6 a ,  a a = - - . 0 3 6 3 a ,  2 7 = - - . 0 2 2 7 a ,  

a ù = . 0 1 1 8 a ,  a n = . 0 1 0 7 a ,  b o =  1.0165a 2, b 2 - - . 7 7 4 a  2, 

b 4 = - - , 0 3 9 6 a  a, b a = - - . 0 2 1 6 a  a, b 8 = . 0 1 3 1 a  a, 

blo ~ .0107a 2, ca = 0.7742 a, c4 = .2404a a, c 6 = - - . 0 6 4 a  a, 

Cs = .0002a 3, Clo ~- .1036a a, c12 = .0918a 3, 

c14 ~ --10109a 3, c16 ~- - - . 0 0 7 3 a  3, cls = .0024a 3, 

c a o ~ . 0 0 1 1 a  3, ] t = - - 1 2 0 3 a  4, / a = - - . 1 4 1 9 a  4, 

/ 5 = - - . 0 4 3 a  4, / 7 = . 0 9 9 5 2 4 ,  / 9 = . 0 7 0 7 a  4, t a = . 0 4 8 9 2 4 ,  

t 4 = - - . 0 2 5 5 a  4, t 6 =  - - . 0 0 7 4 a  4, t s - ~ . 0 1 0 3 a  4, 

t l o = . 0 0 6 4 a  4, e 1 = . 5 0 8 2 2  a, e3-----.3193a a, e 5 = . 0 2 9 5 2  a, 

e7 = - - . 0186a  3, eù = .0061aa, ela = .0071a a, 

e n  = .0085a 3, ela = - - . 0007a  a, e17 = -- .000223,  

e 1 9 - ~ . 0 0 0 1 a  z, e 2 1 = . 0 0 0 1 a  z, d o =  1.055a a, 

d2 = . 1468a 2, d4 ~ - - . 20622  a, da = - - .  150422, 

da = . 1204a a, dlo = .1177a2, d_~. = -- .00822,  

d-4 = - - . 0478a  2, d-6 = - - .01882  a. (62) 

h o :  1.0399a 4, h 2 = . 1 5 2 7 a  4, h 4 = - - . 1 0 8 2 4 ,  

h 6 = . 0 5 2 3 a  4, h s : - - . 1 4 2 5 a  4, h l o ~ . 2 5 4 9 a  4, 

h12 : .0009a 4, h14 = -- .0015a4,  hls  = - - . 0003a  4, 

h 1 8 =  .0003a 4, h 2 o =  .000 la  4, t o :  .5452 a, t a : . 3 2 3 6 a  4, 

t 4 = . 0 2 6 8 a  4, t u = - - . 0 1 8 4 a  4, t 8 : . 0 1 4 1 2 4 ,  

tlo : .009324, tla = .007a 4, t14 : - - . 0008a  4, 

tl6 : - - . 0002a  4, t18 : .0001a 4, tao : .000 la  4, etc.  (63) 

F r o m  (39), (43), (40), (42) and  (45) we easi ly  ob t a in  
. 

A -  1.0555~a 2, (64) 

um : - - 0 . 1 4 9 6 C l a  2, (65) 

X ( ~ )  = - -  (C4/16) a a [.5083 + .774~a - -  .0396~4 - -  .0216~6 + 

+ .0131¢8 -t-.0107~~°~, (66) 

q~(¢)  = - ( c 4 / 1 6 )  aZ [.5082¢ + .3193~z + .0295~5 --  .0186¢7 + 

@ 0061 ~-9 _}_ .0085511 _[_ .0071 ~la _ .0007¢15 _ .0002~17 _]_ 

@- .0001 ~19 _}_ .0001 ~21], (67) 
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}P(5) = (C4/64) a4[1.66 + 1.337$2 + .113254 --  .15555 « -}- 

-t- • 2401 $ 8 --  .2121810 _}_ .027512 _ . 0017514 q- 

-- .0oo5816 +. 0o015 Is +. 0oo 1 g~o]. (68) 

The expression for the velocity u, average temperature Tm and 
the  mixed mean  t empera tu re  TM can be calculated. 

H a l I - s e c t i o n s .  Suppose we have  a cross-section for which the 
x-axis is an axis of symmet ry .  This  section can be mapped  onto the 
uni t  circle in a t-plane by  the  t ransformat ion  z = z(t) in such a 
manner  tha t  the axis of s y m m e t r y  of the section maps  onto  the 
d iameter  on the  real axis Jn the  t-plane. Then  the  same mapping  
formula  maps  the half-section in the z-plane on the  semi-circle in 
the  t-plane. This semi-circle can be mapped  onto the unit  circle 
in the S-plane by  the mapping  formula  

(~-1 ? = ~(«-,~ 
t - /  1 / \ ~ ~ - 1 /  (69) 

and these two mappings  map  the half-section in the z-plane on the 
unit  circle in the g-plane. Hence  we can solve the problem for the 
half-section. 
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